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PEEFACE 

The present work is, in the main, a reprint of the article 
" Mechanics," which I wrote for the last edition of the 
Eneydopmdia BrUannica. It was published in 1883, and 
I introduced it at once as one of the textbooks in my 
advanced class. I there found it so useful that I have 
employed it ever since. The publishers have suggested 
that I should at last make a separate volume of it, 
instead of applying to them annually for a number of 
" pulls " from the stereotype plates. This course enables 
me to make use of the mass of corrections, modifications 
of portions which have been found to present difficulties, 
etc., which have been suggested to me from time to time 
by a long series of vitally interested and highly intelli- 
gent (albeit wholly unprofessional) critics. 

The article was written at the request of Dr. Robert- 
son Smith, who was at the time the acting editor of the 
Ensydopwdia ; and its arrangement and scope were, in 
great part, suggested by him, the main object being to 
give, in necessarily moderate compass, a tolerably com- 
plete elementary view of the subject, in so far as that 
was not already supplied by other articles in that great 
work. Some years earlier Dr. Smith had been my 
official assistant, and was thoroughly acquainted with the 
wants of students. 
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In this reprint I have of course had to complete the 
article by filling up the gaps already alluded to. For 
one of these I have reprinted my article on Waves. 
Thus the portions of this book which deal with such 
subjects as Attriiction, Hydrostatics, Hydrobinetios, etc., 
are wholly additions to the original article. I have 
endeavoured to assimilate them, as far as I could, to the 
rest of the text, drawing my materials mainly from 
notes made from time to time on my interleaved leeture- 
copy. 

The general plan, — acted up to as far as possible, 
though by no means uniformly, — has been to lay fully the 
foundations of each branch of this extensive subject, and 
to give enough of the mathematical development to show 
the usual modes of attack, keeping by preference to 
examples whose main difBculty is physical rather than 
merely mathematical. 

While using the article for teaching purposes, I have 
found the special advantage of having the formulae ready 
before the students, in type ; so that I could profitably 
employ their time and mine upon the reasons for each 
successive step, instead of making my lecture a mere 
display of dexterity in " writing out " with chalk on the 
black-board. After more than forty years' practice at 
such work one comes, however reluctantly, to the con- 
clusion that it is, in the true as well as in the usual sense 
of the word, vanity. The real source of the mischief, so 
far as the student is concerned, is his spending in mere 
un intellectual copying or transcribing the time which 
ought to be spent in sedulous attention to the explana- 
tions which the teacher gives, or at least ought to give, 
while manipulating the chalk. 

One obvious objection may be made to many parts of 



Hosted by 



Google 



this book — undue brevity. It was inevitable, when 
much had to be compressed into moderate apace ; yet, at 
the worst, is not brevity, if it but convey its message, 
transcendently preferable to prolixity 1 Still, in teaching, I 
have found it advantageous to supplement the work at each 
stage by additional examples of the processes given in the 
text ; as well as by references to special books in which 
particular questions are examined with greater detail. 
Thus Tait and Steele's Dynamics of a Particle will supply 
much of what is wanted, both in the way of numerous 
additional examples and in that of minute detail in some 
important problems. 

I am particularly indebted to Messrs. A, D. Russell and 
A. C. Smith, at present workers in my Laboratory, for the 
care which they have bestowed on the correction of the 
proof-sheets. 

P. G. TAIT. 
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DYNAMICS 



CHAPTER I 



INTRODUCTORY 



Abstract Dynamics is the pure science which (as the 
derivation implies) treats of the action of Force upon 
Matter, but which is, correctly, the Science of MaMer and 
Motion, or of Matter and Energy. 

With the view of making clear from the outset the 
reason for the amtngement adopted in this work, we 
commence by stating in Newton's own words (accompanied 
by a paraphrase) the Axiomala, sive Leges Moius, which 
form the entire basis of our subject ITiese laws will at 
once indicate the order in which the subject may most 
logically be treated. We defer to the end of the work 
the more close consideration of the idea introduced by the 
word "force," as well as general remarks on "energy," 
etc. For the present we are content to regard force as 
defined for us by Kewton's Laws, which continue to form 
the simplest introduction to our subject, though there are 
many indications that this will not Iong _be the case. But 
we may make the general remark that, as a rule, any 
apparent necessity for the introduction of the idea of force 
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arises from our taking an incomplete view of the conditions 
of a p 



Newtmi's Laws of Motion 

§ 1. Lex I. Corpus onine perseverare in statu suo qui- 

, escendi vol movendi uniformiter in directum, 

firat Ifiw! "^^^ quatenus illud a viribus impressis cogitur 

statum suum mutare. 
Every lody conHnues in it? slate of red, or of uniform 
molion in a slraighi line, eiccept in so far asitii compelled hy 
force to change thai state. 

Lex IL Mutationem motua proporfcionalem esse vi 
motrici impresssB, et fieri secundum lineam 
Second law. , '..,,. . ., 

rectam qua vis ilia impnmitur. 
Change of (quantity of) molimi is proportional to force, 
and takes place in the straight line in which the force acts. 
Lex III. Actioni contrariam semper et sequalem esse 
reactionem ; sive corporum duonun actiones 
in se mutuo semper esse sequales et in partes 
contrarias dirigi. 

To evert/ action there is always an egual and conirary 
reaction; or the mutual actions of any two bodies are alvmys 



§2. In 1863 Thomson and Tait (upon whose . rrmfiae 
on Naiwrol Philosophy much of what follows 
is based) called attention to the fact that, as 
regards Lex IIL, Newton gives in a scholium a second 
sense in which the words may be interpreted. In the 
first sense the action and reaction are mere forces, in the 
second they are the rates at which forces do work. Hence, 
and for another reason which will appear later, the word 
"activity " has been introduced as the English equivalent 
of the word actio in Newton's second sense. Here is the 



Si Eestimetur agentis actio ex ejus vi et velocitate con- 
Junctim ; et similiter resisteiitis reactio jestimetur con- 
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INTRODUCTORY 3 

junctim ex ejus partium singiilarum velocitatibua et viribus 
resistendi ab earum attritione, eohfesione, pondere, et 
aOT«leratione oriundis ; erunt actio et reactio, in omni 
instnimentomni usu, sibi invicem semper tequales. 

If the admty of an agent be measured hy its amount and 
its velocity conjointly; and if, similarly, the coy/ater-adivHy 
of the remdanee be measured by the velocities of its several parts 
and their several amounts conjoiriMy, whether these arise from 
friction, moleada^ forces, weight, or acceleration ; — activity a/tid 
eoimter-activiiy, in. aU combinations of machines, will be equal 
and opposite. 

Thi3 may be looked upon as a Fourth Law. But, in 
strict logic, the First Law is superfluous, because its con- 
sequences are all implied (by negatiori) in the statemerit 
of the Second Law, (See g 8 below.) Hence there are, 
virtually, only throe laws, so far as Newton's system is 
concerned. 

g 3. These laws are to be considered as deductions from 
observation and experiment, and in no sense 
as having an a priori foundation. Thoir jje^'Jf,°a„,, 
proo^ so far as rigorous proof is attain- 
able in physical matters, is commonly looked on as 
being furnished in the most conclusive form by obser- 
vational astronomy. The Nautical Almanac, published 
usually about four years in advance, contains the predicted 
places of the sun, moon, and principal planets from day to 
day, in some cases from hour to hour, throughout the year. 
The predictions are entirely based upon the laws of 
motion (along with the law of gravitation), and could not 
possibly be accurate unless these laws are true. So 
thoroughly satisfactory has hitherto been the coincidence 
between prediction and observation that, when a deviation 
occurs, no one dreams of a defect in the principles of the 
reasoning. On the contrary, such deviations are utilised 
for the purpose of correcting our knowledge of the 
"elements" of the orbits of the moon and planets, or 
our estimates of the masses of these bodies ; and, as in the 
brilliant investigations of Adams and Loverrier, they have 
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enabled us to discover the existence and even assign the 
position of a planet never before recognised. 

g 4. It is not clear in what order, or hy whom, these 

laws were first discovered. Galileo was 
^d'^™ora undoubtedly acquainted with the first 

two; and Huygens, Wren, Hooke, and 
others wero acquainted with the Third Law in some 
of its many applications. But they wore first sys- 
tematiscd and, as we have seen, extended iu a most 
important manner by Newton. Though they were sadly 
disfigured in Britain during the fifty years which elapsed 
after the revival of mathematics in the early part of 
this century, ttey have of late been restored to the 
form in which Newton gave them. This readoption of 
Newton's simple but compretensivo system has of itself 
aided in no small degree the recent rapid advance of 

One peculiarity of Newton's language must be noticed 

here, though very briefly, as we will return 

Anthropo- ^^ ^j^^ subiect towards the end of the 

morpmsms. , , , ■", . . , . ,, , >, 

book. A force is said to "compel a 
change of state in a body ; bodies are said mutually to 
" act " on one another, etc. Such language is, of course, 
in its literal acceptation, of an anthropomorphic character ; 
but, if one thinks of the habitual use even in scientific 
books of such expressions as "the sun rises," "the wind 
blows," etc., it cannot be construed into an assertion that 
force has I'eal objective existence. 



Oomments on the Laws of Motion 

% 5. Law L First of all this law tells us what happens 

to a piece of matter which is left to itself. 

Definition of ^^^_ ^^^ ^^,^gj ^^ ^y forces. It preserves 

its " state," whether of rest or of uniform 

motion in a straight line. This property (which, as we 
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INTRODUCTOKY 6 

shall presently show, § 7, is considerably extended by New- 
ton himself) is commonly called the "inertia" 
of matter, in virtue of which it is incapable of 
varying in any way its state of rest or motion. It may be 
the sport of forces for any length of time, but so soon as 
they cease to act it remains in the " state " in which it 
is left until they recommence their action on it. Hence, 
whenever we find the "state " of a piece of matter chang- 
ing, we conclude that it is under the action of a force or 
forces. Thus, for the present, we have the definition of 
" force " as part of this First Law ; — 

Force is whatever changes the state of rest err unif(rrm motien 
of a body. 

When a body, originally at rest, begins to move, we 
conclude that force is acting on it. And when the motion 
of a body is seen to change eifh^ in speed or in direction we 
conclude that this is due to force. [The words we have 
italicised will be seen to have very important bearings on 
certain old errors which even now crop up, and which have 
introduced one of the most inappropriate and apparently 
ineradicable of terms ("centrifugal force") into the usual 
vocabulary of our subject.] 

§ 6. But there is much more than this, even in the 
First Law. What is " rest " ) The answer 
must be that the term is relative. Absolute relaUve*" 
rest and absolute motion are terms to which 
we find it impossible to assign a meaning. Maxwell 
has well said (in his Maiter a 



' ' All our knowledge, both of time and place, ia essentially relative. 
When a man has acquired the habit of putting words together, 
without troubling himself to form the thoughts which ought t* 
correspond to them, it is easy for him to frame an antithesis between 
this relative knowledge and a so-called absolute knowledge, and to 
point out our ignorance of the absolute position of a point as an 
instance of the limitation of our faculties. Any one, however, 
who will try to imagine the state of a mind conscious of knowing 
the absolute position of a point will ever after be content with our 
relative knowledge. " 

As wiU be seen later, the First Law gives us also a 
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6 DYNAMICS 

physical definition of " time," and physical modes of meas- 
uring it. 

g 7. Newton's own comment on this law is as 
follows : — 

Projectilia perseverant in motibuiS suis, nisi qnatenus 

Newton's ^ resistentia aeris retardantur, et vi gravi- 
comments on tatis impelluntur deorsura. Trochas, cujns 
the first law. partes coh^erendo perpetuo retrahunt sese 
a motibus rectilineis, non cessat rotari, nisi quatenus ab 
aere retardatur. Majora autem planetarum et cometarum 
corpora motiia euos et progressives et circulares, in spatiis 
minus resistentibus factos, conservant diutius. 

It is particularly worthy of notice that we have here 
the undisturbed rotation of a body about an axis intro- 
duced aa another of those " states " in which it will con- 
tinue, in virtue of the First Law, until force acts to compel 
it to change that state. Also it is to be noticed that 
Newton adduces a hoop, whose axis is fixed in direction 
both in the body and in space, as an example of this now 
form of state maintained in virtue of inertia. Later, it 
will be seen that the same thing is true of a body free in 
space and rotating about the principal axis of greatest or 
of least moment of inertia through its centre of mass. [It 
is also, in a partial sense, true of a free body of which two 
principal axes through the centre of mass have equal 
moments of inertia. In that case, as we will show later, 
even when couples act upon the body, provided they bo in 
planes passing through the third axis, the rate of rotation 
about that axis remains unaltered, though Us direcUon in 
space changes. This is approximately the case of the earth. 
The attractions of the sun and moon on the protuberant 
parts about the equator produce "precession" and "nuta- 
tion," but do not influence the length of the day.] 

§ 8. Law II. What Newton designates by the word 

moius is, as he has clearly pointed out, 

™orad°aw " *'^'^ same as is expressed by quanUtas 

motas, that for which we now usually 

employ the term "momentum." Its numerical value 
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INTRODUCTORY 7 

J not only on the rate of motion, but also on 
the amount of matter, or " mass," of the moving body, and 
IB directly proportional to either of these when the other 
is unaltered. But it is regarded by Newton as having 
direction as well as magnitude. It is, in fact, what in the 
language of quaternions is called a " vector." The change 
of such a quantity may he either in numerical magnitude, 
or in direction, alone, or simultaneously in both. We 
now see what this Second Law enables us to do. For 

(a) Given the mass of a body, the force acting on it, 
and the time during which it acts, we can calculate the 
change of motion. This is the direct problem of dynamics 
of a particle. 

(6) Given the mass, and the change of velocity in a 
given time, we can calcidate the magnitude and direction 
of the force acting. This is tho inverse problem. 

(c) Wo can compare, and so measure, forces by the 
changes of motion they produce in one and the same 
body. 

(d) We can compare tho masses of diHerent bodies by 
finding what changes of velocity one and the siime force 
produces in them, 

(e) We can find the rnie force which is equivalent, in its 
action, to any given set of forces. For, however many 
changes of motion may be produced by the separate forces, 
they must obviously be capable of being compounded into 
a single change, and we can calculate what force would 
produce that [It is to be observed here that Newton's 
silence is as expressive as his speech. When ho says 
" change of motion " we understand that it does not matter 
what the original motion was ; and, when he mentions 
only one force, he implies that the effect of any one force 
is the same whether others are also at work or not. In 
fact, with Newton there can be no balancing of forces, 
though there may be balancing of the effects of forces, a 
very different thing.] 

g 9. Hitherto, we have spoken of the motion of a body, 
— thus impljdng {except, of course, in the case of Newton's 
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hoop or that of the earth) that all its parts are moving 

in exactly the same way. From this point 
tlSd Lw!^ * *^^ ™^ every body, however large, may be 

treated as if it were a single particle. But 
when the parts of a body have different velocities, as 
when a rigid body is rotating, or as when a non-rigid 
body is suffering a change of form, the question bocomea 
much more complex. Wo cannot at this sta,ge enter into 
a full explanation, but will take a couple of very simple 
cases to show the nature of the new difficulties, and thence 
the necessity for an additional law. 

Suppose a bullet to be thrown in any direction, and (for 
simplicity) disregard the resistance of the air. If we know 
with what force the earth attracts it, the calculation of the 
path it \yill pursue depends on the Second Law, which 
gives all the necessary preliminary information. But let 
two bullets he tied together by a string ; we know by trial 
that each moves, in general, in a manner very different 
from that in which it would move if free. The path of 
each is now, usually, a tortuous curve, while its free path 
woidd be piano. It is no longer subject to gravity alone, 
but also to what is called the " tension " of the string. If 
we knew the amount of this tension on either of the bullets 
and its direction, we could calculate, by the help of the 
Second Law alone, all the circumstances of the motion of 
that bullet. But how are we to find this tension 1 Is it 
even the same for each bullet ? This, if answered in the 
affirmative, would simplify matters considerably, but we 
should still require to know the amount and direction of 
the tension. It is clear that, without a further axiom, we 
cannot advance to a solution of the question. 

§ 10. Law III. Furnished with this, in addition to our 

previous information, we can attack the 
SftS^iaw!^ question with more hope. We see by this 

law that, whatever force be exerted by the 
string on one of the bullets, an equal and opposite force, 
which must therefore be in the direction of the string, is 
exerted on the other. Still, the magnitude of these equal 
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INTRODUCTORY fl 

forces remains to be found. But the string in no way 
interferes with the motion of either bullet 
unless it is tight, i.e. unless the distance be- 
tween the bullets is equal to the length of the string. 
Hence, whenever the unknown force conies into play, at 
the same time there comes in a geometrical relation of 
relative position between the two bullets. This supplies the 
addilianal equation necessary for the determination of the new 
unhtoum qMmtHy. 

§ 11. As a further illustration, suppose the string to be 
made of india-rubber. The Third Law 
tells us that the tensions it exerts on the ^''Xamt"" 
bullets are ^till equal and oppowto But 
ne no longer hive the geometiical canditian we had betoie 
We haie, however, what is quite sufficient, a knowledge of 
how the tensicrn of the ■ttnnq d(pfiidb on its length Thus the 
tension can be calculated fi am the relative position of the 
bulietb 

g 12 Scholium to Law III On this we will for the 
present, temark only that it furnishes us 
with the means of studjing duectly the ofene^y™ 
transference of energy from one body or 
syttem to another Experiment, howeier, wis lequired to 
complete the applicition of this pait of Newton s eyitematic 
treatment of the subject. What was wanted, and how it 
has been obtained, will be treated of later. The first words 
of the scholium, however, claim for Newton the discovery 
of the Law we have extracted from it. For they run thus ; 
Hactenus principia tradidi a mathematicis rccepta, et 
experienti^ multiplici confirmata. 

§ 13. What has now been said enables us to see the 
order in which the fundamental ideas should 
be taken up, so that the necessities of each th™uMect 
may be provided for before its turn comes. 
An indispensable preliminary is the study of motion in the 
abstract, i.e. without any reference to what is moving. This 
is demanded in order that we may be able to apply the 
Second Law. The science of pure motion, without reference 
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10 DYNAMICS 

to matter or force, is an extension of geometry by the 
introduction of the idea of time and the consequent idea 
of velocity. Ampfere suggested for it the term CinmujMqae, 
or, as we shall write it, KiMmotKS. Wb include under it 
all changes of form and grouping which can occur in 
geometrical figures or iti groups of points. 

We shall then he prepared to deal with the action of 
force on a single particle of matter, or on a body which 
may be treated as if it were a mere particle. Thus we 
have the Dynamics of a Pai-ticic. This, again, splits into 
two heads, Statics and Kinetics of a Particle. But all this 
requires the Second Law only. When we have two or 
more connected particles, or two particles attracting one 
another or impinging on one another, the Third Law is 
required. Next in order of simplicity come the Statics 
and Kinetics of a Rigid Solid. Then we have to deal with 
bodies whose form, etc., are altered by forces — flexible 
bodies, elastic solids, fluids, etc. E^ally, we must briefly 
consider the general principles, such as "conservation of 
energy," " least action," etc,, which are deducible by proper 
mathematical methods from Newton's Laws, and of which 
some at least, if we could more clearly realise their 
intrinsic nature, would probably be found to express even 
more simply than do Newton's Laws the true fundamental 
principles of abstract dynamics. 

We will not restrict ourselves to one uniform course 
in the application of mathematical methods. Rather, as 
considerations of space require to be attended to, wo will 
vary our methods from one part of the subject to another, 
so as to exhibit, each at least once, all the more usual 
processes. And we will endeavour to make the large type 
portions of the book, in which only the most elementary 
mathematics wiU be introduced, a self-contained treatise 
which may be read by students of very moderate mathe- 
matical knowledge. 
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CHAPTER II 



KINEMATICS 

aiid the Means of 

§ 14. MoTlON(ordisplacemBnt)consist8 simply in "change 
of position." Hence, to describe motion, 
wo must have the means of assigning 
position. This is, of course, a question of geometry. 

From universal experience it appears that the position 
of one free point with reference to another (all these space 
relations are relative, as we have already said) depends on 
three numbers, of which one at least must involve the unit 
of length. In Cartesian rectangular co-ordinates, we denote 
these by x, y, r., which indicate respectively the distance of 
the point from each of three planes at right angles to each 
other, and all passing through the origin (or reference 
point). From another point of view they 
may be called " degrees of freedom." When ^^^l^ 
the value of one is assigned, say by 

the point is said to have lost one degree of freedom, or to 
have had imposed upon it one " degree of 
constraint." It must now lie in a plane 
parallel to the first of the reference planes, and at a distance 
0, from it. When a second degree of constraint is applied, 
say by 
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another degree of freedom is lost. The point's position is 
limited to lie in a second plane in a given position at right 
angles to the first. It must therefore lie somewhere on the 
straight line which consists of the series of points common 
to the two planes. A third degree of constraint 



takes away its one remaining degree of freedom ; and its 
position is now definitely assigned as the single point of 
intersection of three given planes. 

§15. But constraint may be applied in other ways. 
Thus if we assign the condition 



we deprive the point of one degree of freedom by compel- 
ling it to remain at a distance a from the origin. It is 
now limited to the surface of a sphere, but its latitude and 
longitude on that sphere may be any whatever. Here 
again the imposition of one degree of constraint has taken 
away one degree of freedom. 

§ 16. In general, one degree of constraint may be ex- 
pressed as 

This, when ^ has an assigned value, is the eqiiation of a 
definite surface on which the point must 
^^Zt^llu^^ lie. Three such conditions determine the 
position of the point, and may therefore 
be looked upon as introducing ^, ij, f, another set of 
co-ordinates, which may be used in place of x, y, z. The 
number of such systems is, of course, unlimited ; but it is 
often possible to choose one in which the conditions of a 
problem are much more simply expressed than they were 
when expressed in x, y, z. The whole question belongs to 
what is called " change of variables." To give an element- 
ary instance of its use,— suppose we take the ordinary 
simple pendulum, a pellet supported by a fine thread or 
wire, and oscillating in a vertical plane. If the origin be 



Hosted by 



Google 



placed at the point of suspension, and the e 
vertical, we have two conditions :— 



where a is the length of the thread ; and 

where a denotes the azimuth of the plane of oscillation. 
There is biit one degree of freedom left, because two 
degrees of constraint have been imposed. We may choose 
for this either x, y, or z ; but we should in each case be led 
to complex expressions. If, however, we consider that all 
the freedom left to the pendulum is to oscillate in a given 
plane, we may denote its sole remaining degree of freedom 
by 9, the angle which the string makes with the vertical ; 
and form our dynamical equation in terms of tliia. When 
6 is found by dynamical considerations, we have 



Here 6 comes in as what is called a "generalised 
co-ortiinate." 

If the pendulum be not limited to one plane, the azimuth, 
as well as the angle, of the displacement 
from the vertical may be any whatever. or^na tail's ""' 
Hence there are two degrees of freedom, 
which are indicated by the generalised co-ordinates a. and 6. 

§17. In general, in any system originally with any 
number m of degrees of freedom, and subjected to a number 
n of degrees of constraint, the whole motion can be fully 
characterised by m-n independent quantities, called 
generalised co-ordinates, and corresponding to the degrees 
of freedom which remain. The elegance and simplicity of 
a Holution often depend in a marked manner upon the choice 
of these ; and the transformation of the general equations 
of motion from Cartesian to generalised co-ordinates forms 
one of the most powerful and elegant of the contributions 
to abstract dynamics which Lagrange made in the M^canique 
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§ 18. A rigid system has only skc degrees of freedom:— 

three translations for any one of its points, 

ridd systfim^ ^'■^'^ three independent rotations about axes 

passing through that point. 
When one point is fixed, it loses the three translations, 
and has only three degrees of freedom. When a second 
point is fixed, it loses other two ; in fact it can no longer 
move except by turning round the line joining the fixed 
points. When a thirtl point, not in line with the other 
two, is fixed, there is no degree of freedom left ; the system 



§ 19. It may be well to notice here that, in all cases which we shall 

Linear relations ™1"''''^ ^ consider, whatever be the relations among 

araoDK small ''"'° different seta of variables which we employ 

diaplsoementa alternatively to determine the relative positions of 

the parts of any system, the equations whiohgive the 

velationa between corresponding small increments of these variaMes 

are always linear so far as these increments are concerned. Thus, for 

instance, if we have as above a condition of the form 



Here the differentia coefficients are partial 

In snoh cases, any homogeneons function of the second order in 
Sx, Sy, Sz, etc, will be ^presented by a homogeneous function, also 
of the second order, in !?, &j, ela , however many be the co-ordinates 
in the separate systems. When, however, one or more of the 
equations of condition involves the element of time explicitly, the 
relations nmong corresponding small increments of the alternative sets 
of co-ordinates, though still linear, will not be hamogeneoiia. Thus a 
homi^eneolis fiaiction of the second order in one set will be a function 
of the second order in the other set, but not homogeneons, anless the 
increments are produced instantaneously. 

To give a simple instance, suppose that the string of a simple 
pendulum (not necessarily oscillating in one plane) cmi^radsaniformly. 
we shall now have 

instead of the equation in the example § 15, and one of our equations 
among increments is 

a■33;-^J%-l-:S:= -e{a-el)St, 



Hosted by 



Google 



KINEMATICS Ifi 

which, though 6itall linear, is no longer homogeneons in the increments 
of co-ordinales. But if the inorements are produced by an impalse (t. e. 
iustantaneouslj) the right-hand member of the equation vanishes ; aud 
with it the hod -homogeneity. 

Again, if the point of suspension moves uniformly, say along the 
aiis of X, wo shall have 

(x-atf + y^ + 2'^lfi, 

from which similar conclusions may be derived. 



Kinematics of a Point 

% 20. The one necessary characteristic of the path de- 
scribed by a moving point is its continuity. 
There can bo no breat or gap in it ; unless p*;""' ^f p*^^ 
(of course) the point be supposed to 
vanish at one end of the gap and reappear at the 
other. But, as we study kinematics, at present, solely for 
its physical applicatioos, we impose a restriction on such 
complete generality. The path of a moving parHde must 
be one of amliniwus curvatwe, unless either (1) the motion 
ceases and commences again in a different direction (in 
which case we have two separate and successive states of 
motion to consider), or (2) an infinite force is applied to 
the particle (a case which we need not consider). A similar 
remark, we may say in passing, applies to velocity also. 
So that, for our purpose, we may confine ourselves to the 
geometrical properties of the motion of a point whose rate 
and direction of motion change continuously, if at all, and 
not by fits and starts. 

§ 21. If the point describe a straight line, that line gives 
the direction of its motion at every instant. 
If it describe a curve, the direction of its '^oUon " 
motion is at every instant that of the 
corresponding tangent to the curve. 

Let A, B, C, D represent four points on the path taken 
in close succession, in the order m which the 
moving point reache^i them From A the lUr^tion. 
point moves to B, '^o that the Imo joining 
A and B (the tangent) is the <lirection of motion at A, 
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Similarly the lino joining B and C gives the direction 
of motion at R The points A, B, C of course lie in one 
plane. This is the plane in which, for two successive 
elements of its path, the point is moving. It is therefore 
that in which the change of direction of motion takes 
place, and is called the " osculating plane." And, just 

as the straight line through A and B gives 
^cbme"^ the direction of motion at A, so the circle 

passing through the points A, B, de- 
termines the " curvature " of the path at A. If we apply 
the same reasoning to the three successive points B, 
C, D, we see the difference between a "plane" and a 
" tortuous " curve. For, if D lie in the plane ABC, the 
osculating plane is the same at A and at B ; and if the 
same holds for other successive points, the whole bending 
takes place in one plane. But if D be not in the plane 
ABU, BCD is the osculating plane at B, and we thus see 
that successive positions of the osculating plane of a tortuous 

curve are produced by its rotation about 

r 11 03 pa . ^j^^ tangent EC to the path ; for BC is in 

both planes ABC and BCD. We shall not have space here 

to deal in detail v/iih cases of tortuosity; but it w^ 

necessary to point out their essential nature. 

§ 22. The curvature of ABC obviously depends upon 

the change of direction from AB to BC, and 

is directly proportional to it. But it is 
obviously greater, for the same amount of change of direc- 
tion, as ABO is less. In a circle the curvature is the same 
at all points, and, as the radius is everywhere perpendicular 
to the tangent, the change of its direction is the same aa 
that of the tangent. Hence the curvature, being the change 
of direction pei' miit length of the arc, is measured simply 
by the reciprocal of the radius. 

Generally, if ^ be the angle between the tangent at A and any fixed 
line in the osculating plane, and if s represent the length of the curve 
measured from any Hied point on it to A, we have, by the fundamental 
property of infinitesimals, 

L-^ — -y- =curyaturo. 
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KINEMATICS 

We wiE use, as aboTfl, the letter L for a limit, in t 
hat terra was introiJuced by Newton.) 
In a circle wo liave always (a being the radius) 



invohitfi. 



so tliat in general the measure of curvature is the reuiprotal of the 
radius of the circle passing through three couaecutive ]Kiiiits of the 

For a curve in apace (whether tortuous or not) we have 

while the direction cosines of the radiua of curvature are 
(Px 0^ iPz 

§ 23. Tho chief properties connected with the curvature 
of a plane curve are made very clear by 
the artifice of regarding it as an " involute." 
This idea introduces us to the kine- 
matics of a flexible and inextensible line. Suppose such 
a line, held tight, to be wrapped round a cylinder of 
any fonn, in a plane perpendicular to its axis, each point 
of it, when it is unwound in its own plane, will describe a 
curve whose form depends upon that of the transverse 
section of the cylinder. Let P|,M'M 
(Fig. 1) be such a section of the cylin- 
der ; MP, MT', two positions of the free 
part of the cord ; P, P', the correspond- 
ing petitions of a definite point of the 
cord ; PPT^ the path described by that 
point Then PP'P^ is one of the in- 
volutes of MM'Pj,; the others are the ^ "" 
curves traced by other points of the 
string. But, with reference to PP'Pp, the curve MM'P^ is 
the " evolute." The evolute of such a curve is, in fact, 
unique ; for it is obvious that the line MP, in any of its 
positions, is revolving about the point of contact M with 
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18 DYNAMICS 

the evolute ; so that P describes an i 
circle of which M is the centre. Thus the evolute of a 
plane curve is the locus of its centre of curvature. And 
it is clear from the genesis of the involute that 

PM = P'M' + M'M = PoM'M. 

The subject of evolutes is of importance in various 
branches of physics, especially in optics. In dynamics its 
chief use is connected with the theory of the pendulum, as 
it shows how to cause the bob to move in a cycloid, the 
only path in which the time of oscillation is the same what- 
ever be the extent of tte oscillations. 

§ 24. When the line, curved or straight, in which the 
motion takes place is given, the position 
of the moving point is at once assigned 
in terms of a single numerical quantity. In fact, it has 
only one degree of freedom, and its position is tnown by 
the length of the arc of the curve from any fixed point to 
the given position. In such a case as this we are not 
concerned with the direction of the motion, for that is 
already assigned at every point of the path. We are 
concerned only with what we may call the " speed " of the 
motion. (We purposely avoid the use of the term " velo- 
city " here, because it properly includes direction as well 
as speed, as will be seen later.) 

§ 25. Suppose an observer to be watching the motion 
(as, for instance, a traveller by rail notes 
™ ■ the telegraph posts which he passes, refer- 
ring at each to his watch), and to find that at any time t^ 
the moving point was at Sj, while at time i^ it was at s^. 

Then it is clear that the average speed during this part 
of the motion is to be found by dividing the number of 
.unit^ of space passed over by the number of units of time 
employed. For it must be greater as tho former is greater 
and less as the latter is greater. Hence the average speed 
is T—j- If the speed has been uniform during the 
motion observed, this average value has coincided with 
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KINEMATICS 19 

the actual value all througk; and, if the measiires of 
space and time are accurate, we shall get 
exactly the same value of this ratio whether ^^'^fo™"* °' 
the interval of time is small or large. 
Hence, if « be the speed of a uniformly moving point, the 
space it describes in time ( is vt. But if the speed has 
been variable, it must at some parts of the 
interval have been greater, at others leas, "'^ %^^^'^^'' 
than this average. And the shorter we 
take the interval the less will bo the difference between 
• and least speeds during its lapse, so that 
led will coincide more and more nearly 
with the actual speed. In the language of " fluxions " 
(which was invented for the sake of this subject) the 
e of the speed at any time ij is 



when the interval t^ — l^ is shortened indefinitely. It must 
be most carefully noticed that the accuracy of the preceding 
process depends entirely upon the limitations we have 
introduced (§ 20) for the purpose of confining ourselves to 
cases which can occur in ordinary physical problems. For 
the general reasoning on which it is based is obviously 
inapplicable to cases in which the speed alters by jerks : — 
at least during the interval considered, small as it may be. 
But we are fortunately not required to discuss here the 
very delicate questions to which this may give rise. 

Considerable difficulty la sometimes felt by a student 
when he is told that at a certain part of its course a point 
has a speed say of 10 miles an hour, whUe the whole course 
may bo only a few inches. Thus, as we shall find (§ 29), 
the legs of a tuning-fork, which are oscillating 256 times 
per second through a range of y\ of an inch only, have 
at the middle of their course a speed of more than 4 feet 
per second, or nearly three mOes an hour. But the diffi- 
culty arises from the novelty of the conception. It is not 
meant, when we speak of a speed of 10 miles per hour. 
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that the motion necessarily lasts for an hour, or even for a 
second, but only that, if the then speed were to be mainiairied 
constant for an hour, the Tnoving pain fs path, of whatever form, 
wmdd be exactly 10 miles long. In actual experience in a 
railway train we can judge the speed (roughly at least), 
and we find nothing strange in saying, " Wow we arc going 
at twenty miles an hour," " Now at six," and so on. And 
it is clear that, after the steam is put on, the train, however 
short its run, must go through all rates of speed from zero 
to its maximum, and then through all of them" to zero 
again, when the steam is cut off and the brake applied. 
In the language of the difierentiai calculus this beoomea 



oxpresaes tl 

regard Ui time considered as the independent variable, is stOl very 
convenient in abstract dynamics, and ia, in fact, indispensable when 
we come to the higher generalisations. We shall, therefore, freely 
employ it when it is specially nseful. 

§ 26. Whether uniform or variable, speed depends for 
its numerical value upon the units chosen 
Dimensions of j^^, ^jjjgg^j. gpace and for time. Its dimen- 
sions are [LT~^], and consequently its 
numerical expression is increased in proportion as the 
unit of time is increased, and diminished in proportion as 
that of length is increased. Thus the speed represented 
by 10 in feet per second becomes 

3O0O 75 

5280 ■ 11 

when expressed in miles per hour. 

g 27. The rate at which the speed (when not uniform) 
changes is found by a process prei " 
^offpeed."^ similar to that employed for the : 
itself. Let the speed 
at time L be observed to be i>„ 
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KINEMATICS 21 

then tte average rat« of increase of speed during the 
interval is 



The dimensions of this quantity are obviously [LT"^]. 
Thus its numerical value is diminished, like that of speed, 
in proportion as the unit of length is increased. But it is 
increased in the duplicate of the proportion in which the 
unit of time is increased. For instance, a rate of increase 
of speed of Z2-2 feet per second per second {the mere 
statm,eni is enough to show the double dependence on the 
time unit) becomes 

when expressed in terms of miles and hours. 

g 38. When the rate of increase of speed is uniform, the 
above average value is its actual value 
throughout the interval. Hence with uni- "of'speed^"^^ 
form rate of increase = a, a speed V becomes 
in time t 

B=V + ai. 

Also, as it increases uniformly, its avers^e value during 
time t is half-way between its values at the beginning and 
end of that time ; i.e. it is 



The space described during the interval is at once found 
(g 25) as the product of the interval and the average speed 
during its lapse ; — -i.e. it is 

And it is easy to see from these expressions that 



which gives the speed acquired in terms of the space 
traversed. 

This is the only case in which the result can be reached 
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without formally using tho methods of the integral 
calculus. 

g 29. These \ery simple e'xpresaions enable us at once 
to solve a gieat numbei of common quea 

verticailV^ tions connected with the motion of a &tone 
ni bullet under the action of grtvitj, in a 
vertical line , the resistance of the in bems; left out of 
account. Foi it is found by experiment thit giavity 
impresses, m eveiy second i dowtiwiid speed nf about 
32'2 feet pei second on an uniupported bodv, near the 
earth's surface in our latitudes ; and, by the Second Law, 
this is independent of the body's previous motion. 

Hence, if a stone he simply let fall, its speed after ( 
seconds is 32'2(, and the space fallen through is 16'li^. 
Also, if it fall through .f feet, it will acquire a speed whose 
square is d^= 644s. 

Again, if a stone be thrown upwards with a speed of 
300 feet per second, after t seconds its speed wOl be 
300 - 322(, and the height to which it has then ascended 
is SQOt-U-lP. Thus it stops, and turns, after ^ 
seconds ; and the greatest height it reaches is -— feet. 

From the Btatement above, pntting l=v, wc find 



wo hare by inttgr-itiou 
and agttin 
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The illnBtration in § 25 above requires ((=-aV inch, ui = 5125r per 
aeoond ; so that the maximum value of s, which occurs when s — 0, 
ia (nearly 50'2fl) inches per second. 

§ 30. Velocity, as we have already said, involves the 
ideas of speed and of direction of motion 
conjointly.^ To compound two velocities 
(as ia required in the application of Newton's Second 
Law), we have the following obvious construction. 
From any assumed point 
(Fig. 2) draw a line OA re- 
presenting, in magnitude and 
direction, one of the two 
velocities. From its extremity 
A draw AB representing in 
the same way, and on the 
same scale, the other. Com- 
plete the triangle OAB. Then , 
OB represents, in magnitude ¥m. i. 

and direction {still on the 

same scale), the resultant velocity. We have called the 
constraetion obvious because one has only to think of how a 
point can be said to have simultaneous velocities, in order 
to see its truth. Thus, if OA represents the velocity of a 
railway train, AB that of a passenger walking in a saloon 
carriage, may be looked upon as the position of the point 
of the carriage at which ho began his walk, at the moment 
when he did begin it ; while B represents the position of 
the point of the carriage which he has reached at the end of 
his walk, just at the moment when he did reach it. Here 
OA is the velocity of the carriage relative to the earth, AB 
that of the passenger relative to the carriage. This pro- 
position may be called the triangle of velocities. Another 

' It is, in fact, in the language of qnaterniona, a " veetor," of which the 
speed is the "tensor" or length, and of which the "versor" assigns the 
direction. And the laws of composition of velocities are in all respects 
the same as those of rectors. 
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24 DYNAMICS 

obvious mode of stating ifc is to complete the parallelogram 
of which OB is a diagonal (Fig. 3) ; and then we have the 
same construction in the form :• — If the two velocities to 
be compounded, represented by OA and OC, be taken as 
contiguouis sides of a parallelogram, the conterminous 
diagonal OB represents their resultant. 

g 31. From the triangle of velocities we may pass at 

once to the polygon of velocities, which 

d^TClMUies" ^^^^ "^ ^^^ resultant of any number 

of simultaneous velocities. Thus, beginning 

aa above at any point (Fig. 4), lay off OA, AB, 

BO (however many there may be) t 
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with 0, theie is no resultant, — i.e. a point which has, 
simultaneously, velocities represented by the successive 
sides of any polygon, plane or gauche, all taken the same 
way round, is at rest. 

While we were dealing with a known path, we denoted the 
position of the moving point bj the single quantity e. But if we 
think of it8 C&rtesian co-ordinates x, y, £, we see that in general each 
of these must varv during the motion. And just as we represented 
the whole speed by s, so we may speak of S as the speed in the 
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direction of the axis of a:, etc. And now we liave a liint of a most 
important character. For, by the ordinary laws of the differential 
calculus, we have three eguationa of the form 

J~ da' "ds 

How -V- is the cosine of the inclination of the tangent at s to the 
axis of X. And so with y and s, since the axis of x may be any 
line whatever. These relations give us 

Hence we see that a speed in any direction may be resolved into 
three in any assigned directions at right angles tc one another ; that 
the speed in any one of these is determined by multiplying the 
whole speed by the cosine of the angle between its direction and that 
of its resolved part ; and that the square of the whole speed is the 
sum of the squares of the speeds in the resolved motions. These 
results, however, can be obtained more directly, and in a more 
instructive manner, by the consideration of "velocities," and not 
of mere "speeds." But, before we take this step, let us take the 
second fluxions of the co-ordinates, and see to what they lead us. 



with sm hr expresi ons for y and j. These show that the rates of 
increase ot speed parallel to the three axes respectively, may be 
considered as made up of the resolved parts of the two directed 
quantities s and f'jp The first is in the direction of the tangent to 
Wie path the second m the direction of the radius of curvature ; and 
the law of resolution is, for each, multiplioation by the cosine of the 
angle between the two directions concerned. We shall presently 
recognise these as the components of the acceleration. 

§ 32. To resolve a velocity is of course a perfectly- 
indefinite problem, unless the number of jj^ , ,- 
conditions requisite for definitencss be ini- ^j velocity, 
posed. For, in general, it may bo taken as 
one side of any complete polygon, whether in one plane or 
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not ; sind the other sides, all taken in the opposite order 
round, represent its components. 

The only cases wliich we need consider, in which the 
conditions are such as to ensure one definite solution, are 
— (1) when a velocity is to be resolved into components 
parallel and perpendicular to a given lino ; and (2) an 
extension of the same case to components parallel re- 
spectively to three lines at right angles to one another. 
In case (1) the given velocity is to be taken as the 
hypotenuse of a right-angled triangle of which one of the 
sides is parallel to the given line. In case (2) it is to be 
taken as the diagonal of a rectangular parallelepiped of 
which the edges are parallel to the three lines respectively. 
In either case the magnitude of each component is found 
by multiplying the amount of the velocity by the cosine 
of the angle between its direction and that of the com- 
ponent ; and the square of the whole velocity is equal to 
the sum of the squares of the components. 

Wo are now prepared to take up the requisite pre- 
liminaries for the application of the Second 
yelo^ty I'B^'^- What, in fact, is "change of velo- 
city " 1 The preceding statements at once 
enable us to give the answer. For let OA (Fig. 5) 
be the velocity of a point at one instant, OB at a 
succeeding instant. To convert 
OA into OB, we must com- 
pound with it a velocity repre- 
sented by AB. AB represents 
the change. Hence if, during 
any motion whatever of a point, 
a line OA be constantly drawn 
from a fixed point 0, so as to 
represent at every instant the 
FiQ. 5. magnitude and direction of the 

velocity of the moving point, 
the extremity of OA will describe a curve (plane if the 
original path be plane, but not otherwise, except in certain 
special cases ; e.ff. a right helix uniformly described) which 
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possesses the following important but obvious properties : 
— (1) the tangent at A is the direction of tho change of 
velocity in the original path ; (2) the rate of motion of A 
is the rat« o£ change of velocity in the original path. 
Hence in this auxiliary curve, called the Hodograph, the 
velocity represents, in magnitude and direc- 
tion, what is called "acceleration" in the " "^^^ 
original path. And, because the acceleration can thus be 
represented as a velocity, the laws of composition and 
resolution of velocities hold good for accelerations also, 
§ 33. Hence, if we desire to know the whole acceleration 

in any case of motion of a point, we need , , ,. 

1 ,. 1 ., , . ^ , Aooelerauon. 

only fand its components in, and perpen- 
dicular to, the tangent to the path. That in the tangent 
has already been found ; it is o or s as in § 29. For that 
perpendicular to the path we may study the simple ease 
of uniform motion in a circle. 

§ 34. If a point move with uniform speed V in a circle, 
the hodograph is evidently a circle of radius Acceleration in 
V, and is described uniformly in the same uniform cir- 
time as the orbit (see Fig. 6>. Hence the '"'''^'' ""'^*'"- 
speeds in tho two circles are as their radii. Let E be the 




radius of the orbit. Then the magnitude of the acceleration 
in the orbit (the speed in the hodograph) is found from 

The direction of this acceleration^ being that of the 
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tangent to the hodograph, is perpendicular to the corre- 
sponding radius of the hodograph, ie. to the tangent to 
the orbit. Hence it is along the radius of the orhU and 
directed inwards to its centre. 

g 35. In other words, to compel a mass to describe an 
unnaiiiral (because curved) path, it must 
centriftT^ force. ^ ^^^ 0° ^^ * *o'''=« directed towards 
the centre of curvature of the path. We 
anticipate so far as to introduce here mass and force, 
although, strictly, we are dealing with kinematics. But 
the student cannot be too early warned of the dangerous 
error into which so many have fallen, who have supposed 
that a mass has a tendency to fly miiwards from a centre 
about which it is revolving, and therefore exerte a "cen- 
trifugal force," which requires to be balanced by a 
"centripetal force." The centripetal force is required if 
the path is to be curved ; it ie required for tho purpose of 
overcoming the inertia of tho moving mass, and thus pro- 
ducing the mrmtuTe: not because there is any tendency 
to fly out from the centre. 

^ 36 Thus in any motion of a point, the whole 
a elerat on s the resultant of two parts 
" ** ji — the first n the direction of motion and 
of magn tude eq il to the rate of in- 
ea e of pe d the eco d durected towards the centre 
of cu at e ni of m on tude j oportional to the curva- 
ture an 1 tl e square f the speed conjointly. The sole 
effe t f tl e fi t component s to alter the speed, of the 
second to alte the d e to of the motion. There is no 
accelerat on pe pe d cula to tl e osculating plane, because 
two successive values of the velocity, and therefore also the 
g change of velocity, are in that plane. 
, very convenient expression for acceleration 
which changes the direction of motion is 
velocity furnished in terms of what is called the 
"angular velocity," ie. the rate at which 
direction changes. This also is properly a vector, or 
directed line, perpendicular to the plane in which the 
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change of direction takes place, and of length proportional 
to the rate at which the angle assigning the dii'ection 
changes, 

g 38. In the case of uniform motion in a circle of radius 
E, with speed V, the time of describing the complete 
circumference (27rR) is 2irR/V". Hence the angular 
velocity is V/E, usually denoted by lo. Thus the above 
expression for the acceleration in a direction perpendicular 
to the path of a point (§ 34) may be written in the form 
pui\ whore p is the radius of curvature of the orbit and 
(0 tbe angular velocity of that radius. The direction of 
this acceleration, as we have seen, is always towards the 
centre of cuivatuie 

g 39, The general difficulty of any question concerning 
acceleration is usually a purely mathematical one, involving 
only such physical considerations as are required for the 
formation of the difterential equations, and for the deter- 
mination of the so-called arbitrary constants or arbitrary 
functions involved in the integrals. We will not now 
discuss the various forms in which the difficulty may 
present itself, because in the course of the work many of 
the more important of these will be fully treated in con- 
nection with motions actually observed among teixestrial 
or cosmical bodies. 

g 40. We have sufficiently considered (§§ 27-29) uniform 
acceleration in the line of motion. Let us uniform 
now consider uniform acceleration in a fixed acceleration 
direction, whether tbe motion of the point parallel to a 
be in that direction or not This is fi^^ed l'"*' 
the most general case of tbe motion of an warmsUd pro- 
jectile, on the supposition that its path is confined to a 
region througbout which gravity is sensibly constant alike 
in direction and in intensity. Two well-known geometrical 
properties of the parabola lead to an immediate solution of 
our problem. 

Let Fig. 7 represent a parabola, defined completely by 
its focus S and its directrix MN. We suppose it to be 
placed with its axis vertical, and vertex upwards. Take 
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any point P, join PS, and draw PM perpendicular to the 
directrix. Then we Itnow from geometry that^ 




(ft) If PQ bisect the angle SPM, it is the tangent to 
the parabola at P. 

(6) Let Q be any point in the tangent, and let QR, 
drawn parallel to MP, meet the curve in R. Then we 

PQ2 = 4SP . QR. 

§ 41. Now suppose a point, originally moving along 

Path of an un- ^Q with uniform speed V, to have its motion 

resisted accelerated in a direction parallel to MP, 

projectile. thg acceleration being a, a constant. Then, 

after t seconds it would have moved along PQ through 

a space Vi, and parallel to MP through a space ^at\ Hence, 

if E be its position at that time, 

IVom these equations wo find at once 

This relation is of the same form as that already written 
for a parabola, (i) above, and (as it does not involve () it 
holds for every point of the path. Hence the point 
moves in a parabola whose axis is vertical, which touches 
PQ (the direction of projection) in P, and in which 8P = 
y^j^a. But these three data determine the parabola. 
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KINEMATICS 31 

For we have only to draw PM vertical, make the angle 
QPS = QPM, and measure off the lengths PM and PS 
each equal to V^/2a. M is a point in tho (horizontal) 
directrix, and S is the focus. Henco the path is com- 
pletely determined. 

It is well to notice that, as V^ = 2aPM, M is the point 
which the projectile would just reach if it were projected 
vertically upwards (§ 29). 

§ 42. If the speed of projection be kept constant, while 
the direction of PQ alters in a vertical Examples of 
plane, S describes a circle about P as motion of 
centre. This consideration enables us easily pcojeetHo- 
to jind the direcUon of projection that a given object mag 
be stjHick. Let (Fig. 8) be the object. Join PO, and let 
it cut in B the circle MBS 
(whose centre is P). Draw 
ON perpendicular to the com- 
mon directrix, and with i-adius 
ON describe a circle about 0. i 
This will (in general) cut MBS 
in two points F and F". These 
are the foci of the two patlis hy 
eOher of which the projedUe can 
i-each 0. For by construction 
FO = ON, so that lies on 
the path whose focus is F and 
directrix MN. Similarly for F'. 

To find the most distant point along PO which can be 
reached, with the given speed of projection from P, we 
have merely to note that, as is taken farther and 
farther from Pj F and F' approach B, and finally coincide 
with it. If be then at A, we have AT = AB, where 
AT is perpendicular to the directrix. Hence, if we pro- 
duce AT to t so that Ti=BP, we have Ai- AP. Draw 
through t a line tm, paraDel to TM. Then A lies on the 
parabola whose focus is P and directrix mt. This parabola 
is the envelop of all the possible paths from P. Any 
point within it can be reached by two different paths. 




Hosted by 



Google 



82 DYNAMICS 

These become coincident when the point lies on the curve ; 
and no point outside it can be reached. 

From this it easily follows that the direction of pro- 
jection which gives the greatest range on an inclined pkne 
through P is equally inclined to" the plane and to the 
vertical ; and that the two paths by which any nearer 
point can be reached are, at starting, equally inclined 
(above and below) to the direction for the greatest range. 

§ 43. Many of the most important cases of motion of 
. a point involve acceleration whose direc- 

ftxed centre ° *'*°'' ^® always towards a definite " centre," 
as it is called. In such cases the motion 
is obviously confined to the plane which, at any instant, 
contains the centre and the line of motion of the point. 

Also the "moment" of the point's velocity about the 
centre remains constant. Here a slight digression , is 
necessary. 

DEF.^-Given a directed qua-niily (a velocity, force, etc.) m 

a line AB {Fig. 9). If a 
B Moment. ,. / 5„ / , ■' 

A ^perpemwiiar OP he drawn 

/ \ to AB from any pcnni 0, the " momeni " of 

\ ills directed gmntiiy about is the product 

/ yt of its amount hy the length of the perpen- 
Z^,,,-''''^ ^ dimlar. 

if^-— A If the directed quantity be reversed, 

p^^ g the ^n of the moment is changed. 

The moment is, in fact, properly a 

directed quantity (or vector) perpendicular to the plane 

OAB. And its numerical magnitude is double the area of 

the triangle OAB, 

[g 44. The convention usually made as to the sign of 
Coureution as ''^''''''^'oi about an axis is to regard it as 
to Bign of angle, positive when it is in the same sense as 
angular velocity, that in which the earth turns about its axis, 
* as seen by a spectator above the north pole. 

This is in the opposite direction to that of the hands of a 
watch. Hence the plane angle AOP {Fig. 1 0), representing 
the change of direction of a line originally coincident with 
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OA, is positive, and is looked on as due to rotation about 

an axis drawn from upwards from the plane of the 

figure. Thus the rotation of tho sun and the orbital 

njotions of the planets take place in 

the positive direction about axes 

drawn on the whole northwards from 

the piano of the ecliptic ; or we may 

put it thus : — seizing an axis by the 

positive end, we must wnscrew — by ( 

the negative end, we must screw pi«- io. 

— to give positive rotation. And 

when, later, we consider rotations about three rectangular 

axes, Ox, Oy, Og, we shall suppose them so drawn that 

rotation through a positive right angle 

about Ox changes Oy into Oz, 
„ Oy „ 0? „ Ox, 
„ Os „ Ox „ Oy, 

the three letters being throughout airanged in cyclical 
order, xijz, yzx, etc.] 

§ 45. Here we must introduce a simple geometrical 
proposition : — 

If any point he takm in the plane of a paraUeloip-am, and 
triangles be formed imth the point as vatex and 
m& amiiguovs sides and the contermvaous j,[*°pJ^itlon 
diagonal as their re^edive bases, the {algebraic) 
mm of the areas of the first iwo hiangles ts e^tal to the area 
of the third. 

Thus, in areas (Fig. 11), 

OAB + OAC = OAD. 
If lie within the angle BAG, as in Fig. 13, the propo- 
sition becomes 

OAC-OAB = OAD. 

g 46. Eememberiiig that these areas represent half the 
moments of the bases of the respective triangles about the 
point (that of OAB being negative in the second case 
above), we see that 
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The moment of a diagonal of a parallelogram aiout any 
point in the plane of the figure is the (algebraic) simji of the 
moments of two conterminous ddes. 

Now, suppose the sides of the parallelogram to re- 
present a velocity and its change. If the direction of the 
change pass through 0, its moment is nil. Hence, for 





acceletatum directed fonaids a fLrJ-dputnt the momtnt f the 
leloaly about that pmni is c( aslant 

This IS commonly expressed by saymg that the ladtus- 

Equable ^'^^"^ desmtie" equal aieas m eqml iimei, aiout 

desenptionof thi point lo lokirh the ac^hialion ts directed 

areas j-qj the moment of the \ eloLity IS double 

the ared so traced in unit of time 

Another w«»y of expres'-mg the same thing is to iiy 
that the ingular velocity of the rddiu'* vector i^ inversely 
AS the square of it^ length Foi the product of the square 
of the ndius sector and its anj^uhr velocity is double the 
area desct ibed by it m unit of time 

The converse of this proposition is also evidently true , 
1.6 when a poml moves so that the moment of the vdoaty about 
a point in the plane of lis motion w constant, !(i aceeleratum 
telaltBe to that point {if any) is dilated tmtxitds or fiom that 

g 47 AnalyticftUy if P be the acoeleration dueoted towards » 
, , , fised point which we choose as oiigin, we have 
Analytical ^ 

treatment of ^ = - P cos fl = - Fx/r 

..SSI.. ij»-p.m».-pj;', 

(r and 8 biding tlie polar co-ordinates of the moving point ; we have 
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^(■■■■'^y 



m y I t f med t n , by the metliods of tlic differential 

a t 

] tl 1 gt) f th perpendicular from the origin to the 
t t th [>a li Co ra ly, if equal areas be deacribed by tha 
la t lit liave 

j^-ira=0, 

36 th wh 1 1^1 rat Qj-, and is directed towards or from 

Hi dig with these formulw we may inveattgate tha 

1 p f 1 t\ and acceleration in pni.,. 



A\ h 
From these 



Hence the speed along tha radius-vi 



and that perpendicular to the radius-vector (in the dircetioi 



= (r - r^) cos fl - (2rd + r^) si 

= {r- r^] sin S + (2rS + fS) cc 
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Hence the acceleration along the radius- vector i 



a,nd that perpendicular to it (positive when in the direction in which 
8 increases) is 

j; C03 a - ii sitt fl = 2?^ + rS= ^ ^('■^^'■ 

Thus although / represents truly the speed along r, r does not 
rep nt the acceleration in that direction. It repi-esenta, in fact, 
nlj th acceleration qf speed along r. But we have seen that there is 
HOC 1 rati n along r, if its direction changes, even when its length is 
nst nt -e. when the path ia circular ; and in that case r^ is tlie 
quantity which we designate^i as piu^ in g 38. 

A rification of these formulae, let us considfir uniform motion 

n t ght line. 



the equation of the straight line, and 



the condition of uniform ni 



r=Voose.e = ^S = — g- ■ 

Here, although there is no acceleration, ¥ has a definite value. But 

r - rO'^w^^jr^ - a^V^/j^^ 0. 

From, the expressions for the acceleration along and perpendicular 
to the radius-vector we at once obtain the result above (§ 46). For, 
if there be no acceleration perpendicular to the radius- vector, we have 



from which 

r^^ = const. =S,. 

"We have, in addition to this, the expression for the aecclerat 
towards the origin. 

Eliminating 8, we liave 
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This gives r in terms of (, and thus reduces (if we please) any case of 

a central orbit to a corresponding case of rectilinear 

motion. The dilfetenoe between the accelerations in Beduction to a, 

the rerolvinc radius-vector and in the fixed line is a case of rectilinear 

term depending on tlie inverse cube of the radius- motion. 

vector. But the usual mode of proceeding is as 

follows. 

Multiply by fdt and integrate, then 

The left-hand member obviously repreaenta the square of the 
velocity, as it is the sum of the squares of f and of -, i.e. rO. But 

so that we may write the above equation as 

Tills gives a relation between r and 6, which is therefore the polar 
equation of the path described. It is usual to employ, instead of r, 
its reciprocal l/r — u. With this the equation becomes 

Differentiating with regard to 6, and dividing by 2}iF—, we obtain 
finally 



HHsj-jrfi 



BP in this equation is the constant of integration in the equatioi 
moment ot velocity, viz. 
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wliich gives by integi'ating, after multiplication by 2r^ddt, 

§ 48. There are two specially important cases of central 

acceleration. The first is that of the gravi- 

peci cases, j^jj^^ ^^^^^ ^jjg other that of Hookc's law. 

We will take these in order, but by very ditFerent methods. 

§ 49, Planetnry Motion — With the gravitation law the 

acceleration vanes \a\ er ely as the f quaro 

mot 011^ of the distance fr m the jiomt to which it 

IS directed But as we have just seen the 

ingular velocity of the radius vector ) e of the direction 

of accelerat on vanes a cording to the s^me law Hence 

in the hodOj,nph the hnear velocitj (whose maqml tU is 

that of the acceleration in the pith) s piopoitionil to 

the angulii velocity of the tangent (who e d rection is 

parallel to the acceleiation) 

Thus m the hjdogiaph the angle between sucoe&fne 
tangents is proportional to the arc between 
hudograpli *^^^' points of contact and therefoie the 
cuivatuie is contant, — le tJc h)d ff ph js 
a circle. Many processes, of which a few are given below, 
may now bo employed to deduce the form of the path itself. 
Let A (Fig. 13) be the centre of this circle, the pole 
of the hodograph, P any position of the 
planeta^ oitit. tracing point. Then OP is, in magnitude 
and direction, the velocity in the orbit. 
But it may be looked on as consist- 
ing of two parts, OA and AP. Of 
these both are constant in magni- 
tude; but OA is constant in direc- 
tion, while AP is perpendicular to 
the direction of acceleration in the 
orbit. Hence the velocity in the 
orbit is the resultant of two constant 
parts, — one always in a fixed direc- 
tion, the other always perpendicular to the radius- 
vector. 
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Tliis gives the form of the orbit us follows :- 



where the meanings of the quantities are obvious, and the conic is 
6ho«ii by its focus -directyix property. 

Otherwise : — if PO cut the circle again in p, Op is pro- 
portional to the perpondicular on the tangent U> the orbit 
from tlie centre of acceleration (because PO . 0^ is con- 
stant) and is at right angles to it (because it is in the 
direction of the velocity). Hence the path is snch that 
the locus of the foot of the perpendicular from the centre 
of acceleration on the tangent is a circle. This property 
belongs exclusively to conic sections, one focus being the 
point from which the perpendiculars are drawn. 

A third and even simpler mode of treating this moat 
important problem is as follows. Draw CM perpendicular 
to PA (produced if necessary) and FN perpendicular to 
OA Then OM is the resolved part of OP parallel to the 
tangent at P, i.e. it is the speed with which the length of 
the radius-vector changes. Also PK is the resolved part 
of OP perpendicular to the fixed line OA, i.e. it is the 
speed with which the moving point travels in a fixed 
direction. Eat by similar triangles OAM, PAN, we have 

OM : FN : :0A : AP = a constant ratio. 

Hence the increment of the radius-vector bears a constant 
ratio to the simultaneous increment of the distance of the 
moving point from a iixed line in the plane of motion. 
This is only a slightly altered form of statement of the 
focus and directrix property of conic sections. 

When is within the circle, the constant ratio is less 
than unity, and the conic is an ellipse ; when without, the 
ratio is greater than unity, and we have an hyperbola. 
When is on the circumference of the hodograph, the 
path is a parabola ; for the ratio is unity. 
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In a subsequent section we will return to this question, 
and treat it from the point of view of Kepler's Laws of 
Planetary Motion. 

Simple as are tli 
Analytical proof. 



and therefore, by eliminating r', we have 



ce, ^y squaring and adding, 



k-ftx+ay— fitjh,. 



Q.y-px+h = IS, 
md the excentriclty is 



g 50. Elliptic MoHm abovi the Centre. — When a point 

_ . moves uniformly in a circle, the motion 

aooeieratioQ presents very different appearances according 

proportional to to the spectator's point of view. If we 

radins -vector, suppose him to be situated at a distance very 

great compared with the radius of the circle, he sees what 

is practically an orthographic projection of the orbit on a 
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plane perpendicular to the line of sight In general, an 
orthographic' projection of a, circle is an ellipse — ^whose 
centre is the projection of that of the circle. As equal 
areas are projected orthographicaliy into equal areas, the 
appearance is therefore elliptic motion, in which the radius- 
vector from the centre describes equal areas in equal times. 
Hence (§ 46) the acceleration is directed towards the centre. 
But accelerations are projected like velocities, and like lines. 
Hence, as the acceleration in uniform circular motion is 
constant, and directed towards the centre, so in elliptic 
motion, with equable description of areas about the centre, 
the acceleration is towards the centre, and is prc^fortional 
to ihe length of the radius-vector.^ But this projected orbit 
may again he projected orthographically, as often as we 
please, on different planes. It will always remain elliptical, 
and with the radius-vector from the centre describing equal 
areas in equal times. And the acceleration will always 
be in the same proportion as before to the radius-vector. 
However different in size and shape these elliptic orbits 
may be, they have one common property — ihe time of 
describing them is the same. 

Thus we see that when the orbit is an ellipse described 
about its centre of figure the acceleration is central, and 
proportional to the radius- vector. The time of describing 
such an ellipse depends only upon the ratio of the accelera- 
tion to the length of the radius- vector ; or, if we choose, 
upon the magnitude of the acceleration at unit distance. 
And the converse of this proposition is also evidently true. 
When we look edgewise at the uniformly-described circular 
path with which we commenced, it is seen projected into 
a straight line, in which the moving point appears to 
oscillate. This is the case, for instance, very approximately, 
with the satellites of Jupiter as seen from the earth. Sun- 
spots, the red-spot on Jupiter, etc., all appear to move 

' The elastic force called iuto play by displacement is, by Hooke's law, 
proportional to tlie displacement, and t«nds to restore the displaced 
particle to its equilibrium position. We mention this, in passing, to 
show the importance of the present investigation. 
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approximately in this way. But the extreme importance 
of this species of motion ia that it is the simplest type of 
oscillation of a particle of matter displaced from a position 
of stable equilibrium. The vibrations of the ether when 
homogeneous plane-polarised light ia pasaing through it, of 
the air when a pure musical note is sounded,, the oscilla- 
tions of a pendulum (through small arcs), the simplest 
vibrations of a pianoforte wire or a tuning-fork, the indica- 
tions of a tide-gauge when the sea is calm,— all are 
instances of it. Hence the special necessity for studying 
it in detail. 

g 51. Def. — Swvple hamwnic nwlion is the resolved part, 
parallel to a diameter, 
^™ m'ou or""'" "/ ^^if<»^ ar«/ar 
Tfwtion. 
Let a point P (Fig. 14) move uni- 
formly in the circle APA'. Then, 
drawing any diameter AOA', and 
PM perpendicular to it, the motion 
of M is simple harmonic. 

The speed and acceleration of M 
are obviously the resolved parts, along AA', of the speed 
and acceleration of P. Hence if V be the speed of P, we 
have 

speed of M=kjyV, 

acceleration of M = -jj-=; x acceleration of P, 



From these expressiona we see that, if we call oj the angular 
velocity of OP, so that <o = V/PO, we have 



Thus the speed of M increases from A to 0, — being zero 
at A, and V at ; then it falls off to zero at A', and goes 
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through the same numerical values in the opposite order, 
when the direction of motioo is reversed at A'. 

The acceleration of M is always directed towards 0. It 
has its greatest value at A and again at A', and is always 
pvportimuil to the distance from 0. If T be the period of 
the simple harmonic motion, i.e. the period of rotation of 
P in the circle, we have 

where a is the radius of the circle, or, as it is also called, 
the " amplitude " of the simple harm.onic 
motion. We may now write as the char- ""P ' " e. 
acteristic of this species of motion 

aj;eeleration = -=^x displacement ; 



^ zap 

\ acci 



§ 52, In our fuither remarks about simple harmonic 
motion the followine terms will be found „, 

,,..,*' ... , ,, , , Phase and epoch. 

convenient. P is the position at time i of 
the point moving in the circle. Let E be its position at 
the zero of reckoning, when ( - 0. Then the angle AOP 
may be called the " phase " of the simple harmonic motion, 
and AOE the " epoch." In time units the values of the 
phase and epoch are found from their circular measure hy 
dividing by u>. 

If the position of the point moving with simple harmonic 
motion be denoted by x, we obviously have 

iK=OM-OPeoaPOA 
= OPcos(P0E + E0A) 



This expression is to be found, perhaps more frequently 
than any other, in all branches of mathematical physics. 
It is in terms, or series of terms, of this form that ewf^ 
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periodic phenomenon can be described mathematically, as 
will be seen later. From the expreb&ions for the longitude 
and radius-vector of a planet or a sitolbte to those of the 
most complex undulations whether in water, in air, or in 
the luminiferoua medium, all are abke dependent upon it 

easily TLpioduepd from 



g 53. The simplest graphical method of exhibiting the 
nature of any kind of rectilineal motion is 
representatiou *° compound it with a Uniform velocity in 
a direction perpendicular to the line in 
which it is executed. This is, in fact, what is done in 
the majority of self^egUteiing instruments, where a slip 
of paper is drawn by clock-work uniformly past the moving 
point, in a direction perpendicular to its line of motion, 
and a record is made by mechanical means, by a pencil, 
by an electric spark, or (best of all) by photographic pro- 
cesses. When this process is applied to a simple harmonic 
motion the record is of the general form of the curve in 
Fig. 15. This curve has long been known as the "curve 



of sines," or the " harmonic " curve. All its forms can be 
deduced from any one of them by mere extension or fore- 
shortening in the vertical or horizontal directions in the 
figure. It represents the simplest forms into which a 
vibrating string can be thrown, as well as the instantaneous 
form of a section of the surface of water along which a 
simple series of oscillatory waves or ripples is passing. 
In this case the form of the section remains the same as 
time goes on, but the whole figure moves steadily onwards 
in the direction in which the waves are travelling. 
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This is expressed analytically by the form 

where x and y are horiaontal and vertical co-ordinates of a point at 
the surface of the water, y being measured from Analytical 
the level of the undisturbed surlace, and x drawn ejtpjejsjou for 
in the direction in which the wave is travelling. '^^ ^^^^ 
Whettitis constant we study, for all time, the simple 
harmonic rise and fall at a particular place. When i is constant we 
have the above-figured instiitaneoua glance of a section of the whole 
water-surface. 

The rate at which the wave travels is obviously m/m; for, if we 
increase ( by any quantity t, and x by the corresponding quantity 
mr/m, the value of y is nnaltered. 

In parsing we may anticipate so far as to say that a precisely equal 
system of waves, moving in tha opposite direction, is obviously repre- 
sented by 

J/ = ((0Os(!l<-|-»i«). 



ion. The surface 
Stationary 

while all intervening portions have simple harmonic motion of period 
2ir/m, and amplitude aooawx; and tfio phase is the same in all. 
Thus the "nodes" on a vibrating string indicate the constant 
travelling, in opposite directions, of equal wave-motions 

§54. We have next to consider the result of superposing 
or compounding two simple harmonic motions „ ... , 
which take place in the same line. The simple harmonic 
geometrical method amply suffices for this motions iu one 
purpose provided the perwds of the two are 
equal, however different may be their amplitudes and their 
phases. For, if we suppose PQ (Fig. 16) to turn about P 
in the same plane and with the same angular velocity as 
OP about 0, the angle OPQ will remain unaltered, and 
therefore the triangle OPQ will remain of constant size 
and form while tiuning about O. Thus Q describes a 
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circle about in tha given period. The resolved parts of 
OP, PQ, along any diameter OA, together make up the 
resolved part of OQ along the same 
line. Hence two simple harmonic moimis, 
of the same pefiiod and in the same line, 
are equivalent to a mtffle simple har- 
monic moHon of the common period. The 
amplitude of the resultant simple 
harmonic motion is OQ, and depends 
only upon OP, PQ, and the angle 
OPQ, — the amplitudes of the two 
^"'' '^' component simple harmonic motions 

and the suipplement of the difference of their phases. 

g 55. When the difference of phase is nil, or any whole 
Amplitude, number of circumferences, the resultant am- 
etc., of plitude is the sum of the amplitudes of the 
resultant components, which is its greatest value. 
When the difference of phase is an odd number of semi- 
circumferences, the amplitude of the resultant is the differ- 
ence of those of the components. 

If we produce QP to meet OA in E, wc see that QOA, 
the phase of the resultant simple harmonic motion, is inter- 
mediate in value to the phases of the components, which 
are POA and QRA respectively. Its excess over tie one, 
and its defect from the other, are the angles at and Q 
in the triangle OPQ ; and their sines are to one another 
as the separate amplitudes QP, PO. Hence, when these 
amplitudes differ, the phase of the resultant coincides more 
nearly with that of the component whose amplitude is the 
greater. 

Analytical Analytically the reaultaiit motion is expressed by 

39(a,; + f) + a'co8(.^ + 
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These eipressioDa give for the amplitudE of the resultant 
P- V(ae«ae + fl'coa6')= + (osinf+o'sint'}'' 

This may be put in either of the forma 

from which the above conclusions follow at once. 
Also, for the phase of the resultant, we havs 

tan Q = ^^iHl±±ii£i. . 

When e and e' are lioth positive and less than iir, thia is obviously 
intermediate in value to l^u e and tan i'. 

When the periods of the components are nearly, but not exactly, 
equal, the simple artifica which follows enables us p^^g^g nearlv 
still to apply the same method of composition. Wc ^ | 

^^acosH + .) + «' cos (c.'i + e') 
=aoosH + E)+«'oos(^ + E' + (=.'-«W. 

Hence the above values of P and Q will still satisfy the conditions 
if we write {■ + (lo' - «)( instead of e'. Thus we may treat the two 
oompouents as being of the same period, but make the phase of one 
of them steadily increase with an angular velocity equal to the 
difference of the angular velocities in the generating circles of the 
components. 

The triangle OPQ wiU no longer preserve its form ; it will pass 
amlinlumsly through aU the various forms which we have seen would 
be given to it by varions difFerenoes of phase in the component simple 
haiTQonic motions. The time in which it returns to a former value 
is evidently 2if/(<i'' - w), which is greater the more nearly equal ai'c 
the periods of the components. 

g 56. One of the beat examples of tfie principles we 
have just discussed is furnished by the Example, 
tides. If there were hut one tide-pro- Solar and inuar 
ducing body, we should hare (approxi- *''^^' 

matoly) a simple harraonic rise and fall of the sea-level at 
any given pla«e twice over in the course of about twenty- 
four hours, and the phase would depend simply upon the 
distance of the tide-producing body from tho meridian 
(whether above or below the pole). The joint effect of the 
sun ajid moon is practically the resultant of the effecta 
which they would separately produce. Hence, when these 
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bodies are in conjunction or in opposition (i.e. at new or 
at full moon), the whole rise of the tide is the sum o£ the 
solar and lunar tides ; and we have what are called '' spring 

tides." When the moon is in quadrature, 
^^""tid"^ """P the amplitude of the tidal rise or faU is 

the excess of the lunar oyer the solar 
tide, for it is low water as regards the sun when it is 
high water as regards the moon. In intermediate positions 
the effect lies between these extremes, but the joint high- 
tide lies nearer to the crest of the lunar than to that of the 
solar tide. In the first and third quarters of the moon, 
high tide is earUer than the high tide due to the moon 
alone ; in the second and fourth later. This is what is 

called "priming" and "lagging" of the 
i^i^K° tides, and is seen at once to follow from 

the construction given above. Had the 
Iimar and solar tides been of equal amplitude, spring tides 
would have been of double the altitude of either, and there 
would have been no tide at all at the time of neap. 

The mode in which we have treated this special case is 
an illustration of the general method (above described) of 
combining simple harmonic motions in which the periods 
are slightly different. 

g 57. "What we have said of the tide-waves holds of 

course of all waves in which the separate 
two wave disturbances are so small that the joint effect 
motions is found by superposing the separate effects. 
genwaU)'. 'Y\ms when, at sea, two series of waves 
of equal length meet at any place, the resultant is still a 
set of waves of the same length, but the altitudes and 
phases of the components determine those of the resultant. 
When crest meets crest, we liave waves of the sum of the 
original amplitudes ; when crest meets trough, the differ- 
ence. In the latter case we have still water when the 
amplitudes of the components are equal. What is called a 
" jabble," —where, for a short time, a portion of a stormy 
sea is almost calm, and after a little it is violently agitated, 
—is the result of a number of " cross seas." 
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§ 58. If we now consider the instantaneous 
form of a section of the surface, 
instead of the successive displace- 
ments of one portion of it, we can 
easily account for a striking phenomenon which 
is very frequently observed on a shelving beach. 
We often notice that every ninth or tenth wave 
or so is higher than those immediately before 
or after it. This is the result of superposition 
of two or more sets of waves in which the dis- 
tance from crest, to crest is different in the 
different sets. In the joint system we have, re- 
presented as in g 53, phenomena akin to the 
spring and neap tides, and the priming and 
lagging of the tides. 

Fig. 17 shows fart of the result when the 
amplitudes are equal, and the wave-lengths as 
15 to 17. It gives also a rough approximation 
to the whole result when the lengths are as 7 to 
8 or as 8 to 9. 

§ 59. To compound any number of simple 
harmonic motions, of equal periods, 

,. ^ u - 1 ^ 1 Com position of 

m one hne, wo may obviously take ^^^^ ^-^^^ ^^^ 

them two by two, and apply the simple harmonic 

preceding process over and over motions of one 
again till we have as final resultant ^^" 
another simple harmonic motion of the common 
period. 

Or thus ;— 

==PeosM-j-Q) 
where 

PcosQ = 2(aeoa*), PsinQ = 2(asinE). 

When the separate periods are not equiJ, and 
not even nearly equal, it is only in special Ciises 
that any simplification can be effected by ana 
lytical processes. But this is not much to be 
i for most purposes i graphic 
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accurate, and it can always be easUy 



A' 



method ii 
carried out. 

§ 60. We must now consider the composition of simple 
Two im le tarmonio motions in directions at right 
harmonic angles to each other ;-— but for the present 
motions at we confine otuselves to the case in which 
right aisles, their periods are equal. Jn this case we 
know that the acceleration is in the same ratio to the 
displacement in each of the two rectangular directions. 
Hence by the general theorem of § 50 the motion is elUptic, 
with uniform description of areas about the centre. 
_ „ „ To analyse this, suppose, 

at starting, that their ampli- 
tudes also are equal. Let 
OA, OB (Fig. 18) represent 
the two rectangular directions. 
With centre O, and radius 
equal to the common ampli- 
tude, describe a circle. Let 
AOE, BOF represent the 
, epochs of the two components 
^ B' u fj.^Q corresponding circular mo- 

tion being supposed positive 
for each), then obviously EOF exceeds by a right angle 
g. , the difference between the phases of the 

h^monic motions in OB and OA, Then if P,. Q 
motions at represent at time t the corresponding posi- 
right angles, tions in the common circle, we have arc FQ 
- arc EP ; and if perpendiculars be drawn, PM to OA, and 
QN to OB, their intersection S is the position at time t in 
the resultant motion. The locus of S is, by what has been 
proved above, an ellipse which touches the sides of the 
square ODCD'. 

When EOF is a right angle, i.e. when the phases are 
alike, this ellipse becomes the diagonal CC of the square 
touching the circle at the extremities of AA' and BB'. 
When EOF is three right angles, the ellipse becomes the 
diagonal DD'. When it is two right angles, or four, i e. 
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when OB is one quarter, or three quarters, of a period in 
advance of OAj the ellipse becomes the circle ABA'B'. 
To find in any case whether it is described positively or 
negatively {§ 44), we have only to notice how OS turns. 
Now while P is near A, MS remains closely coincident 
with AC, If, then, Q bo anywhere in the semicircle BA'B', 
N moves in the direction BB' and the angle AGS diminishes. 
Hence the ellipse is described negatively (or in the direction 
of the hands of a watch) if the epoch of the motion in OB 
exceeds that of the motion in OA by anything up to twp 
right angles. And similar reasoning shows that, if the 
excess be from two to four right angles, the ellipse is 



If the amplitudes be not equal, wc have only to extend 
or foreshorten the figure parallel to OA or to OB. The 
square CDC'D' becomes a rectangle, in which the orbits 
(all of which, with the exception of the diagonals, are now 
ellipses) are inscribed. Everything else is as before. 

§61. ^Vhen the periods in the two component motions 
are nearly, but not quite, equal, the phase 
of one gains gradually on the other, and ^^""^^i^^"''^ 
the path passes continuously through the 
forms of all the possible ellipses, but remains possessed 
of the one property common to thom all. It becomes 
a species of spiral, but in every convolution it touches, 
in succession, each side of the square or rectangle above 
discussed. 

§ 62. Similar reasoning shows that the superposition of 
any number of simple harmonic motions in si,„pie harmonic 
any directions and with any amplitudes and motions of one 
differences of phase, provided the period is period, in any 
the same for all, gives rise to motion in an dii'^ctions. 
ellipse about the centre. But this follows more easily from 

of the same period parallel 
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Eliminating t lietween these eij^uations, we have at one 

5-22;~(^-.)+5=.i«'(.'-.), 

he equa' 
It bee. 

i.e. when the amplitudes are eciual, and the phases differ by an odd 
number of right angles. 

It beooines the atraaght line 

whenc'-eis zero; and 

i;i.+i,;«'»o, 

when e' - e is two right angles. 
If SOA be called 8, we have 

*^^-5-»e-os-M + .) 

= J(eQS(f'-.)-sin[e'-.)tan(i«i + ())- 

Henoe, taking the fluxion of caeh aide, 

seo% . ^= - -u sin (e" - e) seG2(ui + f)- 

Thua, as before, S is essentially negative, i.e. the rotation in the 
ellipse is right-handed if s' - e lie between and ir, left-handed if it 
lie between jr and 2t. 

For a simple harmonic motion, denoted by 

i=acos(urf + t), 

in a line whose direction cosines are ;, »i, », we have the components 

li, iflj, ni parallel to the three axes respectively. Henea for the 

resultant of any number of such, alt having the same period, we have 

x='Z.al cos («i-^ e) =cos i,tZ{a.l cos f) - sin i^fZial sin s). 

Thus we havu three equations of the form 

j, = Beosu,(-B'ainc^ 

If wo take three quantities X, it, v, such that 
AA + /.B-K'C = 
XA'-H^B' + tC'^O, 
we have also 

The first two equations determine without ambiguity the ratios of n. 
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and t- to X. Hence the third is the equation of a definite plane in 
which the path lies. We may now choose this plane as that of x, y. 
The value of s abore becomes identically zero ; and the elimination 
of ( between the equations for x and y gives the ellipse as before. 

§ 63. When the periods of the simple harmonic motions 
are not equal we have 

It is easy to trace the corresponding curve hy points; 

but, except when there is a simple numerical 

ratio between w and lu', the equation cannot ^qu^""* 

be presented as an algebraic one between x 

and y. If 2td' = (u, wo may shift the epoch so tli^t the 

equations may bo written 

Eliminating ( from the first by the help of the second, wc have 

^^/^^-lleoso-^ A/l^sino. 

This denotes, in general, a curve of the fourth order, of a fignre-of-8 
form, as in Fig. 19. When a = «t the curve is a portion of a parabola, 
its vertex being to the right or left as n Is odd or even. This parabola 
corresponds, in thu present case, to the straigljt lines in the ease of 




§ 62. When the periods difl'er slightly from the ratio 2 : 1, the path 
passes in succession through the forms traced, forward and backward 
alternately ; and, each time that it opens out from the parabolic form, 
the tracing-point describes it in the opposite direction to that in 
which it described it before the path collapsed into the paraboh 

§ 64. The principles alrej,dy lUustiated aie sufficient 
for the examination of eveij case of this con position of 
kind. But one or two p<irticular cases uniform 
merit special notice. The case of two oi'''-"l«r motions, 
uniform circular motions of equal penods, in one plane, 
noticed {§ 54) Q describes its ciicle 
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about P, P its circle about 0, and the result is uni- 
forin circular motion of Q about 0. The radius of 
this circle may be equal to the sum or difference of the 
radii of the separate circles, or may have any intermediate 
value, according to the difference of phase. If the periods 
be not exactly equal, the motion takes place virtually in 
a circle whose radius continuously oscillates between the 
above limits. The path is a species of spiral, which lies 
between two concentric circles of these radii. 

§ 65. When the component circular motions are in 
opposite directions, we have an extremely interesting and 
important case. It is obvious tliat there must now be 
positions in which OP and PQ are in the same straight 
line. Lot OA, AB (Fig. 20) be one of these. Then, in 
any other position, OP and 
PQ are equally inclined to OA. 
The path of Q is an ellipse, 
of which the major semi-axis 
OB is the sum of the radii, 
and the minor axis their differ- 
ence. Hence when the radii 
aro equal the result is simple 
harmonic motion in the line OBB'. Thus we have the 
proposition, of very great importance in optics, that a 
simple harmonic motion may be looked upon as the result- 
ant of two equal and opposite circular motions in one 
plane. When the periods arc not exactly equal, the motion 
may be regarded as simple harmonic motion, in a line which 
rotates with uniform angular velocity in a plane. This is 
the case of Foucault's pendulum, and of plane polarised 
light passing along the axis of a crystal of quartz, or 
through a piece of glass or other transparent substance in 
the magnetic field. 

§ 66. Uniform circular motions, of different periods, 

Si'B epicycloids, etc. A particular case is 

^'^ *" ^' uniform circular motion superposed on 

uniform rectilinear motion, in which case we have cycloids, 

etc. But these we merely mention. 
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§ 67. By far the most important of the applications of 
simple harmonic analysis is summed up in wba,t is called 

Fourier's Theorem. — j4 complex harmonic function, with 
a constant term added, is the proper expressimi . , 

for any periodic dngk-valued fv/rwtion, and, thaorem^ 
conse^uenky, can es^ess any single ■ valued 
function whatever between, any assigned mdms of the variable. 

To show the importance of this in physics we need take 
but a single example. The one essential characteristic of 
a musical sound is its "periodicity." Hence it may be 
analysed into a series of simple harmonic disturbances. 
Their respective periods are the fundamental period, its 
half, third, fourth part, etc. The first gives the pitch of 
the note ; the others determine its quality. From the 
physical point of view, this is no mere mathematical device 
for expressing the facts. A highly-trained musical ear can, 
in many cases, distinguish several of those components in 
what, to ordinary ears, is a perfectly homogeneous sound. 
But, by the use of proper resonators, each of these com- 
ponents may be selected from the whole so as to be heard 
by itself, even by an untrained ear. 

The investigation which follows is not intended to 
prove the theorem ; it is merely introduced as readily 
suggesting it.^ 

The essonce of periodicity of a fuDOtion/is that we must liavo 
whatever be x, if 2p be the period. This may be written as 
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la esaentially an integer. Thus we have 

eq^uation 1 
tegraJa bel 

Thus we may put 

It is usually convenient to write d for the angle irielp, and to range 
separately the sines and cosines of the integral multiples of 6. Thus 
we may write any periodic function of 6 m 

F(S) = Ao + S JA„ cos m,9 + S^B™ sin mS. 



because all terms such a) 



!7rAo= fi{B 

lie equatioi 
lilarly witl 

rA™=ri'(C)c. 
■S™=l'%S)si 



in which m and n are different from one another, can be expressed as 
sums or ditfereneea of sines or cosines of {m + n)e and (m-MJfl, and 
thus their intagrals throughout a period vanish. The only exceptional 
case is when m and n are equal. Then 
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l>eriod, and - 1 for the other half. This deacribes the end-condition 
of a bar altecnatelj heatad and cooled as in An^trom'a Thermal 
Conductivity method; alternate "make and breii" in telegraph 
signalling, ate. We have 



.= /7+l)rffl+ (C-l)d0 = O 
= fcosmedB~ fBosm8dB = 
- hin mSde ~ [am mSdS 



Thus, finally, 



Y{0)^8{rom.OU) 2v ; 
:e simply for integration, shLfting the origin to tbe posil 



the middle of the period, 
We find 



To get an idea of the nature of this representation of a disoontinuona 
fimetion, we may consider F(S) as double of the limiting value of the 
obviously convergent infinite seriea 

y-esme-^sin20+^9inSfl-etc.(e<l) , . (2) 

when e increases so as to become indefinitely near to unity. 

Trigonometrical processes enable us to sum this series in the finite 
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ftiidaj)eriodandahalf (from 9— -ir to ff=2ir) of theourve represented 
by this equation is traced in Fig. 21 for the following values of e, vis. 
0-6, 0-7, 0-9, 0-99. The crests of all ttese curves lie in one stra^ht 
line, as shown in the figure. 

As the value of e increases, the ourvatore of this undalating loena 
obviously becomes everywhere less and leas ; eiMjtt in the immediate 
neighbourhood of the ereats and troughs, where it increases. In the 
limit the whole becomes a line alti^etber without curvature, except 
at certaia points where there is infinite ourvaturo, i.e. a finite angle. 
In fact (3) becomes, as in the data for (1), 

F(e) = 2^ = 2 tan-i. tan ^ = fl. 

Of course tha expression (2) may be recovered from (3) by the 
Fourier process, though the integration of the general term is trouble- 
some. But from any one expression of tliia kind we may easily deduce 
a number of others. Thus, reversing the sign of the expression (1) and 
changing its phase by a, we have as the result of superposition 

Fi{e) = F(e)-F(fl-a). 
Tliis expresses a ftmctiou whose value is -(2ir-ii) from S=-x to 
e= -{jT-a), and a from d=~lr-a) to ». Put a = ir, and we re- 
produce the first esarnple given above, viz. the function which has a 
constant negative value for half the period, and equal positive value 
for the rest. Shift the axis of 9 parallel to itself, and we have 

Fs(e) = F(e)-F(S-a)-B. 
This has the value - 2jr from = - jr to S := - (jr - a), and vanishes for 
the rest of the period ; thus espresaing periodic contacts (of any 
duration short of the period) with the pole of a battery. 

Shift tha origin back half a period, and change the sign of the 
whole. We thus obtain for a function whose value is 1 from S = to 
S — a, and zero throi^hout the remainder of the period, tlie expression 
wc should have got dlreolly by Fourier's method, viz. 

§ 68. J. point describes a hgariikmic spiral wiik amstartt 
angular velocity ahout the pole ; find ike accderaticn?- 

Since the angular velocity of SP (Fig. 22) and the 
Resistsd inclination of this line to the tangent 
harmonic are each constant, the linear velocity of P 
""■''""■ is as SP. Take a length PT, equal to 
e . SP, to represent it. Then the hodograph, the locus of 

' The physical application of this problem to pendulum motion, taking 
place in a medium in which there is resistance proportional to the velocity, 
will be afterwards discussed analytically. 
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p, where Sp is parallel and equal to PT, is evidently 
another logarithmic spiral, similar to the former, and 
described with the same con- 
stant angular velocity. Hence 
pt, the acceleration required, 
is equal to e . Sp, and makes 
with Sp an angle equal to 
SPT. Hence, if Pm be drawn 
parallel and equal to pt, and 
uv parallel to PT, the whole 
acceleration Pm may be re- 
solved into Fv and vu; and 
Vvu is an isosceles triangle, 
whose base angles are each 
equal to the angle of the spiral. Hence Pu and vu bear 
constant ratios to Pu, and therefore also to SP or PT. 

The acceleration, therefore, is composed of a central 
acceleration proportional to the distance, and a tangential 
retardation proportional to the velocity. And, if the 
resolved part of P's motion parallel to any line in the 
plane of the spiral be considered, it is obvious that in it 
also the acceleration will consist of two parts— one directed 
towards a point in the line (the projection of the pole of 
the spiral) and proportional to the distance from it, the 
other proportional to the velocity but retarding the motion. 
Hence a particle which, unresisted, would have a simple 
harmonic motion has, when subject to resistance propor- 
tional to its velocity, a motion represented by the resolved 
part of the spiral motion just described. 

If a bo the angle of the spiral, w the angular velocity of 
SP, we have evidently PT . sin a - SP . w. 
Hence 

Pii = FK:^p; = ^ = ^PT = ^j^SP=n^ SP (suppose), 
™ = 2Pu . coa o = 2 M cos a ^,^ = 2t . PT (suppose). 
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Thus the central acceleration at unit distance is ifi - (o^/sin^n, 
and the coefficient o£ resistance is 2k = 2(u cos n/sin a. 

The time of oscillation is evidently 25r/(u ; but, if there 
had been no resistance, the properties of simple harmonic 
motion show that it would have been 2n-/n ; so that it 
is increased by the resistance in the ratio coseca : 1, or 

The rate of diminution of SP is evidently 

FT . COS o = "^^^^ SP = iSP ; 

that is, SP diminishes in geometrical progression as time 
increases uniformly, the rate being k per unit of length per 
unit of time. By an ordinary result of arithmetic (com- 
pound interest payable every instant) the diminution of log 
SP in unit of time is k. 

Hence, in the resolved part of the motion parallel to any 
fized line, the logarithm of the amplitude is diminished, 
every half vibration, by kirjio. 

This process of solution is applicable only to resistance 
of harmonic vibrations when n is greater than k. When n 
ia not greater than k the auxiliary curve can no longer be 
a logarithmic spiral, for the moving particle never describes 
more than a finite angle about the pole; and then the 
geometrical method ceases to be simpler than the analytical 

§ 69. What we have said about composition of motions 
is merely a particular case of the general ggj^jj^g moyon 
question of relative motion, which in its 
main principles is exceedingly simple. It is entirely com- 
prehended in the following propositions, — which may be 
regarded as almost self-evident 

Given the motion of A tiAfk regard to a point 0, and thai of 
B with regard to A, to find that of B with regard to 0. 

By compounding the vectors of relative position OA, 
AB, we have at once the required vector OB. Thus it 
is obvious that we have only to add the separate com- 
ponents of the velocity of A with regard to O, and those 
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of B with regard to A, to obtain those of B with regard 
to 0. And, of course, the same rule applies to the 
accelerations. 

If x, y, 3 be the co-ordinates of A (rcforred to O) at time ( ; x', y', ^ 
those of B referred to parallel axes from A ; f , ij, f those of B referred 

Tliey give, by diiferentiation with regard to (, 

|=* + ft', etc, ^=X + ^, etc, 
which constitute the analytical proof of the statement above. 

§ 70. Hence we have the solution of the further question : 
Given the motims of A and B mth regard to 0, to find the 
relative motion of B vMh regard to A. In this case, of course, 
before compounding, the vector of A must have its sign 
changed. 

Another very important case is that in which the motion 
is referred to axes which are themselves moving. So long 
as their directions remain unchanged, this reduces itself to 
the former investigation as a mere question of changed 
origin ; so that we need consider only the effect of the 
change of direction of the axes. And this is at once 
deduciblc from the results of last section. For we have 
only to consider, instead of the moving point, its projec- 
tions on the moving axes, and find t}mr velocities and 
accelerations relative to fixed axes. 

Thus, if the rectangular axes of x and y be fixed, and those of | and 
_ , . n be rotating in the same 

R«volvinR axes. , .= j .. 

" plane, we have a datum 

of the form, 

e=anglefOa:=/i:0, 

giving the position of the moving axes in 
terms of the time. Let P be the moving 
point, and PM perpendicular to Of (Fig- 
'23j. Then, as the polar co-ordinates of M 
are f, B, we have, for its velocity, 

along 0$, id along MP. 
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fi along MP and -ijfi parallel to OM. 
Thna the velocities parallel to fixed lines oorreaponding to the instant- 
aneous positions of Of and Oi; are, respeotively, 
j-ij^and^ + id. 
In the same way it is easy to see, by § 47, that the corresponding 
components of the acceleration are 

Kinematics of a Rigid Plane Figure, displaced m its 
ovm Plane 

§ 71. When a rigid plane figure is displaced anyhow in 
its own plane, the displacement may always 
be regarded as the result of a definite rota- p\s.ae figure in 
tion about a definite axis perpendicular to its plane, 
the plane. 

The proof of this follows at once from the fact that, 
under the assigned conditions, the figure has only three 
degrees of freedom ; and consequently its position is 
determinate whenever the positions of any two of its 
points are given. Also, a single rotation can, in general, 
be found which will transfer _, 

these two points from one pair 
of assigned positions to another. 

Let A, B, A', B' (Fig. 24) 
be successive positions of two 
points of the figure. Bisect AA' 
by the line 0(i perpendicular to 
it, and let 06 do the same for 
BB'. Let these perpendiculars 
meet in 0. Then it is clear 
that the two triangles OAB, 
OA'B' are similar and equal. 
Hence AB may be regarded as 
having passed to the position A'B' by rotation about an 
axis through perpendicular to the plane of the paper. 
The angle of rotation is AOA' or EOF. 




Hosted by 



Google 



The construction fails when Oa and 06 coincide, but in 
this case it is evident that the required point is the point 
of intersection of BA and B'A' (Fig. 25). It also fails when 
the bisecting perpendiculars are parallel (Fig. 26). But 
then AA' and BB' are equal and parallel, and the displace- 
ment is a [lure translation, the same for every point of the 




plane figure, which may be regarded as an infinitely small 
rotation about an infinitely distant axis. 

§ 72. Since any displacement in one plane corresponds 
Composition of in general to a rotation, any two or 
rotations about more rotations about parallel axes can 
parallel axes, always be compounded into a single one. 
Of two equal and opposite rotations the resultant is simple 
translation. This is evident from Fig. 27. In both cases 
A and B are the initial posi- 
tions, A' and B' the final 
positions of the two axes. 
In the first we begin with 
the rotation about A, in the 
second with that about B, 

g 73. When these equal 
rotations are dmidlameovs in- 
stead of successive, the figure 
becomes a rectangle; — ie. the 
to the line joining the axes. 



A' 




,U^^1 




B 




-i/" 



translation is perpendicula 
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For in this case we may suppose the two rotations to be each 
broken up into successsive equal but infinitesimal instal- 
meuta. And the principles of infinitesimals show that two 
such instalments, either about the same or about different 
axes, produce the same ultimate effects whether they be 
applied simultaneously or successively. The general 
principle of which this is a particular case is called the 
principle of superposiiion, of small motions. 
It is merely an application of the fact that ^SJ'^^'JrDf 
infinitesimals of the second order may be 
neglected in comparison with those of the first order. 



The consideration of simultaneous rotations is very important. 

Suppose a plane ficure to rotate in its own plane. -, 

mth .ngullr velocity «, .tail the orlsin. Tlnn °™S""'°; °\ 

it is obvious that no, in a direction perpendicular !!"f ' "" 

to r, is tlie velocity of a point whoae distance from P*"' aies. 
tlie origin is r. 'the components are, tliereforo, 

If tlic rotation be about the point n, h, these become 



■i=-{y-m, y = {x-a)Q. 
inent velooitieB which 
' a single rotation, wit 
about an axis passing through the point a, S. 
When 

i^Z(i„), y^-Siaw), 
so that all points of the figure have equal velocities. This is the case 
of pure trinalatiou. Here o and (3 are (in general) each infinite ; — 
i.e. we have as resultant a vanishing angular velocity about an 
infinitely distant axis. 
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the positio 



g 74. As any displacement ol a plane figure in its own 
plane is equivalent to a rotation, we may 
Uing of curve pepreggjjt g, series of displacements by 
, series of rotations. Also if we know 
L the figure itself, of the points which are 
successively the axes, and likewise the 
position which each of them occupies 
in space at the instant when the rota- 
tion about it takes place, we can con- 
struct the whole motion. Let them 
be 0, A, B, C, etc., and 0, a, b, c, etc., 
respectively {Fig. 28). Then the figure 
turns about till A coincides with a. 
Kext it turns about A (or a) till B 
Fig. 28. '' coincides with i, and so on. Hence 
the motion will be represented by the 
rolling of the polygon OABC, fixed in the moving figure, 
on the polygon Oabc fixed in the plane of the motion. 

In the limit, when the axis continuously shifts its 
position in the figure while the rotation goes on round it, 
the polygons become plane curves. Thus we have the 
fundamental proposition that any motion of a plane figure 
in its own plane can be represented by the rolling of a 
curve attached to it, on a curve fixed in space. Both 
curves are situated at an infinite distance when the motion 
is one of pure translation. 




Kinematics of a Rigid Figure 

§ 75. When a spherical cap, or skin, moves on the 
Displacement o£ Surface of a sphere of equal radius with 
aphere atont which it is everywhere in contact, we 
its centre, j^^y make the construction of § 7l 
with great circles bisecting the arcs AA' and BB'. Two 
great circles (unless they coincide) always intersect at the 
extremities of one definite diameter. The case of coin- 
cidence is met exactly as it was in § 71. Hence every 



Hosted by 



Google 



KINEMATICS 



S7 



motion of a spherical akin on a sphere is equivalent to a 
rotation about a definite axis through the centre of the 
sphere. Thus any number of successive or simultaneous 
rotations about axes passing through one point can be com- 
pounded into a single rotation about an axis passing 
through that point. And the construction of g 74 can be 
carried out with spherical polygons or curves, so that we 
see that any motion of a rigid figure, one point of which is 
fixed, can be represented by the rolling of a pyramid or 
cone, fixed in the figure, upon another fixed in space. 

g 76. The law of composition of simultaneous angular 
velocities about axes which pass through one ^ ^ . . ^ ^^ 
poiiit is precisely the same as that for sim- mt^^^Xut 
ultaneous linear velocities of a moving point. aiea which 
The following simple geometrical process lotersect- 
establishea the proposition for two intersecting axes; and 
it is easy to see that it can be extended to any number of 
such. Let OA and OB (Fig. 29) re- 
present the two axes, and let the 
lengths of these Hnea (both drawn in 
the positive direction for the rotation 
about them) ej e e t th angular 
velocities co eponlng Then a 
point P, in the a 1 1 t veen the "^j" 
positive end f th a s raise 

above the pla f tl p^per by q 
rotation aboi t OA but d p essed be- 
low it by the rotation about OB. 
The amounts of the elevation and depressior 
to the distance from either axis, and to the angular velocity 
about it, conjointly. Hence they ivill annihilate one 
another if, perpendiculars PM, 'PN being drawn to the 
axes, we have 

OA.PM=OB.PN. 

This is equivalent to sajmg thit the irers (f the tiiinglcs 
OAP, OBP are equal — -w hich necessitatei that P should 
lie on the diagonal of the parallel igram of which V, OB 




c proportional 
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are contomiinous sides. Let OC be the diagonal of this 
parallelogram. From what has been said above it is evi- 
dent that the displsicement of any point in the plane is 
necessarily proportional to the algebraic sum of the 
moments of OA and OB about it, and therefore (g 46) to 
the moment of 00. Hence all points in the line OC 
remain at rest, and the figure turns about that line with an 
angular velocity represented by its length. This analogy 
to momenta shows the reason for the remarkable proposi- 
tion that angular velocities, about axes which intersect, 
are to be compounded according to the same law as linear 
velocities. 

g 77. Any proposition regarding simultaneous linear 
. , , , velocities or accelerations has thus its 

Analocy between , . . , i -. - i 

linear and counterpart In angular velocities and ae- 
angiJar celerations. Thus, as we have seen (§ 36) 

velocities. ti^^t under acceleration in one plane, always 
perpendicular to the direction of motion, a point moves 
with uniform velocity, so, if a figm-e be rotating about one 
axis, and have angular acceleration about a second axis 
always perpendicular to the first, the direction of the axis 
about which it rotates is changed, but not the angular 
velocity. 

It is to be noted that in such a case the direction of the 
axis changes not only in space, but also in the rotating 
figure itself. This, however, is merely the result of § 36 
in a slightly altered form. 

If uij be the angular velocity of a figure about the line which, for 
_. ,,. f the moment, coincioea with the axis of s, the 

Composition ot gonggqygjit diBplacements during time St of a point 

angular a- « s are (^ 73) 
velocities ahout -^ *" &e=-™^(, Sy = 3»o.St. 

latersecting aies. 

Of course similar results hold for the angular velocities about linaa 
for the moment coinciding with the axes of x and of y. The joint 
effect therefore is found by adding the various separate values 
obtained by permuting the letters K, i;, s in cyclical order. Thus 

Sy = (a^ - sitf,) Ji 
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The right-hind niemljers of these equation 



These oorreapond to the two wlnations of the instantan 
and raproducB, in an analytical form, the result of g 76. 
The angolai velocity abont this axis ia 



showing that it takes place in a line perpendicular to the plane 
passing through a:, y, z and (1). It is tlieretoie perpendicular to (1). 
Also the whole displa^wment is 



^/(^fTWFil^- WV(i^ 



'.^/^ + 



The laat factor is the distance of x, y, % from (I). Hence the 
second is the angular velocity about (1). 

It appears at once from, tiiis rusult, and from the form of (1), that 



are the direction cosines of the instantaneous axis. 

If the figure be rotating simultaneously about a number of axes,— 
saj with angular velocity in^, about an axis whose direction cosines 
are ^ mj, Kj, etc.,— we have evidently 

«^=S(Z«), a,,=2(««.), (^,=S(m.,). 

From these the single instantaneous axis is found immediately as 

g 78. Any displacement whatever of a rigid figure may 
be effected by means of a screw motion, 
i.6. translation parallel to some definite line, Kigid figure 
accompanied by a proportionate rotation displaced, 
about that hne Let A and A be succeasiio 
positions of 'iny point in the figure and suppose tho body 
to be bioHjght back bv a mLie tianslition so tbat A' coin- 
cides agam with A. Then we ba^e seen (^ 75) that one 
lino of the fispiie tiiiough A is neeessanly restored to its 
ona^nal position Let P be any plane section of the figure, 
peipendicnlai to this line, P its position after displace- 
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ment. These fully determine the initial and final positiona 
of the whole figure. Shift P into the plane of P" by a 
translation perpondicidar to either, and let P" be its position. 
P" can (g 71) be brought to coincide with P' by a rotation 
in it« own plane. Hence the proposition. There is an 
exceptional case when P" requires only translation to make 
it coincide with P', But then the whole figure is merely 
translated. 

§ 79. We have seen that the straight line representing 
j^ , an angular velocity is to be resolved by 

acceleration the same process as that 
about a moving linear velocity. If we consider s 

*"'■ be rotating about axes fixed relatively to it, 

accelerations of angular velocity about these will be repre- 
sented by changes in the lengths of the lines representing 
the angular velocities, and will therefore be subject to the 
same conditions as the angular velocities themselves. Thus, 
as it is obvious that a figure is rotating at any instant with 
the same angular velocity about an axis fixed relatively to 
itself, and about another axis Jked in space, which at the 
given instant coincides with the former, it follows that the 
angular accelerations about these axes are equal at that 
instant. 

This is really tKe same proposition as that f is the 
velocity along a fixed line coinciding with the radius-vector 
r (g 47). But, just as r is not the complete acceleration 
parallel to r, if r be rotating, so the proposition above, 
though true for the first fluxion of the angular velocity 
about a moving line, is not generally true for fluxions ot 
higher orders. 

Afl this subject is commonly regiu?ded as eomewhiit obscure, wo 
may giye a more formal examination of it by an analytiuil process. 
Suppose ui, Us, (ug to be the angiilaT velocities about rectangular axes 
Oa, OB, OG fised relatively to a figure, and iij the angular velocity 
of the figure relatively to a line OS fixed in space. Let I, m, n be 
the direction cosines of the latter line ivith regard to the foiiuer three, 
tlien 

Id ^ iil, -HJlUj + JMils, 
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+nA=0; 



But, at the instant in question, ?=^7r and S = U3, 

In the same way wo see that 
and th.as we have 

which ia the proposition above given. 

§ 80. To complete the kinematics of a rigid iigure of 
which one point ia fixed, we require to have Position of 
the means of calculating its position, after figid fignrs in 
the lapse of any period during which it has ^tltiTabont 
been rotating with given angular velocities axes fixed in 
about given axes. space ; 

If the axes about which the angular velocities are given 
be fixed in space, the formulse of g 77 give at once, for a 
unit line fixed in the figure, the expressions 

i= ntdg-mu. 

Here Inn aie tht direction cosines of the unit line at 
time / in 1 thej satisfy of uourse the condition 

l!+ +n -0 

But except ui )n e special (.asc^ these equitions aic in 
tractable Thi however is of little conaequtnce beciuse 
m the applications to kinetics of i free ngid body the 
physical equations usutlly give the anguKr velocities about 
hnes_^ ed in the both/ Oui problem then takes the form 
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§ 81. Given the angidar velocUies of a figwe ahovi each of 

a system of three redangulaT axes which are 

^fienre. ^ rigidly attached to it, find at any time its 

posiiion in space. 
It is clear that, if we know the positions of the revolving 
axes, referred to a fixed system, with which they at one 
instant coincided, the corresponding position of the figure 
is determined. The method usimlly employed is as 
follows. 

About the common origin of the two sets of axes sup- 
pose a sphere of unit radius to be described. Let X, Y, Z 
(Fig. 30) be the traces on this 
sphere of the fixed axes, and 
A, B, C those of the revolving 
axes. Draw a great circle 
ZC so as to meet in A' the 
quadrant BA produced. Then 
it is clear that the figure can 
be constructed (i.e. that the 
data arc sufficient for calcula- 
tion) if we know (a) the angle 
XZC,— this we call f; (6) 
' the arc ZC, called ; (c) the 

angle A'CA, or the arc A'A, called ^ For X, Y, Z are 
given. Then (a) shows how to draw the great circle ZC, 
whose pole is N on the great circle XY. Hence (6) gives 
us the points C and A'. We can next draw the great circle 
A'N, and A and B are found on it by (c), for A'A = NB = 0. 
We have now only to determine these angular co-ordinates 
in terms of the angular velocities of the figure about OA, 
OB, OC, which we denote by Wj, w^, Wj respectively. 

The velocity of C along ZC is 6. But it i 
by the rotations about A and B. Thus we have 




The velocity of C perpendicular to ZC is sin 6 . if. This 
also is part of the result of the rotations about A and B, 
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The velocity of A along AB is that of A' together with the 
rate of increase of A' A. Also it is entirely due to rotation 
about OC. Hence 

These three equations determine &, ^, <!> when &ij, wj, Wg 
are given as functions of t. 

§ 82. The process above is essentially unsym metrical. 
The first suggestion of a symmetrical sys- 
tem is due to Euler, and depends upon the ^"ces"*^ 
general proposition of § 75. What we must 
seek is the single axis, and the angle of rotation about 
it, which (by one operation) will bring the system or figure 
from its initial state determined by X, Y, 2 to its state at 
time i, determined by A, B, C. 

Let I, m, nhe the direction cosines of this axis, CT the 
angle of rotation about it. Then by the elementary 
theorems of spherical trigonometry we find 

003XA = P+(I-P) coso 

cos ZC = ji' +(!-«=) eoso. 

Thus, as we have an independent relation a 

these quantities, as well as CT, can all be e 

of the cosines of the three angles between the original and 

final directions of the three axes severally. 

We have other six equations, of which only one need 
bo written, viz. : — 

cos YA = liii{l - cos a) + n sin ro. 

g 83. If we put 

w = cosla, x-lsinfji!!, j/^msinjct, z^n^in^ti, 
which involve the equation of condition 

the nine direction cosines of the new positions OA, OB, OC, 
referred to the fixed lines OX, OY, OZ, become 
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2(yx-wz) v^-a? + f-z^ 2(yz + wx) 

2(3s + icy) 2(i/s-iffiK) vfl-^-y'^ + ii'. 

These expressions, rational in terms of the four quantities 
w, X, y, 2, are due to Eodrigues, who, 
oo-o^^aTea. liowever, gave them in a slightly different 

If M|. Wa, i^ be the angular velocities about OA, OB, OC re- 
spectively, we have 

2A - smui-sua +s<^ 

2y = siiJi + WU2 - iBwj 

23 = -ytii +aaiij +WW3. 

If Uj, Wj, Wj !)e the angular velocities about OX, OY, OZ re- 



Kinemaiics of a Deformahh Figure — Strain 
g 84. So far, we have considered change of position of 
g. . a figure of invariable form. We must 

now consider changes of form and volume 
in the figure itself. This is required for application to 
physical problems, such as compression of a liquid or gas, 
the distortion of a piece of india-rubber, etc. Any such 
change of volume or form is called a " strain." The treat- 
ment of strains is entirely a kinematical question, until 
we come to regard them as produced in physical bodies, 
and consider their cause. 

The system of forces which is said to produce a strain 

gl^ is called a " stress." But, just as we study 

velocity as a preparation for the discussion 

of the effect of force on a free body, so we study strains 

as a preparation for the discussion of the effects of stress. 
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. In order to fix the ideas, it is convenient to 
■ the iigUTB which ia to undergo 
strain to be cut u]) into an infinite * ^^rli™""^ 
number of similar, equal, and similarly 
situated parallelepipeds. This is effected at once by sup- 
posing it to be cut by three series of planes, those of each 
series being parallel to one another, and equidistant. No 
two of these three seiiea may be parallel, but the distance 
from plane to plane need not be the same in any two of 
the series. If the strain be continuous there will be no 
finite difference of effect upon, any two neighbouring 
parallelepipeds, provided they be small enough;— but in 
general their edges, which originally formed three series 
of parallel straight lines, mil become series of curves. No 
two pai-allelepipeds of the system will in general be altered 
in precisely the same manner. This is called "hetero- 
geneous strain." 

§ 86. We found it convenient to study uniform speed 
before proceeding to consider variable speed, 
and so wo find it convenient to tate up first "XSn.^""^ 
what is called 

Homogeneous Strain. — A figure is said to be homo- 
geneously strained when all parts of it originally equal, 
similar, and similarly situated remain equal, similar, and 
similarly situated, however much they may individually 
have been altered in form, volume, and position. 

Now recur to our set of parallelepipeds. After a 
homogeneous strain these remain equal, similar, and 
similarly situated. Hence tkei/ must remain parallel&pipeds, 
for they must together still continuously make up the 
volume of the altered figure. Thus planes remain planes, 
and straight lines remain straight lines. Equal parallel 
straight lines remain equal and parallel. Parallel planes 
remain parallel, ellipses remain ellipses (as is obvious from 
their properties relative to conjugate diameters), ellipsoids 
remain ellipsoids, conjugate planes remain conjugate 
planes, etc. 

We can now easily see how many conditions fully 
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determine a homogeneous strain. For if we know how 
each of three conterminous edges of any one of the original 
parallelepipeds is altered in length and direction, we can 
build up the whole altered system. Hence, to fully 

describe a homogeneous strain, we require 
oonBtents merely to know what changes take place 

in the lengths and directions of three 
unit lines not in one plane. Three numbers are re- 
quired for the altered lengths, and two (analogous, say, 
to altitude and azimuth, or latitude and longitude, or E.A. 
and N.P.D,) for each of the altered directions. Hence, in 
general, a homogeneous strain depends upon, and is fully 
characterised by, nine independent numbers. 

g 87. The simplest form of strain is that which is 

due to uniform hydrostatic stress acting 
dilatatLOT. '^^ ^ homogeneous isotropic body. Here 

directions remain unaltered, and the lengths 
of all lines are altered in the same ratio. Every portion 
of the original figure remains similar to itself, and similarly 
situated :— its linear, superficial, and volume dimensions 
being altered as the first, second, and third powers of that 
ratio. 

Next in order of simplicity is the case in which there 
Purestraiu ^'^^ three sets of lines, at right angles 

to one another, which suffer no change 
except as regards length. This state of things would 
bo produced in a homogeneous isotropic body by 
three longitudinal extensions or compressions in lines 
at right angles to one another, or by hydrostatic 
pressure in a homogeneous non-isotropic solid. In this 
case, if the changes of length above spoken of are all 
different, an originally spherical figure becomes an ellip- 
soid, with three unequal axes parallel respectively to the 
lines whose directions remain unaltered. Every line in 
the body not originally parallel to one of these is altered 
in direction. If one of the principal changes of length be 
an extension, and another a shortening, there will be a cone 
formed of lines which are not altered in length. This is 
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seen at once by describing about the centre of the ellipsoid 
a sphere equal to the original sphere. One axis of the 
ellipsoid being greater than the radius of the sphere, and 
another less, the ellipsoid and sphere must intersect ; and 
all tines drawn from the common centre to the curve of 
intersection are unaltered in length (though all altered, as 
before remarked, in direction). 

When two only of the changes of length are equal, the 
ellipsoid becomes one of rotation, oblate or prolate as the 
case may be ; and if the radius of the sphere be inter- 
mediate in value to the axes of this rotation-ellipsoid, we 
have a righi cone of rays unaltered in length. 

When all three changes of length are equal we have 
the simplest possible case, — which has been already 
treated. 

The essential element in these particular cases is that 
three lines at right angles to one a.nother are unaltered in 
direction by the strain. Here there is a mere change of 
form, and the strain is said to be " pure," or " free from 
rotation." Such a strain, in its most general form, is fully 
characterised by six independent numbers. For a system 
of three mutually perpendicular lines is fully given in 
direction by three numbers, and three more are required 
for the changes of length which they severally undergo. 

g 8S. But, in general, a strain is not pure. We have 
seen, however, that conjugate planes re- 
main conjugate pknes. In a sphere ^^^^ 
all seta of conjugate planes are rect- 
angular. Thus the principal planes of the ellipsoid into 
which a sphere is changed by any strain, and which is 
called the "strain ellipsoid," were origin- . 

ally diametral planes of the sphere at ellipsoid 
Tiffht angles to one another. Hence the 
strain may be looked upon as made up of two opera- 
tions, viz. a pure strain, and a rotation through a definite 
angle about an axis in a definite position in space. The 
values of these operators will depend upon the order in 
which they occur, for they are not generally commutative. 



Hosted by 



Google 



g 89. It is useful, in further considering the subject, to 
introduce along with the original strain 
■^itadn."^" (thus analysed), another which is called 
its " conjugate." This is defined as com- 
posed of an equal pure strain with the first with an 
equal but opposite rotation. And the separate component 
operations must be taken in the opposite order in the strain 
and in its conjugate. [In the analysis which follows (^ 93) 
we will show how to build up, from this point of view, the 
expressions for a strain and its conjugate.] 

The successive application of the strain and its conjugate 
thus necessarily leads to the reduplication {or squaring) 
of tbe pure part of the strain, and to the annihilation of 
the rotation. For, call the parts, as operators, P and R. 
The strain and its conjugate, referred to axes fixed in 
space, may be either 

EP and FR-\ 

PiRiandRi-'Pi, 

according as the pure strain or the rotation is first applied. 

The operations in each group are written, from right to 

left, in the order in which they are performed. Thus EP 

moans the pure strain P, followed by the rotation R 

g 90. The final result* are P^ and E^-iPj^E^, if the 

g .^ strain be followed by its conjugate. In the 

appJication of first case we have the pure strain, followed 

conjugate by the rotation; then (by the conjugate) 

strains. ^j|g rotation is undone, and the pure strain 

reapplied. In the second we rotate first, then apply the 

pure strain twice, and finally undo the rotation. Thus the 

student must be cautioned against the error of supposing 

that the results of applying PE and EP separately are 

generally the same. If the conjugate be applied first, the 

final results arc EP%"^ and P^^ respectively. 

Perhaps it will be easier for the reader to consider the 

" reciprocal," instead of the conjugate, of 

^8t^^''' a strain. For if the strain be KP, the 

reciprocal is obviously P"iR"i; if it be 

PE, the reciprocal is E"P^"^ Either pair of these. 
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taken in either order, restores the figure to its primitive 
form. The one point to ho noticed is that, in whatever 
order the direct component operations are supposed to 
occur in the strain, their reciprocals must be taken in the 
opposite order in the reciprocal strain. The reciprocal 
strain simply undoes the strain, and therefore differs from 
the conjugate by a factor, the square of the pure part of 
the strain. 

From this we have at once, as will be seen later, the 
means of decomposing a given strain into its pure and its 
rotational factors. This is effected as soon as we can form 
the expression for tho conjugate strain in terms of that for 
the strain itself. 

§ 91. As, in general, any strain converts a spherical 
portion of a figure into an ellipsoid, and 
as an ellipsoid has two series of par- 
allel circular seclums, it appears that in every strain 
there are two series of planes of to distortion.^ The 
consideration of these planes leads us to a second and 
very different mode of analysing a strain into simpler com- 
ponents. Perhaps the most elementary mode of considering 
this subject is by thinking of the motion of water flowing 
slowly down a uniform channel. We know that water, at 
ordinary pressures, is practically incompressible ; also that 
the upper layers of the water in a canal flow fasf«r than 
those below them. Hence the definition of a "simple 
shear." Let one plane of a figure he fixed, and let the 
various planes parallel to it slide over it and over one 
another, all in. the same direction, and with velocities 
proportional to their distances from the fixed plane. It 
is clear that this shear produces homogeneous strain in 
the figure, but it is mere change of form without change 
of volume. The fixed plane and all those parallel to it, 
are planes of no distortion. But we have seen that there 
must be two sets of such planes. To find the second set, 
let us suppose the plane of Fig. 31 to be parallel to the 
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commoii direction of sliding, and perpendicular to the 
fixed piano. This plane, so defined, is the piano of the 
p'q a' shear. Let AB be the trace 

""~ on it of the iixed plane, PQ 

that of one of the eliding 
planes, PP' the amount of its 
sliding. Bisect PP' in M by 
a perpendicular, meeting AB 
« ti in A. Join AP, take AB^ 

^"'■^'- AP, and draw BQ paraUel to 

AP. Consider the strain of the rhomboidal portion APQB 
of the figure. P moves to P', and Q to Q', where 
QQ' - PP'. Hence the rhombus remains a rhombus, for 
AP' - AP = AB. But the lengths of its diagonals have 
been interchanged. It has been subjected to an elongation 
of AQ, and a contraction of EP, each in the same ratio 
(so that their product, i.e. double the area of the rhombus, 
remains unaltered), while all lines perpendicular to the 
plane of the figure remain unaltered. From the symmetry 
of the rhombus it is obvious that AQ' and BP' are the 
greatest and least axes of the strain ellipsoid, while AB 
and AP' are parallel to its circular sections. Planes 
originally parallel to AP and perpendicular to the paper 
are therefore the second set of planes of no distortion. 
The rotational part of the shear is given by the angle PAM, 
or (what is obviously equal to it) the angle PBP', and its 
axis is perpendicukr to the plane of the figure. The 
most convenient measure of the shear is the ratio of PP' 
to AM, or, what involves the same, the angle PAP'. 
Another mode of measuring it is by means of the ratio 
BP/AQ, = 1 + 2e, suppose. If e be a small quantity, as 
is usually the case with solids, we may write I ± e for the 
measure of the shear. Here e indicates the extension per 
unit of length along one diagonal of the rhombus, and the 
contraction per unit of length along the other. 

g 92. It is quite clear from what has been said that 
we can analyse a strain by the help of simple shears 
compounded with different forms of pure strain. For 
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the shears may be taken in ao infinite number of 

ways ao as to produce the rotational part 

of the given strain, while also producing of'"^traiii"'" 

deformation without change of volume. 

The final adjustment is to be made by a pure strain, 

whose axes are those of the strain ellipsoid duo to the 

shears. As a shear depends on four quantities only (two 

for the aspect of its plane, ono for the direction of sliding 

in that plane, and one for the amount of sliding), two 

shears and a dilatation furnish the nine constants required 

for a homogeneous strain. 

The successive application of two pure strains does not, 
except in special cases, give rise to a pure 
strain. This is, physically, a most im- '^""^^tc^g"^ 
portant proposition, Thiis, for instance, 
the instantaneous strains of each element of a perfect 
fluid in which there is no vortex motion are pure ; 
and yet, if the element be followed in its motion, it will 
bo found in general to rotate. Its motion is said to be 
" difforentially irrotational." 

To prove this proposition by the help of a particular 
caae is simple enough. Take, for instance, a compression 
in one direction, followed by an equal extension in a 
different direction Only when these directions are at 
right angles to one another is the resultant strain pure 

I 93. The analytical theory of strains is, at least in its 
, an immediate application of the , , 
properties of determinants, usually of the 
third order. AVe may treat it from many points of view, 
as wOl be seen fiom the following slight sketch — 

We have seen that it is only necessary, for the full characterising 
of a strain, that we should know what becomes of three anit lines not 
originally coplanar. Take these parallel to the axes of x, y, z. Then 
if the X unit becomes a line which is the diagonal of a parallelepiped 
with sides a, d, g parallel to the axes, y similarly that of h, e, h, and 
E of e, f, i, we see at once tliat the co-ordinates of the point originally 
at iB, y, I become 

a'=tKe+by+cz'\ 

y'=dx + ey+fi\- . . . (A). 
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Here it is obvioas, from tlio prcmisea, that the nina qoantities 
a, b, c; d, e,f; g,h,i axe all real, and altogether independent, at 
least so far as kiiiem9.tics is cancemed.^ 

For lirevitj we will oocttaionally denote the strain by simply 
writing the group thug \-^ 

a b c 
d ef 
g k i. 

To obtain an idea of their nature from another point of view, let 
OB suppose the axes (which, so far, may be any three non-coplanar 
lines) to be rectangular. In what follows we will adhere to t&is as- 
sumption, as we gain nothing by the retention of the more general one. 

Let unit pari3lei to x become e^, in the direction given by the 
cosines l^, rai, tii- Similarly, let e^, l^, ntj, % belong to a unit 
originally parallel bo y, and e^, l^, vu, n^ to a unit x>*rallBl to s. 
Then the broken line <e, y, z becomes xr, y', a", where 









Though we have introduced three numbers e along with nine 
direction cosines, no greater generality is secured, for there are three 
necessary relations, one among each set of cosines. 

If the strain be a mere rotation, we must obviously have 

e, = e2=«,=l; and the system of lines iim,ni, iamjiij, 

^ni- ^"^"3 recKmgular, so that three only of these nine 

strain. cosines are independent. In this case we have 

obviously 

3^=1^3! +1^ +1^ \ Ix^l^x' + miy'+ih^ 

j/ = m,a!+maj/ + jnas j-whenceJ y = l^'-\-'m,y'-\-'n,^, 

li Zj l^ I, m, «, 

or, say, R= nij iii^ mi , R~'= l^ in^ i^. 

n^ tt^ 'H^ ^ "ig ^*g 



(tbe axes being a 
is applied has be 
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To find the oh te t j p tty of a pure strain, let ua take it 
in its most gen 1 f rm Thus let 2„ mi, ni 
novj denote a lii win h tl ut cliange of direc- Cbnracteristic 
tion, has its letigtl Ite d by the strain in the of pure strain, 
ratio «! ; 1. Let / n^ ud ?» iHg, %, Sj be 

aimilar data for the other two of the system of rectangular axes of the 
pure strain. Then to these axes the co-ordinates of*, y, t: are 

i-liX + tii^y + iiTS 
■q-l^ + m^+n^ 
i^^l^ + m^y + n^. 

The s 

originally at a, i/, s, whieb ai 

are, in terms of in, y, 2, 

s" = le^njlj + e^n^ + eanglg)x + (eiWiini + e^n^m^ + e3,ii,s''>h)V I 
+ (eiiiS + ean3 + 6jJi3)i J 

If we compare this with the general expression above given for a 
strain, we see that the coefficient of y in me value of a/ is equtd to 
that of 0! in the value of y'. Similarly that of a in ar' is equal to 
that of 3! in s' J- and that of e in ;/' is equal t« that of y in s' / or 
finally 

h=d, e=g, /=h, 

80 that, as stated in % 88, the nine numbers, characteristic of a strain 
in general, are rednced to six when it is pure. 

Conversely, when these three conditions are satiafied, and not 
otherwise, the strain is pure. It is to be observed p^ strain 
that f, ij, f form a rectangular system, and thus ij^™,,^ p^ six 
the nine direction oosinea (usnally involving six ^'^ndijions, 
arbitrary numbers) depend here on three num- 
bers alone. Thns there are six independent numbers, corresponding 
to a, e, i, b, c,f in tlie general expression for the strain. Thus wc 
may evidently write it, 

P= S.Ze p . 



(B). 
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We may now easily exhibit any strain as the resultant of 
Direct composition ^^ P"""^ ^"^ rotational parts. 



PR= 5 e (3 MiimaWj Sh +ein, + ^ Slj + em^ + ^it^ — 

T^iniJijjij — — — 

ii ira, K, 08 y—lia + miS + niy liS + in,c + 11,^ — 

R-'P = ^ Mij rij S f p Iffl + m^S+nsy ^S + Jrt.je + m2^ — 

ij nij TC;( 7 ^ 1 — — ■ — ■ 

Tims, if 

ah c ad J 

Pn^d ef, we Iiavc R-ip^fi e h , 
ghi cfi 

and we have thug formed tli« conjugate of any strain. 

Some may find the following process simpler, though 
Resultant cf con- certainly more tedious. 

jugate atraina. 

■, from the plementa of co-ordinate gonmotry, tliat the 



determinant 












Change of 
volume by 




a ft c 
def 








strain.^ 

Let ns now in 


trod 


in wliicli tlie 

a ft e 
d cf 


volume i 

to the sti 


is increased 


by the 
(1), 


Conjugate 


the 


connected strain 

a d y 
ft e A 






■ (!'), 


1 When this strain is produced in a 


\fJ.. 


ffiofte-, the numerical 
nor can it be ■Mgaibx. 
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which obviously produces an equal oliaugo of volume with the 
former. 

Applying (1') in succession to (1), wo have as the final result 

x"—a3^ + dy' + gz' 
■f^lx' + ey' + W 

or, substituting for 3^, y', z' their values, by (A), in terms of a;, y, s, 

^ = (m +fd+ig)x +(c6 +/e -i-ih)y + i,<? +/Ht^5. 
Thus the resultant strain h 

a' +(P +^ ab + de + gh ac + df+ gi 

ba + ed+hg b'' +e'' +h'' bc+ef + /ii 

ca +fd + ig cb +/e + ift c= +/^ + i^ 

which, for simplicity, wo will write as 

5 f ^ . . (2). 

7 ^ ' 
[Note that a, jS, y, etc., are now used in a new sense.] 

It will he observed that this group of nine numbers, if treated as a 
determinant, constitutes the product of the determinants formed of 
Uie two Bjstems above. 

This satisfies the criterion of a "pure strain," as given above ; and 
we thus see that in the successive application of the strains 



^/ 



a d g 



g h i 



the rotation produced by the first is annihilated by the second. The 
proof that the pure ■parts are equal does not so immediately follow 
from this mode of treating the question. 

If, as above, we loolt on (1) as EP, (1') must be PR-^ ; and thence 
(2), which is (!') (1), is PR"' . EP or P. But if (1) be dissected as 
PiRi, (1') is necessarily Ri-'P^ so that (2) is R,-'P,%. 

Ilf we had begun with the strain (1'), and then applied (1), the 
final result would have been 



iif=(a^ +lf+^)x + (ad + be + c/)y + (ag + bh+iti)z^ 
t/'=lda+eb +fi)io + {iP +e^ +J^)y + {dg+eh+/i)zY (C), 
ir = (ga + hb + ic)x+(ad + ' ,*.„.«, i 



\y + {dg+ eh 
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ellipsoid are, in general, formed from an essentially different set of 
rectangular diameters of the sphere '" f""* " ' '>'■■""■' T*f *^'' "™ 



Ay = B^ + 'Ey'+'H.z' 
Keciprocal of Tims the reciprocal of the strain 

a b c A/A D/A G/A 

d e f is B/A E/A H/A ... - (3). 
g h i C/A r/A I/A 

This is evident from the formulte just written. For they express 
the iaet that the new strain converts m', y', s' into a, y, a. If (1) be 
RP, (3) is P-'E-'. , ^ 

Apply the resultant strain in succession to this reciprocal. The 
result is easily foreseen from separate terms like the following : — 
A(a' + d:^+f) + 'B(ab + de + gh)i-0{<^ + df+gi) 

= a{Aa + m + Ce) + d{Ad + 'Be + C/) + glAg + m, + Ci) 
=:aA; etc. 
Or thus ;— the result ia P. P-iR-'= PR"'. 

Hence when we apply (2) to a, figure previously straineii by the 
reciprocal of (1) the result is the strain (1'), 

To analyse a strain in the simplest manner, we must 
Analysis of ^"^11 ^^i" ^^^>^ '^^ ^^^ strain ellipsoid (g 88), 
strain. as well as the original radii of the unit 
sphere which were distorted into them. 

It comes practically to the same thing {so far as aJgelira ia con- 
cerned), to consider the ellipsoid which becomes a unit sphere in 
consequence of the sfiain. The equation of that ellipsoid is 

(ax + by + csf + {a3^ + ey+fi:)^ + (gx + ky + isf^l . (4), 

or, with the notation employed in (2) above, 

aa? + il^ + i-fi + 25a!'j + 2^y^ + 2y!x = 1. 
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But the aqiiare of any radius- vector is 

i^+!/'' + ;^=»^, suppose , . (5). 

The maximum radlus-veotor, therefore, of the ellipsoid is found 
from the two equations 

a!dx+ydy+ads=0. 

[Note here that we should have arrived at thisstsrae pairof couditiona 
if we had put r" for 1 in the right-hand member of (1) and 1 for i^ in 
that of (5), so as to determine direetly the axes of the strain ellipsoid. 
This justifies the remark ahove.] 

Hence, p being a numerical quantitj to be found, 

ax + Sy+yz~px 



or p is the reciprocal of the sqnare of the r 
reqnired. 

But, if we eliminate s:, y, and j simultaneously from the preceding 
linear and homogeneous equations, we liave 



or, as may easily be proved, 

p>-y2(a=)-Hj)S(A')-A=-0 . . - (7). 

This equation is known to have three real positive roots, beoanse 
the determinant is Bjmmetrioal. The toots are the ^^^ ^j ly^^ 
squared reciprocals of the semi-axes of the ellip- jIj^jji ellipsoid. 
soid, i.e. they are the squares of the semi-axes 
of the strain ellipsoid. 

When the three values of p have been found fram this equation, 
any two of the equations (8) give in an unambiguous form the 
corresponding values of the ratios K : ^ i a for each of theto. Thus we 
know the original positions of the lines which become the axes of 
the strain ellipsoid. Their final poaitiona are found from these by 
means of (A). And, since we thus know the original and final 
positions of Wie rectangular system, the method of Kodiigues (§ 83) 
enables us to calculate the axis and amount of the rotation. 

[If we introduce, in (8) above, instead of o, 3, y, etc., the corre- 
sponding quantities in (C), the values of the quantity p will be 
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unaltared ; aa is obvious from the form of (7). Tliis is tlie additionitl 
proof that the pure parts of (1) and (!') are equal.] 

In homogeneous strain, one direcUon at least is unchanged. This 
One line, at '^ "'^ addition to, or extension of, the singular result 
least, unaltered "^^J^'.. . , .-^ , ^ 

in direction ''' *' ^> ^ shifted to a point on its radius- 

vcotor, we must have 



gx + hy-i-iz-ci) 



a cubic equation, which must have one real root. 
When the figure is rigid, the strain must be 
Strain a mere ^enoo in the fonnulte (A') 
rotation <!i = fis=^3 = l- Thus the laat ^ 



I "i "a "ia-e | 
or (by the propertJea of the direction cosines of a set of rectangular 

l-(;, + ?(ta + mjHE-£3)-E8=0. 
This has, of course, the real root e = l. But »c also have 

1 + 6(1 -(;, + m3 + 7i5)) + (==0. 

This cannot have teal roots if the coefficient of e lie between the 

limits 2 and - 2. But these are its greatest and its least possible 

values. For, first, i[, m^, Mj may be eaoh = l simultaneously. Here 

we have, of course, 

(l-.)"=0. 



(l + <)' = 0. 
In the first case the figure has no rotation. In the second it 
rotates through an angle t about the axis of e= 1. 

The proposition that two pure strains succeeding one another 
Composition of "^"^"y 8'''* * rotational strain is proved at once 
two puie strains '*? analysis. Let the pure strains he such that 



x+by + is 
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!»"- +(.a'd + 

y"^{d'a + e'd + b'c)x+ . . . 



It is clear that, in general, this is tco( a pure atraiii. But it is als 
clear that a third pure strain can be found whose application i 
succession to the other two will give a pure strain. 

For let the last equations be written 





y'^d'-x + ^y+fz 




and let v 


IB apply further the pure strain 




where a, 
have 


ft y, 5, e, 1 are any sis quantities whatever. 

!c"'^ ■i-(ai" + Se"+yh'')i/+ . . . 

y"' = (,Sa- + idf' + ^f)x+ + . . . 


Then w, 



.There are but three conditions to satisfy, that this strain may be 
pure. But we may accomplish this in an infinite number of ways, 
for we liave five disposable quantities, viz. the ratios of any five of a, e, 
'> ft 7, 8 to the remaining one. In a precisely similar manner we 
may show that three pure strains can be found, such that their 
resultant is a mere rotation. In fact, all we have to do, since two 
pure strains in general produce a distortion accompanied by rotation, 



§ 94. In general when a figure ia continuously strained, 
which is usuaDy the case in physical applica- 
tions, at least until cracks occur, the strain HetorogBneous 

.1 -r, . , stram. 

IS not homogeneous. But, on account of 

the continuity of the strain, portions indefinitely near one 
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another are strained indefinitely nearly alike. Hence 
we may treat such a case by the ordinary process for 
homogeneous strain, ao long as we confine our attention 
to small regions of the figure strained. When there is 
discontiniiity in the motion of a fluid, it is the common 
practice to treat the motion as continuous by the fiction 
infinitely thin vortex -sheet separating the two 
"y-moving portions. This is, in all likelihood, 
physically true in ordinary fluids; but, so far as the 
imaginary frictionless fluid of the mathematicians is con- 
cerned, it is a mere analytical artifice to enable us to carry 
out the investigation. In a subsequent chapter we will 
sketch the mathematical theory of " vortex motion." 

Suppose space to be uniformly occupied by points which are dis- 
DisDlacements Pl^*^ '° * ooiitinuoua manner. Let {, ij, f be 
of a system of *^* rectangular components of the displacement 
points °^ *■ P°'"* originaUy situated at a, y, i. The con- 

tinuity of the displacement requires no limitation of 
the absolute ma«nitude8 of J, i), f, but merely that their differential 
coefficients, of all orders, with respect iox,y,z (and any combination 
of them) shall be jimte. That bein^ assumed, the displacement, 
parallel to iK, of the point whose initial co-ordinates were x + Sx, 
y + Sy, a-HBa (where Sx, Sy, 5s are indefinitely small quantities of the 
first order) is necessarily expressed by 



.£.,^^..,+|3,, 



fSll+' 



Hence the relative co-ordinate of the second point with rcgaid to 
the first is changed from 3x to Sx + -^Bx + ~-Sy + ^5z. And similarly 
Constanta of the for the other relative co-ordinates. Thus, with the 

notation employed ii 

'"■■"■idiate vicinity o' 



Hosted by 



Google 



KINEMATICS 91 

If the dilfereutial coefficients are all small quantities, whose 
3 and products two and two may l>e neglected, i.e. if the 
"'" " ^' — e have for the ratio in wliicli the Yolnme is in- 



igfit. 



Hence the condition of no change of volume ia 

Condition that 

dx'^dydz unaltered. 

To examine this case more closely, let us suppose that it consists 
of a, pure strain as in g 93 (B), superposed on a rotation Ux, i^g, 
uii about the axes of x, y, and £ as in § 77. Let these be so small as 
not to intart'era with one another. That eompound strain would he 

einjli + 6^^!^ + E^iijl^ — ijg ej^mwi^ + - . +ti's ^^i +B^| + c^| 

Comparing with the ahove, we find 



or. it,,, put. 


for the 


: "elongation," so that c = : 


witli similar c 


.xprcssi 


ons for -T- and / . 

dy dz 


These give 






Again we Mv 












with other tiv. 


of th< 


: same kind. 
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e have three equations of the form 
rmination d^ i^ij' 



^+Vdy+id£^d4> . . . . (2) 

is the complete differential of a function of three independent 

Condition of ^^^l^les. If we combine the condition that there 

no rotation ^^^'^ '*^ "" ■^'^^''g^ "f volume with those that there 

shall be no rotation, we can eliminate f, ij, f ; and 

we arrive at Laplace's equation 

d^ip d^^ d^tp 

This shows at once how a graphical representation of stationary 
distributions of temperature, eleotiio potenfial, etc., may be given hy 
means of a strain. 

If rfS be an element of a surface at the point a:, y, s, and I, m, w. 
the direction cosines of its normal, the rotation about the normal 
is obviously 

The integral of double of this over a finite portion of surface is 

J J \ \dy dzj^'^ydz d^J^'^Ux dy))- 



{Jiii 



/i(dx + 7^y + ^di:) . . . . (3) 

Hence the double 
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bouniiary ; and, as a consequence, it vanishes when token over a 
closed simply-oonnect«d surface. Hence we see at once that it 
vanishes for nmltiply-conneeted surfaces also, provided that ^ is » 
single- valued function. The proof of the equality of the single and 
double integrals has only to be established for a mere surface element. 
For, when that is done, the common boundary of each pair of 
elements gives equal portions, with opposite signs, in the single 
integral. 

[Let the surface element be dxdy, then the value of the boundary 
integral is evidently made up of parta, as follows ; — 

J and >j being the values at the middle point of the element.] 

Directly connected with tha displacements of a group of points, 
we have the question. What is the matksmalical ~ called 
es^resHon of the /ad that the nu-mber of points is ' i, - 

not altered? There are many ways of answering equation ot 
this; but the following, which is immediately ^o"""""*!- 
deduoible from our recent investigation, seems sufficiently simple. 
If i, M, 11 be the direction cosines of the normal to an element dS of 
a simply-connected closed surface, tha number of points which pass 
through the element in the time St in conseqaance of the displace- 
ment fSi, jj3(, fii at the point m, y, z is 

where p is the number of points per anit volume at it, y, z. But 
at every point inside the closed surface the density is altered from p 
to p -H pcH. It win be noticed that |, ij, f now stand for the a;, y, s 
components of velocity. 

Hence, if tha excess of tha number of points passing into the 
surface over those esoaptng be equated to the increase of the number 
of points included in the closed space, which is calculated fram the 
change of density inside, we have 

h^ij,^ + mij + mf )prfS = Stjffpdxdydz - (4). 



_Mpf) rf(p>,) ■;(pf)\ 
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it leaat, not oompressed) 



(fee dy dz 



In any one of the last fonr forms the espression is called the 
"equation of cootinuity " in Hydrokmeties, another of the prepos- 
terously ill-chosen terms which have been introduced with only too 
great success into the nomenclature of our subject. 

A mere particular case of the above equationa, via. — 



//- 



W-l-nnj-HnfKS = 



tdi d-q 



where the integration on the lefl extends over the surface of the 
elementary parallelepiped, is of very great importance. For, if we 
build Buoh elements bother, the contributions from contiguons 
surlaoe elements cancel one another ; and we have, for any singly 
connected closed space 

be the partial differential co-efi 
note the cmtieaTd-dravm aovnv 

the more immediate consequences of such relat 



§ 95. In the strains which we have hitherto considered 
all parts of a figure were regarded as capable 
fignre of a of changing their form and volume ; and 
jointed system the strain of any element, when not iden- 
of ri^d parts. ^^^ ^^]^ tjjj^t gf jj proximate element, was 
supposed to differ only infiniteaimally from it. But there 
is another class of changes of form, for which this restric- 
tion does not hold. The most important case, and the 
only one wo can here consider, is that of "link-work." 
Here each finite piece is treated as incapable of change of 
form, and the change of form of the whole depends merely 
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uprm the relative motions of the parts. We will further 
restiKb owselves by the condition that the link-work is 
such that its form is determinate when the relative position 
of two of its parts is assigned. Thus, a jointed parallelo- 
gram IS completely determined in form if the angle between 
two of its 'iides is assigned. Instead of an angle, we may 
assign the length of a diagonal ; then the fact that the sum 
of the squares of the diagonals is equal to that of the squares 
of the sides detormines the other diagonal. This gives us 
the kinematics of the moro complex arrangement called 
" lazy-tongs." The most important ap- ^ . 
plications of this branch of our subject are 
to what is called "Mechanism." One important practical 
problem in that branch was suggested by a stationary 
steam-engine, in which it was required to connect, by 
link-work of some land, a point (of the piston-rod), which 
had a to-and-fro motion in a straight line, with another 
point (of the beam) which had a to-and-fro motion in a 
circular arc. Watt's practical solution of 
the problem depends ultimately upon the ^"*iij 
near approach to rectilincarity of a part raotioo. 
of the path of any point of a rod whose 

' :s move in two circles in the same plane. Thus, 




if OP, PQ, QO' (Fig. 32) be three bars jointed to- 
gether at P and Q, having and 0' fixed, and the 
whole constrained to move in one plane, it is easy to 
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see that the complete path of any point E of PQ is a 

species of figui-e-of-eight. A portion of that curve on each 

aide of a, point of inflexion (where the curvature vanishes) 

waa found to be sufficiently straight for pi^actical purposes. 

But the rigorous solution of this problem has only been 

arrived at in recent times ; and the beautiful 

device of Peauceilier, M'hich we will briefly 

explain, has led to a host of remarkable investigations and 

discoveries in a field regarded till lately as perfectly 

hopeless. A simple mode of arriving at Peaucellier's result 

is 3& follows. 

Let PQ, PE (Fig. 33) be eqml links, and PO a link of a 
p different length, all jointed 

together at P. Suppose 
to be fixed, and Q and E 
constrained to move in a 
fixed straight line OQE, 
what is the relation be- 
tween OQ and OE? We 
f PS be perpendicular to QE, 




0P^-QF=0S2-QS==0Q.0B. 

Thus the rectangle under OQ and OE is constant ; so that, 
if R were to describe a straight line, Q would describe a 
circle having on its cir- 
cumference. In practical 
application, to keep 0, Q, 
R in one line, the parts of 
the link-work are doubled 
symmetrically about that 
line, so that it takes the 
form of a jointed rhombus 
PQP'E (Fig. 34) with two equal links, PO, OP' attached 
at the extremities of a diagonal. As a very i 
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result of this arrangement, if OQ have its length c 

by any very small amount, the corresponding change of 

length of OR is directly as OB? or inversely as OQ^. 

Hence, as will be seen later, a constant force (towards o 

from 0) acting at Q will be balanced by a force (froD 

or towards 0) acting at E and varying in' 

square of OR. 
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CHAPTER 111 



Definitions and General Considerations 

g 96. We commence with a few necessary definitions. 
Definition of ^ " physical particle " is a purely abstract 
physical conception, embodying together the ideas 
particle. ^f inertia and of a geometrical point. 
It is, so to speak, a mathematical fiction, embracing only 
those properties which are required for our temporary 
purpose. Any mass, however large, can be treated as a 
particle, provided the forces to which it is subject are 
exerted in lines passing through its "centre of inertia" 
or " centre of mass " (this term will presently be defined), 
so as to bo incapable of setting the mass into rotation. 
This is, to a first approximation, true of planetary motions, 
but when we look more closely into that question, so as, 
for instance, to take account of the oblate forms of the 
planets, we have to deal with forces which produce rotatory 
effects, such as "precession" and "nutation." 

g 97. The "quantity of matter" in a body, or the 

" mass," is proportional to the " volume " and 

"d^it?* ^^^ " ilensity " conjointly. The " density " 

may therefore be defined as the quantity of 

matter in unit volume. 

If M be the mass, p the density, and V tlie volume of a 
s body, we have at once 
M=Vp, 
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provided we so tate our imits that unit of mass is the 
mass of unit volume of a body of unit density. Hence 
the dimensions of p are [ML"^]. 

As will be presently explained, the most convenient unit 
mass is an imperial pomid, or a gramme, of matter. 

§ 98. The "quantity of motion," or the "momentum," 
of a moving body is proportional to its mass 
and velocity coiy'ointly. As already stated, '""^'' "'"' 
this is, like velocity, a directed quantity, or "vector." 
Its dimensions are, of course, [MLT"^], 

g 99. "Change of quantity of motion," or "change of 
momentum," is proportional to the mass 
moving and the change of its velocity i^mentum 
conjointly. 

Change of velocity is to be understood in the general 
sense of g 32. Thus, with the notation of that section, 
if a velocity represented by OA be changed to another 
represented by OB, the change of velocity is represented 
in magnitude and direction by AB. 

§ 100. " Rate of change of momentum," or " acceleration 
of momentum," is proportional to the mass s^aia of 
moving and the acceleration of its velocity change of 
conjointly. Thus (§ 36) the acceleration momentum, 
of momentum of a particle moving in a curve is Ms along 
the tangent, and Mf^/p in the radius of absolute curva- 
ture. The dimensions of this quantity are [MLT"^. 

§ 101. The "vis viva," or " kinetic energy," of amoving 
body is proportional to the mass and the 
square of the speed conjointly If we adopt iimetic 
the same units of mass and velocity as 
above, there is particular advantage m defining kinetic 
energy as half the pioduct of the mass into the squaie of 
its speed. Its dimensions aie [ML-T"^] 

g 102. "Eateof change of kinetic eneigj," thus defined, 
is the product of the speed into the com- 
ponent of acceleration of momentum in the tiian^^"^. f 
direction of motion. energy ; J-o-uer. 

For 
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The dimensions are [ML^T^^j, 

g 103. The " space-rate of change of kinetic energy " is 



and its dimensions are [MLT"^], the same as those of 
" force "{§ 104). 

§ 104, "Force," as we have already seen, is any cause 
which alters s, body's natural state of rest, 
or of uniform motion in a straight line. 

The three elements specifying a force, or the three 
elements which must be known before a clear notion of 
the force under consideration can be formed, are — its place 
of application, its direction, and its magnitude. The place 
of application may be a surface, as when one body presses 
on another ; or it may be throughout the whole mass of a 
body, as in the case of the earth's attraction for it. 

The " measure of a force " is the rate at which it produces 
momentum, or the momentum which it produces in unit 
of time, which is the same as what we have already called 
" rate of change of momentum." According to this method 
of measurement the standard or vmtfortx is thai force which, 
acting cm the tmit of matter dwing tlie unit of time, generates 
ike tmii of velocity. The dimensions of force are therefore 
[MLT-^. 

§ 105. Hence the British absolute unit force is the 

force which, acting on one pound of matter 

Ai>soiutc £ second, generates a velocity of one 

unit force. ' ° -^ 

foot per second. 

[According to the system followed till lately in treatises 
on dynamics, the unit of mass is g times 

n IS BjB -Hi. ^^^ ^^^^ ^j ^j^^ standard weight, g being 
the numerical value of the acceleration produced (in 
some particular locality) by the earth's attraction. This 
definition, giving a varying unit of mass, is exceedingly 
■nconVenient In reality, standards of weight ore masses, 
not foi-ces. They are employed primarily for the purpose 
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of measuring out a definite quantity of matter, not an 
amount of matter which shall be attracted by the earth 
with a given force.] 

§ 106. To render our standard intelligible, all that has 
to bo done is to find how many absolute units will produce, 
in any particular locality, the same effect as does gravity. 
The way to do this is to measure the effect of gravity in 
producing acceleration on a body unresisted in any way. 
The most accurate method is indirect, by means of the 
pendulum. The result of pendulum experiments made at 
Leith Fort, by Captain Kater, is that the velocity acquired 
by a body falling unresisted for one second is at that 
place 32"207 feet per second. The variation in gravity 
for one degree of difference of latitude about the latitude 
of Leith is only -0000832 its own amount The average 
value for the whole of Great Britain differs but little from 
32'2 ; that is, the attraction of gravity on a pound of 
matter in this country is 32 '2 times the force which, acting 
on a pound for a second, would generate a velocity of one 
foot per second. Thus, speaking very roughly, the British 
absolute unit of force is e«|ual to the weight of about half 
an ounce. The quantity represented by 32'2 feet per 
second per second is usually called g. Its dimensions are 
obviously [LT^^]. And, if M be the mass of a body, its 
weight is Mjr. In the Centimetre- Gramme- ^ 
Second system of units, the absolute unit 
of force produces in one second, in a mass of one gramme, 
a velocity of one centimetre per second. The numerical 
value of g in this system is 981'4. 

g 107. Forces (since they involve only direction and 
magnitude) may be represented, as velo- 
cities are, by vectors, that is, by straight ^^"^^6. "^ 
lines drawn in their directions, and of lengths 
proportional to their magnitudes respectively. 

Also the laws of composition and resolution of any 
number of forces acting at the same point are, as we 
shall presently show (g 117), the same as those which 
we have already proved to hold for velocities ; so that. 
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with the substitution of force for velocity, g 30 ie still 
true. 

g 108. The "component" of a force in any direction is 
therefore found by multiplying the magni- 

"^of'C™^ tude of the force by the cosine of the angle 
between the directions of the force and the 
component. The remaining component in this case is 
perpendicular to the other. 

It is very generally convenient to resolve forces into 
components parallel to three lines at right angles to each 
other, each such resolution being effected by multiplying 
by the cosine of the angle concerned. 

The magnitude of the resultant of two or of three 
forces in directions at right angles to each other is the 
square root of the sum of their squares. 

§ 109. The "centre of inertia or mass" of any system 

of material particles whatever (whether 

Centre of rigidly connected with one another, or 

(.onnected m any way, or quite detached) 

IS d point whose distame from any plane is equal to 

the sum of the pioducti of each mass into its distance 

from the same plane, divided by the sum of the masses. 

The distance fiom tht plane yz of the centre of inertia 
of masses iitj^, m^ etc , whose distances from the plane are 
/,, 1 , eti , IS therefore 



and similarly for the other co-ordinates. 
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d above. And its velocity porpeniiieular to timt plan 
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from which, by multiplying by 2m, and noting that 5 is the distance 
ofx, y, zSrom 5=0, we see that the aum of the momenta of the parts 
of the syatem in any direction is equal to the momentum in that 
direction of the whole mass collected at the centre of maas. 

The problem of finding the centre of inertia of any 
given distribution of matter is a, question of mere mathe- 
matics. We must confine ourselves to a few examples 
only. And, first, we may note that when a body is 
symmetrical about a plane the centre of inertia must 
obviously lie in that plane. Thus, as an ellipsoid and 
a rectangular parallelepiped have each three planes of 
symmetry, their centres of inertia lie at their centres of 
figure, where these planes meet Again, it is obvious 
that, if a body can be divided into parts the centres of 
inertia of which lie on a straight line, the centre of inertia 
of the whole is in that line. Thus, as a triangular plate 
may be divided into strips parallel to one side, every one 
of which has its centre of inertia at its middle point, the 
centre of inertia of such a plate is the point of intersection 
of the bisectors of the sides. Its distance from any one 
side, treated as base, is therefore one-third of the height. 
Again, if a triangular pyramid (or tetrahedron) be divided 
into triangular slices by planes parallel to any one face 
treated as base, the centres of inertia of all the slices lie 
in a straight line. These lines meet, and divide each 
other into parts which are as 1 : 3. Hence the distance of 
the centre of inertia from the base is one-fourth of the 
height. If the base be of any other form, it may be 
divided into triangles, and thus the whole pyramid (or 
cone) into tetrahedra, for each of which the same property 
holds Hence the centre of inertia of iny pyramid divides 
the line joining the vertex to the ccntit, of inertia of the 
base lu the ratio 3 1 All this is on the supposition 
that the solids tieated of are of unif Drm density When 
we deal either with more ccmpi x foims (i mth hetero 
geneous be dies we mit in geneiil hnc rei-ouise to 
integration 
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pSxSi)S:, at the point (, y, s matead of the mass m in our original 
formula. The suni'J then betomc intiigrals, and wo have three ex- 
IS of tlie foim 



Hero p represents the density at x, y, z; and the intej 
through the whole volume of the body. 

Thug, for a honw^eneoua hemisphere of radius a v 
the base as the pbne of ys. 



.Jy 



The same value would be obtained for any semi-ellipsoid, whatever be 
the diametral section, provided a be lie height measured perpendt- 
tular to the base ; and, in general, from the position of the centre of 
inertia of any body we may at onoe find that of the same body 
homogeneously strained. 

Kecumng to the hemisphere, suppose its density to be at every 
point proportional to the distance from the centre. Then we have, 
omitting common constant factors of numerator and denominator. 



I aj^a! ( tdr' 






A uniform hemispherical shell gives 

by the well-known result due to Archimedes. From this, by taking 
concentric hemispherical elementary shells, we may reproduce the 
preceding result for a solid hemisphere in the form 



Here the first factor under each integral sign is the volume of the 
hemispherical element of radius a and thickness riie, and the second 
is proportional to its density. 
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If the denfiitv of a thin uniform spherical shell bo everywhere 
proportional to the inverse cube of the distanee from an internal point, 
that point is the centre of inertia. For, if a doable cone of small 
angle be drawn, having that point as vertex, the volumes of the 

Sortiona of the shell which it cuts out ate as the sqoares of their 
[stances from the vertex. Hence their masses are inversely as their 
distances from the verteit, which is thus their centre of inertia. The 
whole shell may be divided into pairs of elements for each of which 
this is true. 

The reader may easily prove that, if the density of a solid sphere 
be inversely as the fifth power of the distance Irom an external point, 
the "electric image" (§ 186 (8|) of that point is the centre of inertia. 

It may be proved in the last two examples that this point is not 
merely the eantro of inertia of such distributions of matter, but that 
it is also a true "centre of gi'avity" in the sense that the whole 
attracts, and is attracted by, any external body whatever, as it its 
wide mass were concentrated in this point. See g 136 (7). 

§ 110. By introducing in the definition of moment of 
velocity (g 46) the mass of the moving 
particle as a factor, we have an important nio™™tum 
element of dynamical science, the " moment 
of momentum." The laws of composition and resolution 
are the same as those already explained. Its dimensions 
are [ML^T-i]. 

g 111. A force is said to "do work" if it moves the 
body to which it is applied; and the 
work done is measured by the resistSince 
overcome, and the space through which it is overcome, 
conjointly. The dimensions of work are therefore 
[MLT-^L] or [ML^T"^], the same as those of kinetic 
energy. 

Thus, in lifting coals from a pit, the amoTint of work 
done is proportional to the weight of the coals Hfted ; 
that is, to the force overcome in raising them ; and also 
to the height through which they are raised. The unit 
for the measurement of work, adopted in practice by 
British engineers, is that required to overcome the weight 
of a pound through the height of a foot, and is called a 
"toot-pound." 

In purely scientific measurements, the unit of work is 
not the foot-pound, but the absolute unit force (§ 105) 
acting through unit of length. 
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If the weight be raised obliquely, as, for instance, 
along a smooth inclined plane, the distance through which 
the force has to be overcome is increased in the ratio of 
the length to the height of the plane ; but the force to be 
overcome is not the whole weight, but only the resolved 
part of the weight parallel to the plane ; and this is less 
than the weight in the ratio of the height of the plane to 
its length. By multiplying these two expressions together, 
we find, as we might expect, that the amount of work 
required is unchanged by the substitution of the oblique 
for the veitical path. 

Generally, if s be an arc of the path of a particle, S the tangential 
component of the applied forces, the work done on the particle 
between any two points of its path is 



taken between limits corresponding to the initi 
Eeferi'fld to rectangular eo-ordinatos, it is ea 
resolution of forces, § 1 1 7, that this becomes 



where X is the component force parallel to the axis of x. 

§112. Thus it appears that, for any force, the work 
done during an indefinitely small displacement of the 
point of application is the product of the resolved part of 
the force in the direction of the displacement into the 
displacement. 

From this it follows that, if the motion of a body be 
always perpendicular to the direction in which a force acta 
on it, the force does no work. Thus the mutual normal 
pressure between a fixed and a moving body, the tension 
of the cord to which a pendulum bob is attached, the 
attraction of the sun on a planet if the planet describe a 
circle with the sun in the centre, are all cases in which no 
work is done by the force. 

In fact the geometrical condition that the resultant of X, Y, 2 
shall be perpendicular to rfs is 
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§ 113. Work done on a, body by a force is always 
shown by a corresponding increase of kinetic 
energy, if no other forces act on the body ''"iwovk '"" 
which can do work or have work done 
against them. If work he done against any forces, the 
increase of kinetic energy is less than in the former case 
by the amount of work so done. In virtue of this, however, 
the body possesses an equivalent in the form of " potential 
energy," if its physical conditions are such 
that these forces will act equally, and in enerey' 
the same directions, when the motion of 
the system is reversed. Thus there may be no change 
of kinetic energy produced, and the work done may be 
wholly stored up as potential energy. 

Thus a weight requires work to raise it to a height, a 
spring requires work to bend it, air requires work to 
compress it, etc.; but a raised weight, a bent spring, com- 
pressed air, etc., are stores of energy which can be made 
use of at pleasure. 

As an illustration of the calculation of work, take the 
following question i — 

Supple one end of an elastic string to be attached to 
a mass resting on the ground, what amount 
of work must be done, in raising the other ^I'^oi^ 
end vertically, before the mass is lifted ? 

If X be at any instant the length of the string, I its 
original length, its tension is (g 125) 



Hence the value of x, when the mass is just lifted, is 
where W is the weight of the njass. 



Hosted by 



Google 



The whole work done is the sum of all the elementary 
instalments of the form 



These must be summed up from x = lto x 
result required is 



It is to be observed that this quantity becomes less in 
proportion as E is greater, i.e. the less extensible is the 
string. 

An interesting variation of the question consists in supposing the 
upper end of the striug to be attaclied to the rim of a wheel, roi^h 
enough to prevent alipping. Here the various portions of the string 
are wound on in a more and more stretched state as the operation 
proceeds. 

At any stage of the operation let x be the unatretched length of 
the part already wound on the wheeL The tension of the free part is 



Heiieo the element of work is 

Chis must be integrated between the limits and W of 

ir from l-x^i to /-3i== — ^ ; and the result is 



^'"SeIw)' 



which, when E is very great compared with W, gives the previous 
result. 
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Fvtrther Communis on the First T-wo Laws of Motion 

g 114, We are now prepared to consider, more closely 
than we could at starting, the bearing of the various 
clauses of each of Newton's Laws. Thus, from the first 
law we may draw the following immediate consequences : — 

The times during which any particular body, not 
compelled by force to alter its " state," 
passes through equal distances are equal riiysical 
And, again, every other body in the onime™ 
universe, not compelled by force to alter 
its " state," moves over equal distances in successive 
intervals, during which the particular chosen body moves 
over equal distances, The earth, in its rotation about 
its axis, presents us with a case of motion in which the 
condition of not being compelled by force to alter its 
speed is more nearly fulfilled than in any other which 
we can easily or accurately observe. Hence the numerical 
measurement of time practically rests on defining " equal 
intervals of time " as times during which the earth turns through 
equal angles. 

% 116. It has been objected to this statement that we 
begin by defining uniform motion by the description of 
equal spaces in equal times, and then employ this defini- 
tion as a mode of measuring equal times. The objection, 
however, is not valid ; for, if we agree to measure equal 
intervals by the undisturbed motion of any one physical 
mass, we find that in the successive intervals so determined 
all other absolutely free physical masses describe successive 
equal spaces. 

§ 116. Again, from the second law we see that, if wo 
multiply the change of velocity, geometri- 
cally determined, by the mass of the ^"^^^ 
body, we have the change of motion 
{§ 99) referred to in the law as the measure of the force 
which produces it In the statement of the second law 
there is nothing said about the actual motion of the body 
before it was acted on by the force ; the same force will 
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produce precisely the same change of motion in a body 
whether the body be at rest or in motion with any velocity 
whatever. Again, nothing is said as to the body being 
under the action of one force only ; so that wo may logically 
put part of the second law in the following (apparently) 
amplified form : — 

WTien any forces whatever ad m a hody, ihm, wh^tlwr the 
body he originaliy at rest or moving with any velocity and in 
any direction, each force produces in the body the exact change 
of motion wkiek it would have produced if U had acted singly 
on the hody mginally at rest. 

§117. Since, now, forces are measured by the changes 

of motion they produce, and their direc- 

Composifiou ^j assigned bv the directions in which 

01 forces. = ■' i , , . , 

these changes are produced, and since the 
changes of motion of one and the same body are in 
the directions of and proportional to the changes of velocity, 
a single force, measured by the resultant change of velocity, 
and in its direction, will be the equivalent of any number 
of simultaneously acting forces. Hence 

The resultant of any number of forces (applied at one point) 
is to he found hy the same genmetrtad process as the resultant of 
any number of simultaneous velocities. 

From this follows at once (§ 30) the construction of the 
" parallelogram of forces " for finding the resultant of two 
forces acting at the same point, and the " polygon of forces " 
for the resultant of any number of forces acting at a point. 
And, so far as a single particle is concerned, we have at 
once the whole subject of Statics. 

g 118. The second law gives us the means of measuring 
force, and also of measuring the mass of a body. 

For, if we consider the actions of various forces upon 
the same body for equal times, we evidently 

Measure of have changes of velocity produced which are 

" force proportional to the forces. The changes 

of velocity, then, give us in this ease the means 

of comparing the magnitudes of difl^erent forces. Thus 

the speeds acquired iu one second by the same mass 
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(falling freely) at different parts of the earth's surface give 
ua the relative amounts of the earth's attraction at these 
places. 

Again, it equal forces be exerted on different bodies, 
the changes of velocity produced in equal times must be 
inversely as the masses of the various bodies. This is 
approximately the case, for instance, with trains of various 
lengths drawn by the same locomotive, 

Again, if we find a case in which different bodies, each 
acted on by a force, acquire in the same 
time the same changes of velocity, the forces 
must be proportional to the masses of the bodies. This, 
when the resistance of the air is removed, is the case of 
falling bodies ; and from it we conclude that the w^ght of 
a body in any given locality, or the force with which the earth 
attracts it, is pvportiomi to Us mass. This is no mere 
truism, but an important part of the grand Law of Gravitation. 
Gravity is not, like magnetism for instance, a force de- 
pending on the qiiality as well as on the quantity of matter 
in a particle. 

§ 119. It appears, lastly, from this Jaw that every 
theorem of kinematics connected with ac- 
celeration has its counterpart in kinetics. '^^^,„^Jj,°y^"' 
Thus, for instance (§ 36), we see that the force into kinetics, 
under which a particle describes any curve 
may be resolved into two componente, one in the tangent 
to the curve, the other towards the centre of curvature,-— 
their magnitudes being the rate of change of momentum in 
the direction of motion, and the product of the momentum 
into the angular velocity about the centre of curvature, 
respectively. In the case of uniform motion the first of 
these vanishes, or the whole force is peipendituhi to the 
direction of motion. ^V hen there is no force pcrpendiiular 
to the direction of motion, there is no cun iture, or the 
path is a straight line. 

Hence, if we resolve the force') acting on a particle of m^s3 m 
whose co-ordinateg are a y . into tl ree rentingalar oumptnents 
X, Y, Z, we have the equations origimlly yiti 1 \ Ma launn n? — 
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»i^^, X, m^^^-Y, m--.j Z. 

In sei cral of the esamplea which follow, these equ 
sometthit simplified bj assuming unity as the mass c 
particle When this cannot be done, it is sometimes 
assume X, Y, Z as the component forces on unit ii 
previons equations become 



mX,e\ 



from which m niay of course be omitted. 

[Some confusion is often introduced by the division of forces into 
"accelerating" and "moving" forces; and it is even stated occa- 
sionally that the former are of one, and the latter of /our linear 
dimensions ! The fact is, however, that ^n equation such as 



s dynamical or as merely l^inematical. 
„ of the terms are obvious ; if djnamii' 
the unit of mass must be undeistBOd aa a factor on the left-hand si . 
and in that ease X is the 3!-component, per nnit of mass, of the whole 
force exerted on the moving body.] 

If there be no acceleration, we have of course equilibrium among 



tlie forces. Hence the equations of mi 
into those of equilibrium by putting 



g 120. We have now all that is necessary for the 

dynamics of a single particle, with excep- 

hStira '•^"'^ "^ ^^^ experimenfAl laws of friction. 

These, very nearly as they were estiiblished 

by Coulomb, we will now give. 

To produce sliding of one flat-faced solid on another 
requires a tangential force which is directly proportional 
to the normal pressure between the surfaces, and whose 
actual magnitude is found from this pressure by means of 
a factor called the " coefficient of statical friction." This 
coeflacient depends upon the nature of the solids, the 
roughness or smoothness of the surfaces in contact, and 
the amount of tallow, oil, etc., with which they have been 
smeared. It also depends upon the time during which 



Hosted by 



Google 



DYNAMICS OF A PARTICLE 113 

they have been left in contact. It is only in extreme cases 
dependent on the area of the surfaces in contact. 

§ 121. When the forces applied are insufficient to pro- 
duce sliding, the whole amount of friction is not caJled 
into play ; it is called out to an amount just sufficient to 
balance the other forces. Thus there are two quite distinct 
problems connected with the statics of friction i — ^the first, 
to determine the amount of friction called into play under 
given circumstances; the second, to find the limiting 
circumstances under which, with friction, equilibrium is 
possible. When motion is produced, there is still friction 
(now called "kinetic"). It follows the 
same laws as does statical friction, only ftiotion, 
that the coefficient, which is approximately 
independent of the velocity, is usually considerably 
less than the statical coefficient. Thus, a slab may, in 
certain cases, rest upon an inclined plane, down which 
it would descend with (Constantly accelerated speed if once 
set in motion. 



Stoiics of a Partide 

g 122. By g 117, forces acting at the same point, or 
on the same material particle, are to be , 

compounded by the same laws as velocities. ofTpartiol". 
Therefore the sum of their resolved parts 
in any direction must vanish if there is equilibrium ; 
whence the necessary and sufficient conditions are found 
by resolving in three directions at right angles to one 
another. 

They follow also directly from Newton's statement with 
regard to work, if we suppose the particle to have any 
velocity, constant in direction and magnitude (and by § 6 
this is the only general supposition we can make, since 
absolute rest has for us no meaning). For the work done 
in any time is the product of the displacement during that 
time into the algebraic sum of the effective components 
of the applied forces, and there is no change of kinetic 
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energy. Hence this sum must vanish for every direction. 
Practically, as any displacement may be resolved into three, 
in any tliree directions not coplanar, the vanishing of the 
work for any one such set of three suffices for the criterion. 
But in geneial it if convenient to a sume them in directions 
at n^ht angles to eath othei 

Hence for the equilil n im of \ n ^teiial particle it is 
neee-isary and 'niffia nt thit the {ali,ehraic) sums wf the 
applied foices losohed m iny one set of three rectangular 
directions should ■\anish 

Tliis statement gives at once the result that, if Xj, Yj, Zj, X,, Yg, 

Za etc., be the components (parallel to the three axes) of the forces 

Pi, Pg, etc., acting on the particle, we must have 

i;{X) = 0, S[Y) = 0, 2(Z)=0. 

Wben these conditions are not satisfied, there is a rcsultiint force 

P, with direction cosines X, n, >■, such that 

P\=2(X}, P/x=2(Y), Pr = 2(Z). 
§ 123. When there are but three forces acting on the 
particle, their directions to give equilibrium 
Examples of jjj^gt obviously be in one plane. For, if the 
eqiiHibcium. ^^hird were not in the plane of the other two, 
it would have an uncompensated component 
perpendicular to that plana Hence this case is always at 
once reducible to the triangle or to the parallelogram of 
forces ; and the magnitudes of each of 
the three forces are respectively pro- 
portional to the sines of the angles 
between the directions of the other two. 
Thus, when a pellet is supported by 
two strings, as in Fig. 35, we may 
proceed as follows to determine their 
tensions. Let P be the pellet, of 
weight W, and let AP, BP be the strings 
attached to points A and B respectively. 
Let their tensions be T and T'. The 
remark above shows that the strings must hang in a vertical 
plane, since the force W acts in a vertical line. Since A, B, 
and the length of the strings are given, the figure is per- 
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fectly definite. Draw Py vertically upwards, and make its 
length represent, on any assumed scale, the value of W. 
Draw y/i parallel to AP, and let it meet Br in fS. Then 
/iy represents T, and P/3 represents T', in direction and also 
in magnitude, on the same scale in which yP represents W. 
This case leads to nothing but the 
determination of the tensions, since the 
form of the figure is definite. 

Noxtj lot one of the tensions be 
given in magnitude. To effect this, 
we may suppose the end of PB not to 
be fastened at B, but to pass over a 
smooth pulley and support a weight Q, 
Let Fig. 36 represent the state of equili- 
brium, and let the same construction 
as before be made. Then we must 
have yP : P/3 : : W : Q ; or, writing it '''"■■ ^"' 

in terms of angles, 

sinAFB-.daAVy.-.W-.Q. 

A and B and the direction of yV being given, this datum 
suffices for the drawing of the figure ; ie. for the 
calculation of the angles. A little consideration will 
show that, however small Q bo, provided the string sup- 
porting it be long enough, there is always one definite 
position of equilibrium. The actual calculations in such 
a ease as this are troublesome. It was chosen mainly 
on that account, so as to show, in a simple case, how 
pure geometrical processes may oeeasionally save the 
necessity of a tedious trigonometrical investigation. But 
a still simpler method will be afterwards explained, viz. 
that, for a position of stable equilibrium, the potential 
energy must be a minimum. Now, to apply this to our 
example, we see that any downward displacement of Q 
produces an upward motion of P. But when AP is nearly 
vertical the vertical displacement of P is indefinitely smaller 
than that of Q, so that Q must go down : because its 
descent involves loss of potential energy. On the other 
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hand, if APB be nearly a straight line, a displacement of 
P produces an indefinitely smaller dis- 
placement of Q. Hence P must go 
down. And these results are in char- 
, acter' independent of the relative mag- 
nitudes of P and Q, provided both be 

Finally, let both tensions be constant. 
Here we must Imagine pulleys both at 
A and at B {Fig. 37), with weights R 
and Q attached to tho ends of. the 

seo that we must have the limiting 

R-hQ>W. 
This is merely the geometrical condition that 

Here the magnitudes of all three sides of PjSy are given. 
Hence its angles are given, and the solo position of equili- 
brium is at once found.^ 

§ 124. Now take the case of a particle resting on a 
surface. As we are concerned only with 
""^"^'^rface.^^*^ the portion of the surface immediately con- 
tiguous to the position of the particle, we may 
suljstitute for it it« tangent plane at that point (except, of 
course, at singular points, where there may be an infinite 
number of tangent planes ; but 
such cases we do not consider). 
Hence the problem reduces itself 
in all cases to that of a particle 
resting on an inclined plane. 

If the plane be smooth, the 
particle cannot remain in equili- 
brium unless someforce is 




to prevent its sliding down. Let us suppose it to be 

' We have assumed here, what is properly part of the results o( the 
Odrd law of motion, that the tension of a weightless string, passing over 
a stiiootli pulley, is in tLe direction of its lengtb, and of the same amount 
at all points. 
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supported by a f orce F, acting upwards ilong the pUrie 
(Fig. 38). Then we havo throe fotces at work —the 
weight P acting vertically dowuwirds, the supporting 
pressure of the plane E, nhich neceiianlj acta pi,r 
pendicularly to tho surface; and the thud fone, juat 
mentioned, which we see by pio\ious considerations must 
be in the plane of the other two, and must therefoie lie 
along the line of greatest slope of the plane ^V'o might 
construct a triangle of forces as in the pTevioiis eximplea, 
but we will now vary the process, and re^ohe the forccf 
in two directions at right angles to one another in then 
common (vertical) plane. 

Let a be the angle of inclination of the phno to tho 
horizon, then the algebraic sum of the components of the 
forces must vanish both horizontdUy and \erticillv Thii 
gives us tho two conditions 



+R<i( 



From these we obtain at once 



E=Poc 
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Divide the menibera of this equation by those of 
R = Pcoaa, 



Hence, so long as the coefficient of friction is greater than 
the tangent of the inclination of the plane to the horizon, 

the friction will suffice to prevent sliding. 

More and more is called into play as the 
inclination of the plane increases, and finally when 



the particle is Just about to slide down. This simple idea, 
taken along with Coulomb's results (g 120), points to a 
very easy method of determining tho coefficient of friction 
between any two substances. The limiting angle defined 
by __ _^ 

is called, on account of this property, the "angle of 



r suppose the particle to be, in part, 
supported by in elastic string fixed at 



Support by p^^'t, j^ tjjg p2j^^p^ ^^^ lyj^g -- (.jj^ ij^g ^j 



greatest blope (This modification is intro- 
duced to show the nature of cases in which there are 
limits between which equdihnum is possible.) We assume 
" Hooke's Law," viz , that the ten'^ion of an elastic string, 
drawn out from its Udturil length I to length /', is 



where E is a definite constant, representing theoretically 
the tension which would just double the length of the 
string. 

Our equations are exactly the same as before, only that 
F consists now of two parts,>^one due to friction, the 
other to the elasticity of the string. Thus, if we suppose 
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/Ktana, so that the particle requires to be, in part, 
supported by the string, 

F = Fi + E^^ = Psmtt, R^Pcosa. 
When sliding is about to commence downwards we have 

Fi=*iR. 
If the particle is about to be dragged upwards. 

Hence for the two extreme positions of equOibrium 

±^Pcosa + E^' = Psma. 

Hence the limiting positions of equilibrium of the particle 
are given by its distance from the fixed end of the string— 

If V be less than the smaller of these, gravity pulls the 
particle down ; if it be greater than the larger of them, 
the tension of the string pulls the particle up. In inter- 
mediate positions the full available friction is not called 
into play. 

If /I > tan a, the string is not required for equilibrium. 
Bub there are positions, one above the fixed end and the 
other below it, at which the tension of the string just calls 
the full friction into play. There is equilibrium only for 
positions within this range. In the case of the first of 
these positions the sign of the term in E must, of course, 
be changed. 

g 1 26. Next, let a small smooth ring P (Fig. 39) be attached 
to one end of a string. Let the string pass Ec|uaibriam with 
round two smooth pulleys B, C, at different a ayatem of equal 
points, then be passed through the ring, then forces tending to 
round two more pulleys D, E, and through ^"'^° points. 
the ring again, and so on, — the other end being either 
fastened to the ring or attached to a fixed point. It ia 



Hosted by 



Google 




required to find the pn&ition of equilibnum of the nng 
when the Sitnng is dnwn 
tight, by openting on the 
lap of it behind two of the 
pullers 

This IS equivilcnt from 
the physical point of iiew, 
to finding the jiosition of 
equihbnum nf i paibcle 
'^ acted on bj ■» niunbei of 

^° ^' equal forces each duected 

towards a given point. From the geometrical point of view 
its solution obviously answers the question, " Find the point 
the sum of whose distances from a number of given points 
is the least possible." The points need not lie all in one 
plane. The solution is, from the polygon of forces, that 
in the equilibrium position the laps of the string, from the 
ring outwards, are parallel to the respective sides of a 
closed equilateral polygon, taken all in the same direction. 
That the solution is unique will be seen at once by con- 
sidering a displacement of the ring, for the resultant of 
the forces obviously tends to 
diminish the displacement. When c- 
thero are but three forces, their 
directions must be inclined at 
angles of 120" to one another 
(Fig. 40). Thus we have im- 
mediately the solution of the 
celebrated geometrical problem, 
" Find the point the sum of whose 
distances from three given points is the least possible." 
§ 127. If, in the first problem of g 123 above, the 
particle were supported by three strings, in- 
ne°s^f^eoiutoji ^*^^ ^^ ^'^^' ^'^^ attached to a fixed pointj 
we should first have to assure ourselves that 
all three are brought into play. For, if not, the problem 
is reduced to the former case. The obvious condition is 
that, when the three strings are simultaneously tight, and 
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the points of suspension are not in one vertical plane, the 
particle supported shall be situated mihin the triangular 
prism formed by vertical planes passing through each pair 
ot points. If this condition be sat^fied, the process for 
determining the tensions of the strings is merely to con- 
struct a parallelepiped, three of whose edges lie along the 
strings, while the conterminous diagonal is vertical. This 
leads to an obvious geometrical construction ; and, when 
it is carried out, the lengths of the various edges are to 
the diagonal aa the corresponding tensions to the weight 
of the particle. When the three points are in one vertical 
plane, nothing short of infinitely perfect fitting will, in 
general, bring all throe strings simultaneously tight ; and 
in this case the problem, mathematically considered, is 
indeterminate.^ When the strings are sufficiently exten- 
sible, all will be brought into play ; and, with proper data 
of this kind, the problem is determinate. 

§ 128. By far the most extensive series of examples of 
the composition of forces acting on a single . 

particle is furnished by the theory of 
"attraction," where each particle of the attracting mass 
exerts upon the attracted particle a force in the direction 
of the line joining them, and of magnitude depending 
on their masses and their mutual distance only. 

§ 129. We may confine ourselves to the gravitation 
law of the inverse square of the distance ; for, while it 
applies to the mutual action of elements of surfaces 
electrically charged, to that of elements of permanently 
magnetised bodies, etc., as well as to that of particles of 
matter, it is usually possible so to group these elements 
or particles that their resultant attraction may follow any 
other assigned law. 

§ 130. We assume, therefore, the expression mm'/J)^ 
as the measure of the stress urging together 
two elements whose masses or quantities *^opt«d * 
are m and mf, at distance D apart. The 

^ Of course, iibysically, there is no indeteraiinateness, even with 
perfectly inextuusibli; striuga. 
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measure of m, when it consists of ordinary matter, is of 
course the product of the volume into the density ; but 
when we use it for an element ot an electrically charged 
surface (or of a thin shell of gravitating matter) we 
regard it as the product of the element of surface into 
what we then call the surface -density. In a similar 
way we may speak of line-density, No confusion ia 
introduced by using the same symbol indifferently in any 
of these senses ; for its nature, in any case, is obvious 
from the expression for the element which it multiplies. 
Hence we will denote it in every case by p. What is 
to be understood as unit density of matter, or as unit 
surface-density of electricity, etc., involving the question 
of the multiplier which ia obviously necessary to convert 
the dimensions of mm'flfi into those of force, is a matter 
of general J'kysies, not of Dynamics, and is not treated 
here. 

§ 131. A few obvious consequences of the law may be 
Attmctionofcono Stated at once, as they will be useful in 
on particle at what follows. Once stated, they will be 
vertai. taken for granted. They refer to the 
attraction of parts of a solid cone, of any form but of very 
small angle, on a unit particle at its vertex, the density of 
the cone being the same throughout. 

1. All parallel slices of the cone, if of equal thick- 
ness, exert equal attraction. For the areas, and therefore 
the volumes, of the slices are as the squares of the 
distances from the vertex. From this it follows at once 
that the attraction of any finite portion of the cone is 
directly as its length. 

2. The attraction of an oblique slice exceeds that of a 
transverse slice, of the same thickness, in the ratio of the 
secant of their inclination. 

Any spherical shell cuts from the cone slices of 
equal obliquity. Hence, if the vertex he inside the 
sphere, there is equal attraction on it in all directions, 
i.e. there is no attraction inside a uniform spherical 
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If <o be tte spterical opening of tto cone, the attraction 
of a transverse slice, of thickness t, is 

or simply pui, if p be surface-density. 

3. SimOariy, the resultant attraction perpendicular to 
any section, due to unit mass at the vertex of the cone, 
and multiplied by the area of the section, is ui. 

§ 132. Generally, if the co-ordinates of the attracted 
element or particle P (whose mass, or j^nalytical ex- 
quantity, we take as unit) be x, y, s, the pressions for 
attraction due to an element A (of mass, or attraction. 
quantity, ra) at a, h, c is 



along PA. The ic-component of this it 






Hence the a'-componont of the whole attraction exerted on 
P, by any masses or quantities, is 



v"'(^-") _ 



(1). 



In dealing with a continuous distribution we must, of course, 
substitute integration, of the requisite nature, for the 
summations indicated. 

The two expressions for X in (I) indicate perfectly 
distinct processes by which the question may be attacked. 
Tho first is the direct or synthetical method, which 
groups together the infinite number of infinitesimal con- 
tributions to the attraction in a particular direction arising 
from the several elements of a mass. One jrrimd f(wie 
objection to it is that, in general, we require separate 
determinations of the values of X, Y, and Z ; so that 
it may often involve considerable labour. Tho second 
expression for X points to the existence of a function 
of X, y, s which, when determined once for all for any 
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diatribution, gives ua by mere differentiation the component 

force on P in iny direction whatever. 

aJt^tal" I^c"! thi^ point of view the question rises 

to a f 11 higher bcientific order than that of 

mere loutino mtegiation We will discuss this method, and 

the moPL important elementaiy pioperties of the (potentiai) 

function to which it leads after wo have given some 

dirett calculitions of attraction ; dealing mainly with 

cases of ^ymmetncil distnbution of matter ; which, while 

usually the simplest, ire the most often required in 

application 

% 133 1 A oirLiiHr wire radras E and uniform line-density p, the 
attracted unit J article bamg on the i\is, at a distance a from tlio 
Lentre fiom tlie ymmetrj wp see at once that the attraction is 

2. A tlun oil ciilar ring like an mdiarubber band, radii R and R + BR, 
■ ' " ' " " ■ The attraction is evidently along 



.. _^^ ^ ,ne, to a band of radii R, R^. 

Integrating the above expression between these limits of R, we have, 



(We may note here, once for all, that these square roots, and others 
analogous to them, are to be looked on as positive, or ratlier as 
signless, quantities.) 

4. Let the internal radius of the flat ring vanish, and 
the external radius increase without limit The attracting 
body becomes an infinite plane sheet, of uniform surface- 
density, and its attraction (perpendicular, of course, to its 
surface) on unit mass is 

2jrp; 

independent of the distance of the attracted mass. This 
is a fundamental proposition in statical electricity. We 
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might have obtained it at once from our result about cones 
in § 131. For the attraction due to the part of tho plane 
cut out by any small cone, with ita vertex at the attracted 
particle, is along the axis of the cone and proportional to 
the secant of its inclination to the axis. But, to resolve 
this in the direction of the total resultant attraction, we 
must obviously multiply by the cosine of the same angle. 
Hence every part of the plane sheet contributes its quota, 
pw, to the whole resultant attraction. But the sum of tho 
values of tu, for an infinite plate, is tho same as the area of 
the unit-hemisphere, i.e. Sir. 

One specially valuable result of this proposition is 
obvious. There is a finite difference i-nrp j^^^traetion at 
between the values of the force components, points close to, 
perpendicular to a shell of surface-density 61' o" opposite 
p, at points indefinitely close to one another ^'^^ "''' " ^''^"■ 
but on opposite sides of the shell : — provided tho curva- 
tures of the shell be finite. Thus (6 and 7 below) the 
attraction close to the surface of a spherical shell, but 
outside, is iirp. Inside it is nil. 

It is to be most particularly observed that, though there 
is a discontinuity in the value of the attraction, in passing 
through the shell, the value of the potential is essentially 
continuous (§ ISi). 

6. Let addidonal rings be placed on that in (Ij so as to form a 
ta^nsverse slice of a circular cylinder. While the slice is inlini- 
taaimal, its tliiokness is da, and the attraction is 

^Tnfida.a 
Let I be tliu length of a finite portion of sucli a cylindrical sheet. 



2^lip\ 



■s/a' + B? ■\/{a + lf + 'B?> 



This also takes the value 2jrp when tho particle is at the centre 
of the free end, and the cylinder is of infinite length. 

6. When a homogeneous sphere, radius as, attracts an external 
particle distant D from its centre, a small cone, drawn from the 
particle, is eut by the sphere iu points distant 2y/a^ - D' sin ^0 from 
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one another, S being the inclination of the cone to the line joining 
the particle to the centre of the sphere. It contributes, therefore, 
to the whole attraction, which ia ohvionsly central, the amount 



[any 

2t(j I Vii^-D'sin^f. rfain^fl 

= -fc'-[<..-D..itf.,t]_ ,1g^. 

Thus the sphere attr!«;ts as if its whole mass were condensed in its 
centre. It followe, of eontse, that the same result holds for a 
uniform spherical shell ; or for a sphere made up of concentric shells 
each of uniform density throughout. 

The centre of inertia of such l)odies is a true centre of 
gravity. Bodies whicli attract all externa] matter {and whicli 
are therefore attracted by it) as if their masa were con- 
centrated in one point are called cenlrobanc 
°°Sl'r' <§ 136, 5). In .Tor, oa.6, tie centre of 
gravity (if there be one) coincides with the 
centre of inertia. 

7. In the ease of an imiernai point we have ([>D, and the differ- 
ence of the lengths cut from a little cone (for thev are now on 
opposite sides of the vertex) is 2D cos 8. Thus the whole attraction 
(directed towards tlie centre of the sphere) is 



Wpjyj cos' 



.Bede^%rpD. 



It is independent of the radius of the sphere, depending only upon 
the portion which is not farther Horn the centre than ia the attracted 
particle. We can therefore reproduce this result from the last by 
putting a = D. Hence, also, a uniform spherical shell of any thiok- 
neaa, or a group of conoentrio spherical shells, each of any uniform 
density, eserts no attraction on an internal point (g 131, 2). And it 
is easy to see that the same is true of the ellipsoidal sheEs which can 
be produced from such a shell or ^oup of shells by homogeneous 
strain. In all such slieltpi it is obvious that the thickness at any 
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point ia proportional to the perpendicular from the centre od the 
tangent P'^ne ; and where there is no attraction the potential ia con- 
stant. These statements will presently (§ 135, 7) be found specially 
uaefuL 

8. When the density of a solid sphere depends upon the distance 
ftxim its eentie only, it is clear from the precediug result tliat its 
attraction upon an interual unit mass, distant D from its centre, is 






p, us a function of D, is thiircfore to lie fuund so as to give (if il 
attainable) any specified law of attraction, by equating tliia 
f(D), which expresses the desired law. We thus obtain at once, 
ditferentiation, the expression 



But illustrations of this kind can be multiplied indefinitely. 

§ 134. Let us now consider the second niodo of deal- 
ing with such questions, suggested by (1) of Definition of 
g 132. The quantity potential. 



formed hy dividing the mass of each particle of the 
attracting body by its distance from a definite point, is 
called the potential of the mass at that point; and it 
gives, as its differential-coefficient per unit of length, in 
any direction, the component attraction in that direction 
upon unit mass placed at the point. Its change of value 
in passing to any proximate point, and therefore to any 
point whatever, is thus the amount of work done by the 
attraction. Hence at any point it expresses, when it 
refers to gravitation, the loss of potential energy which 
unit mass suffers by being brought to that point from 
an infinite distance. When it refers to electricity (or 
magnetism), it is the work required to bring unit of -i- 
electricity (or a unit N" pole) from an infinite distance to 
that point. 
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Its value for a uniform spherical shell of radius a, at a 
point distant D from the centre, is ohviously 

Potential of 

where r is the distance of the zone 2xffi^ sin QdQ from the 
attracted point. 

While D is greater than a, the limits are D - « and 
D + a, and the potential is 

TF ' 
the same as if the whole mass had been condensed at the 
centre. 

When D is less than k, the limits are « - D and a + D, 
and the value is 



a constant. The first value passes continuously into the 
second as the value of D gradually diminishes to a. 

Instead of the term potential of the uniform shell on 
Fundamental ^^ external particle, we may use the equi- 

property of valent term potential of the external particle 

potentitii. on the mass uniformly distributed over the 
shell. And we may now state the first, of the two 
theorems just proved, in the (apparently) very different 
form : — 

The potetitiai, at the centre of a sphere which contains none 
of the attracting matter, is egual to the average potential m)er 
its surface. 

§ 135. The more important of the elementary pro- 
perties of the potential {in general not confined to special 
distributions of matter) are 

1. The force on nnit mass is, at every point, normal to the eqiii- 
potential surface, 

V = constant, 

which passes tlirough tliat point ; and its value is 
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where w is measured along the normal drawn outvmrds fvoi 
surfaee. These Btatements need no proof. 
2. The integral 



//^> 



extended over any closed aurfaCB whatever (ii being, as before, 
drawn outwards), is -iv times the quantity (of the matter praduo- 
ing V) which is inside the surface. 

for, considering any element m, of the mass as the vertex of a 
cone of very smafl angle, the element of the above integral, for the 
part of the sur&ce cut out by the cone, is jjuj where the cone enters 
the sur&ce and -nun where it leaves. When nt ie external to the 
closed surface, the oone leaves as often as it enters, and the corre- 
sponding portions of the integral cancel one another. But when in 
is internal the cone must leave the surface once oftener than it enters. 
So the corresponding part of the integral is - «(« (§ 131, 3). But the 
sum of the values of u is 4ir. Hence the proposition. 

8. Apply the proposition to any sui'face bounding an indefinitely 
small element of matter of density p and volume s. The value of 
the surface integral is 

But by (5') of g 94 it can also bo given as 

Thus the potential at any point aatiafies the dilferential equation. 



where p is the density of the matter at tliat point. The left-hand 
member is therefore zero at all points free from, the attracting mass. 
It is easy to prove, as a matter of mere mathematics, that if Vg bo 
the value of any continuously varying quantity at a definite point, 
its average value over the surface of a sphere of (small) radius «, 
whose centre is at that point, is {iio the second power of a) 

-f((S)/(?).-(S).)- 

[If the average be taken through the volume of the sphere instead 
of over its surface, the only difference is " ■ ■' '- -' - ' ' -- ■"" 
instead of 6.] Thus we see what is n 
partial differential coefficients. 

In free space, therefore, where that sum neoessarOy vanishes, 1 

potential cannot have a maximum or a r--'-" -i-- mj. i,. 

Its average value through a little spheri 
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oeffioient of a^ in the expressioD above could not v. 

Hence a particle cannot be in stable equilibrium under 

..■ the sole action of forces varying inversely 

Stable enmh- ,, r i. .- . ° iir 

brinm impoaaiblo as the square of the distance. We may 

imdet forces arrive at the same conclusion in a slightly 

*° wtion^iflT"' different manner, by remarking that, since 

the average value of the potential over the 

surface of the little sphere is, in free space, the sEimo 

as that at the centre, if it increase in any direction 

from that centre it must diminish in another ; so that 

for some displacements the resulting force would tend to 

restore the particle to its former position, but for others 

it would tend to produce further displacement, 

i. Again, if there bo any finite region, however small in volume, 
throughout which the potential is constant, the x^tential will still 
be constant for all regions of space which can be reached from it 
without passing through any of the attracting matter. If it were 
not 90, a little sphere conld be drawn so that (though it contains 
none of the a,ttracttng matter) the value of the potential at its centre 
should be the same as that over the greater part of its surface, whOe 
over the rest it would have a greater or a less value. 

5. Another elementary proposition is that, if matter be spread 
over any equipotential aurfeoe surrounding an attracting mass, with 
density at each point equal to (I/4ir) x attraction on unit mass at that 
point, the potential of the shell so formed equals that of the original 
mass at all points outside tlie shell. Snch a shell is therefore centro- 
bario, and the proposition shows the means of constructing an infinite 
olass of centrobario distributions, either of surface- or of volume- 
density. 

6. Propositions of this kind are mere special cases of Greaa.'a 
Theorem, which, in its turn, is a direct consequence of (5) of g 94. 
It is obtained from that equation (just as (5') was obtained) by making 

Green's ..dV rfV >_n'^'^ 

Theorem. ^-^ d^' "^'^rf,,' ^-^'d^' 



JK-"HK^*-)'-'^»ljm'i*-)'^"- 
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///(SS-)"»''"M«-///''(S-0-'»- 

We may apply tlie same equation to infinite space outside any 
closed surface, by the artifice of drawing another closed surface 
outside the first, integrating over both and througli the volume 
between them and then supposing the new suriace to move off to 
infinity in all directions. But we must satisij ourselves that the 
surface integral, thus introduced, diminishes without limit as the 
surface is extended. 

We obtain the proposition of (5) at once by putting for U the 
reciprocal of the distance from a point anywhere outside the equi- 
potential surface ; and V for the potential of the attracting mass, 
which is to be talcen as constant at the surface over which, or 
throughout whose content, the integrals are taken. 

The use of U in this theorem bears, in certain oases, a veiy close 
analogy to that of the ' ' resonators " in the harmonic analysis of 
§ 67. In this connection see again (4} of § 133. 

The chief applications of Oreen'a Theorem belong to Statical 
Electricity. It enables us to show, for instance, that there is, in all 
oases, a unique distribution of electricity on any conducting surface, 
or set of surfaces, which is consistent with equilibrium. Such 
applications are foreign to our subject, but we have introduced the 
theorem here in consequence of its usefulness in some important 
questions of hydrokinetics which we shall have to deal with later. 

7. Next in importance to the sphere and ^herical shells, as at- 
tracting bodies, come ellipsoids ana elligaoidal shells. We give in 
outline the beautiful geometrical properlSes on which the calculation 
of the attraction may easily be made tfl depend. Unfortunately, the 
final result is, except when there is axial symmetry, an elliptic 

Suppose we form by pure homogeneous strains (as in g 133, 7) from 
a uniform spherical shell two confocai ellipsoidal shells Ej, E^. One 
of these. El say, must lie wholly within the other ; and corresponding 
elcmente (those formed from the same element of the sphere) must 
have niasses proportional to the masses of their respective shells. If 
Fii V-a Qii Qs ^^ ^^^ such pairs, it is easy to see luiat the distances 
PiQa and PjQi ate equal. Hence the potential of Qi at Pj is to 
that of Qa at Pi in the ratio of the masses Ei : Ej. This is true wkai- 
ever corresponding elements Q, and Qj low be. Thus the potential 
of £i at ?£ is to that of E^ at F„ also as Ei : Ej. But the potential 
of Eg is constant at all internal points (§ 133, 7), so that the potential 
of E] is constant over Ej : — or 

The external equipotential surfaces of an ellipsoidal 
shell, whose surface-density ia as the perpendicular from 
the centre on the tangent pLane, ai-o confocal ellipsoids. 
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The actual attraction of Ej on unit particle at its exf«mal snrfeca 
can be found at onca by tha proposition of § 133, 4 ; and that of E, 
(OQ the same particle) is in the same direction, but less in the pro- 
portion El ; E3. But any homogeneous ellipsoid can be broken up 
ittto similar concentric shells : — and for each of these we can construct 
a shell conlbcal with it, such as to pass through the given external 
point. By this process we effect a synthetical solution of the problem 
of the attraction of a homogeneous ellipsoid on an external particle. 
The effect on an internal particle follows at once by the last statement 
in % 133, 7. And it is obvious that the attractions on any two in. 
t«nial iMirticlas, situated on the same radius, are parallel in direction 
and proportional to the distances from the centre. Whan the ellip- 
soid is one of revolution about the shorter axis, a case which we 
require in Hydrostatics, the force components on a surface-particle f, 
ij, i" ace p^, p-ij, 9f, where 

and e is defined in tti-ms of the aemi-axcs by the equation 
(i ) = 

8. Befo 1 th Ij t f ttraot n we must devote 

ni pa tLdkln method of Electrie 
Electric iiiag I 9 Ihinj, 1 hies us to give, from 
th sol t D f y n tt action problem, those 
of a pract lly inl n ted nun b f th ri. Its chief interest, 
in the pr nt t b in ts h g the very singular 

relations wh h 1st g th 1 m nta y th rems regarding the 

attraction f ph n 1 h 11 — f n t. n tl t a uniform spherical 
shell attract t mal part lea f t w re ndensed in its centre, 
because it rts n attractl n pon an nt maJ particle. 

The bas fth wh 1 th ry Id p p tion that the loons 
of points, the ratio of whose distances mm two fixed points is 
given, is a sphere whose centre lies on the line joining tlie fixed 
points. 

Thus if a unit of -^ electricity be placed at P (Fig. 41) and c units 
of- at Q, the corresponding surface of zero potential is the sphure 

Let be the centre. Join OR. Draw QS paraUel to PR, cutting 
OB in S. Let A he the point in which the spliere cuts PQ. Then, 
by geometry, 01'. 0Q = OA=, so that the triangles OPE, OQR, aad 
OQS are similar. 

If unit of -H electricity be placed at E, it is repelled from P with a 
force inversely as EP, and attracted by Q with a force directly as e 
and inversely as KQ^. These forces are therefore respectively 
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parallel and proportional t 

same scale, is thus BH 01 " 

tlio force in PE is 1/P 

and was representee! by 

QS, the actual magnitude 

of the resultant is PQ/RFe. 

Thus, if e units of positive 

electricity be distributed 

OTorthe sphere with density 

everywhere inversely as the 

Cuba of the distance from 

Q, they nill neutralise, at 

all external points, the 

action of the e negative 

units at Q ; and they will 

produce, at all points within the sphere, the same x>otentiftl a 

the unit at P. 

emay state 
a conductor and be p 1 1 tl 
luivi u uijjt uLxvi°<^m\;ii'j ue brought to F, the indu ed n gat 
charge will be — « (distributed with surfaoe-denaity invers ly th 
cube of the distance irom P), and it will act outside the ph re as f 
it were concentrated in Q. The incomplete analogy b tw u th 
and the behaviour of a convex mirror when a lumin lis p t 
placed in front of it, led to Q's being^ called the electric mag f P 
But the relation between object and image is a reversibl n 

From the geometrical connection between a point and ta m g 
it is clear that in the image of a figure any little 1 n will b 
shortened in the ratio «* : 1, a little area in the sq nd n 

element of volume in the cube, of this ratio ; e being, 1 r> 

the ratio of the radius of the sphere to the distanoe t th bj t 
point li'om its centre. For the angle between two elementary lines 
m the image is the same as that in the object. As the mass is 
reduced in the Tatio e : I, densities are increased in the ratio I : e°, 
and surfaoe-deusities as 1 : e". The image of a sphere is a sphere, the 
image of the centre of the sphere is the image, m the image sphere, 
of the centre of the reflecting sphere. If the object sphere have 
uniform surface-density, that of the image sphere will be, at every 
point, inversely as the cube of the distance from the centre of the 
reflecting sphere, — and so on. Again the potential of a particle at 
any point bears to the potential of its image at the image of the 
point the square root of^ the inverse ratio of the distances of the 
point and its image from ; that is, the inverse ratio of the radius 
of th© reflecting sphere to the distanoe of the image-point flxim its 
centre. Thus the same is true for the potential of any group of par- 
ticles ; and this happy relation secures the simplicity of the method. 

Thus, if the object bea uniform spherical shell, concentric with the 
reflecting sphere, its image is another uniform concentric shell. 
But the image of the content of the one is infinite space outside the 
other. Inside the first the potential is constant, therefore outside 
the other it is inversely as the distance from the centre. When the 
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object sheU t tr w th th flecta g shell, but encloses 

ita centre, wh asmg ^hnllll whose density is in- 

veraely as th b f th d ta f m At points inside the 
object shell th].ttlia tatH t points outside the 

image the p tftliainralj thdt f mO, ie. a spherical 
shell whos f d ns ty rs ly as tl iha of the distance 

from an inte 1 po t ttract t m 1 p t as if its mass wore 
condensed thtp t Ami th mbt new for the attrac- 
tion on inte 1 points bta d by tak outside the object 
shell. But no new information is gamed bj taking the image of 
either of these new systems about any new origin. One of the most 
remarkable applications of this method haa given, in a comparatively 
simple form, the solution of the complex question of the diatribntion 
of electricity upon two mutually influencing charged spheres. 

g 136 All the pieceding theoremi m attraction may 
Analogy fiom ^^ eitablished with greit ease and direct- 
moti n of n om ne?s, in a quiii geometncal manner, from 
pressible flu 1 (,i,g motion of an (imaginary) inLompressihle 
bqmd, de^ oid of inertia It is supposed to Le ^von out 
at a uniform rate, 4jr, in all directions from eM.ry unit 
particle (Vi hen electncal forces are dealt with, the fluid 
1^ supposed to be uiufoimly annihilated at the rate iir by 
eveiy unit of electncity) The velocity of this fluid 
gives, at any point, in magnitude and direction the 
corresponding force on unit quantity it that point Lines 
of flow of the fluid ire lines of foice, lut eveiywhere at 
light angles b^ suifaces of equilibrium. If the leader 
begin by applying this idea to the piopo&itions of ^ 131 
regarding cones, he will eaiilj pursue its application to 
the more eomple'? eases which follow The b^-^is of this 
extremely peifect an\ljgy will be found m i compati'-on 
of thenuitim'iof § t4 mdof !;) 135, (2) (S) (O)-iboie 
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CHAPTER IV 

KINETICS OF A SINGLE PARTICLE 

One Degree of Freedom 

§ 137 IIgre the motion is lectilinear, or at least takes 
place 111 ome ^s igned cune 

The simplest eise n that of a filliDg stone, when the 
effect of the resistance of the air is set aside and the 
icoeleration due to gravity is reckoned the same at all 
elevations This has alreidy been treated with snfficient 
detail as a matter of pure kinematics, ^ 28, 29. 

§ 138, When the particle, instead of falling freely, is 
constrained by a smooth inclined plane on _ 
which it slides, we see that (so Ions as it ''[l'*™^ on m- 
, ' ,. . > , " , . ohaed plane, 

moves on the line of greatest slope) its 
weight Mg has components, Mg sina tangential to the plane 
and Mucosa perpendicular to it, a being the inclination of 
the plane to the horizon. The latter component produces 
the normal pressure on the plane, and is the only con- 
tributor to it, since there is no curvature. The former 
produces the acceleration of the motion. Thus the 
acceleration is now ffsina only ; but, with this change, the 
results of g 29 still hold. 

§139. If the plane be rough, with coefficient of statical 
friction /i, it can furnish {§ 120) a force of 
friction tending to prevent motion, of any 
amount up to 



J'lane rmigli. 
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H this be leas tlian My sinn, motion will commence, and 
the force accelerating it will he 

Mgsina-n'Mgcosa, 

where p.' is the coefficient of kinetic friction (§ 121). Thus 
the results of § 29 still hold, but with i/ (aina - /i' cosa) 
instead of g. As we have seen that fi'</t, accelerated 
motion can take place down an inclined plane in certain 
cases where the mass, if once at rest, would not start. 

If tlie particle be projected othendae than directly up or down the 
plane, the conditions are not so simple. For the direction of the 
friction varies throughout the motion, being always tangential to the 
patL The acceleration, when the path is assigned, will consist there- 
fore of the friction (taken negatively) and the component of gravity 
along the tangent. 

If the intrinsic equation of the path be 

from a horizontal line in the plane, wp have 



For a circular [latli this takes the form 






The stndent will find it interesting and profitable at this stage to 
gather from these equations (without attempting to carry the integra- 
tion further) a general idea of the motion for variotis relative values of 
p.' and tan a ; and for valied values of C, i.e. of initial speed. 

§ 140. As a slightly more complex case, let us now take 

again the problem of free motion in a 

^e°iS/f'om a° ^^'^i'^^^ 'i"^> ^'^*- ^^^°'^ ^o' ^^^ diminution 

great distance. °^ gravity as the distance from the earth 

increases. 
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where R is the radius of tho earth, supposed splierioal. This acts 
■,B of acceleration of 



Here tJie right-hand member is a function of x only. 

Multiply by xiU, and integrate, and we have, leaving out the ex- 
traneous factor m. (the possibility of doing thia showing that the 
motion is the same for all masses). 

If V he. the speed at tlie earth's snrfaoe (where ai=R), 

JT' + C = R?. 
Also if the particle turns, to eome down again (i.e. if 3^ = 0), at the 
height h above the surface, 

„_ s% 

. th am t f n tiie approximate formula (g 28) 



f 



ed t have been originally at rest, 
f m the earth (a case 
e nt for instance), wo Meteorit 
f Tnula becomes 



The speed with nliiLh the mass reaches the surface (where x = R} 
is therefore V'i^R, 1 1. that which it would acquire by falling, under 
constant acceleration g, through a height equal to the earth's radius. 

la this special ca^e, the second integral is 

The second integral, in its general form, ia a little complex ; but 
we may avoid it by means of a geometrical construction, founded on 
the results of the investigation of planetary motion soon to he given 
(§ 155). 
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§ 141. Let us next talce a case in which the acceleration 
depends upon the speed of the moving body, 
"rat^^p*"" -*- sufficiently simple one is furnished by a 
failing raindrop, or hailstone, when the 
resistance of the air is taken into account. For the 
moderate speeds with which such bodies move, the resist- 
ance varies, at least approximately, as the square of the 
speed. (When raindrops are very small, and in general 
while their motion is very slow, the resistance is directly 
as the speed.) To avoid needless complexity, we neglect 
here the variation of gravity due to changes of vertical 
height. 

If we assume i to bo the speed with which the particle 
must move so that the retardation due to the resistance 
may be equal to g, the retardation when the speed is v will 
be represented by g'^l^. 

Suppose the partiole to have been projected vertically upwards from 
the origin with the speed V, and let n he its speed at any time (, and 
X its distance from the origin at that time. 

Let the axis of ss be drawn vertically upwards ; then the resistance 
acta wWi, gravity, and the equation of moSon upwards is 



that, when a: = 0, 



Hosted by 



Google 



KINETICS OF A SINGLE PARTICLE 



f(i-T)^log|^, ai;dflA-^} = log^ 

(It must be ramembered that v is now negatiTe.) 

Let U bo tho speed with, wbich the particle return 
projection ; then, putting x^O in the latter equation 

or, substituting for k its value, 



It is to be observed also that S is the "terminal 
velocity," as it is called, i.e. the speed to 
which that of a falling body continually velocity 
tends, whether its original value have been 
greater or less than this limit. For a golf-ball, the resist- 
ance at speed v produces an acceleration of about v^j250, 
where i> is In foot-seconds, and the denominator is in feet. 
The "terminal velocity" of such a ball is therefore 
•^250 , ff, or about 90 foot-seconds. 
When k is very Urge, i.e. the absolute amount of resistance very 
small, as in the case of a eannou-ball falling from a he^ht, the general 
integrals in the second case above became, by expanding the logarithms, 
2if 2iP 






i(A~^)=^ 



independent of i ai 
;=-y{t-T), and' 
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Tbeae, if we rememtier thatS-Tis the time of fall, and h-x the 
space fallen through, are at once recognised aa the ordinary formuto 
of § 28. The modification due to the resistance is Ehovra approximately 
by the second terma on the right-hand side of the deyelopments 

The necessity for this double investigation, one part for 
the ascent, the other for the descent, is due to the non- 
conservative, or " dissipative," character of the force of 




§ 142. Ab an illustration of constraint by a smooth 
curve, let us take the case of a simple 
peSm. pendulum. Let (Fig. 42) be the point of 
suspension, P the position of the bob at any 
time t. Then, if PG represent the weight of the bob, and 
be resolved into PH, HG- respectively 
along, and perpendicular to, the tangent 
at P, we see that PH produces the accelera- 
tion of the motion, while the tension of 
the cord balances HG and also furnishes 
A ^ the acceleration perpendicular to the direc- 
tion of motion which is required to produce 
the curvature of the path. PH is (celeris 
G paribus) proportional to the sine of PGH, 
that is, of POA, Hence the acceleration 
is proportional to the sine of the angular displace- 
ment. When that angle is small it may be used in 
place of its sina Hence, for small vibrations, the ac- 
celeration is proportional to the displacement, and the 
motion is "simple harmonic." The time of vibration, 
being (§ 51) 27r "ydisplacoment/ acceleration, is hero 

2)r. /— , - = 2Tr ./ -< approximately. 

n requires the use of 

§ 143. Some very curious properties of pendulum 
motion are easily proved by geometrical processes. The 
whole theory of the motion (in a vertical plane) of a 
particle attached by a weightless rod to a fixed point, 
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whether it oscillate as a pendulum or perform continuous 
rotations, may be deduced from the two following pro- 
positions ; — and these can easily be 
established by geometrical processes in 
which corresponding indefinitely small 
motions are compared. We leave the 
proof of them to the reader. 

(1) To compare different cases of 
continuous rotation. Let DA (Fig. 
43) be taken equal to the tangent 
from D to the circle BPC, whose 
centre C is vertically under D. Let 
PAQ be any line through A, cutting 
in Q the semicircle on AC, Also 
make DE - DA. Then, if P move 
under gravity with speed due to the 
level of D, Q moves with speed due to the level of E, the 
acceleration duo to gravity being in its case reduced ih 
the ratio AC^ : 2BC^. 

(2) To compare continuous rotation with oscillation. 
Let two circles touch one another at their 
lowest points (Fig. 44); compare the 

, arcual motions of points P and j), which 
are always in the same horizontal line. 
Draw the horizontal tangent AB. Then, 
if P move, with speed due to g and level 
a, continuously in its circle, p oscillates 
with speed due to level AE and accelera- 
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line, to the level of which the speed ia due, L. Let M, 

r,, B f. M' (Fig, 45) be simidtaneoua 

positions of the particles. Let 

another circle B be described, 

such that L is the radical axis 

of A and B, so as to touch MM'. 

Let be the point of contact. 

Draw MP, MT' perpendicular to 

L, and let MTM cut L in C. 

Then, by the property of the 

radical axis, CO'^ = CM . CM' ; 

^"'' ^' from which we have, by geometry, 

CM;CM' = OM^OM'^ 

0M'':0M'2=PM:FM'. 
But 

(speed at M)2 ! (speed at M')' = PM : FM'. 

Hence the speeds of M and M' are as MO : OM', and 
therefore the proximate position of MM' is also a tangent 
to B, which proves the proposition. 

It is easily seen from this that, if one polygon of a 

given number of sides can bo inscribed in 

Geometncal circle atid circumscribed about another, 

theorem. . ^ . ,1 n j.u' 

an miimte number can be drawn, .tor tins 

we have only to suppose a number of 
s moving in A with speeds due 
a fall from L, and then if they form 
at any time the angular points of a i 
polygon whose sides touch B, they wOl 
continue to do so throughout the motion. 
Fig. i6 shows two forms of a quadri- 
lateral possessing this property. 

§ lis. To find the time of fall from Test c 
of an inverted cycloid. 

Lot (Fig, 47) be the point from which the particle 

commences its motion. Draw OA' parallel 

■^mot^n to CA, and on BA' describe a semicircle. 

Let P, F, P" be corresponding points of the 




any arc 
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curve, the generating circle, and the circle just drawn, 
and let us compare the speeds of the particle at P and of 
the point P". Let P"T be the tangent at P". 

Speed of F' _ element at F" 
Speed of P ~ element at P 

P^^FT /A'B_ A'B /A'B 
BP' BF'V AB ~2A'F'V AB ' 

But speed of P=V(2?.A'M)=-/-^.A'P". 

Hence speed of F"— »/^tb ■ -^'^^ '^ eoiistant. 
And, as tlie length of A'P'B is Jir. A'B, 

time from A' to B in cirele = timc fram t^ B in cycloid 
/AB 

-'"V 21, ■ 

The time of fall to the vertex from all points of tlie 
curve ia therefore the same. Honce the „ , , 
cycloid IS called a "tautochrone. It is 
easy to show that, when there is but one degree of 
freedom, s suppose, the property 
of tautochroniam requires that 
the potential energy shall be 
proportional to s' ; so that the 
relation between the co-ordinate 
and time is simple harmonic. 
Some very elegant questions 
arise as to the forms of the " j,jj ^, 

tautochrones for given conserva- 
tive systems of forces. But their interest is mathematical 
rather than physical. 

§ 146. As an instance of cases in which the acceleration 
depends upon the speed and the position 
jointly, take the motion of a simple pen- R^i^tedmotion 
dulum in a medium, whoso resistance varies 
as the velocity directly. This is the law, at least approxi- 
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mately, for very small speeds, whether the pendulum oacillate 
in a gas or in a liquid, — and even when the resistance is 
due to magneto-eloctric induction, as when the pendulum 
is a magnetic needle vibrating in presence of a conducting 
plate or a closed coil. A synthetical solution of the most 
important case of this problem has already been given 
under Kinematics in g 68. 



•nUS— -mg^nO-Kff. 

Tat / 7 J b in t 1 (theo t eaJlj) w th t h t by 

g th fat h Ii til b b pose tl t 1 gi ts 

B t t ca t be md li t ly dim h d ■\\ ill t 2i 

If w S3 th gl t 11 t t t II y 
I luat th f m 

e + a.^ 8 = 

^gll d t S3 tially po t b ing grt t at, th 

e(hth cctttl seotyfth dm th 

face f th b b m p porti to ts m ) gr t A 

il integ 1 ftl ^ t d tly 



Hence there are two quite distinct eases of motion, distinguished by 
different /oj-ms of solntiou, depending on the relative magnitudes of k 
and Ji, 'niese are separated from one another by the unique case in 
which k=n. AU these cases cau (theoretically) be obtained, whatevei' 
be tho valne of h by merely altering the length of the pendulum : 
since, as above, n^=gll, so that nj/ca ijl. 

(a.) Let fc>m, and let ts-it'=!i'*-;F. 

Thou both values of p are real and negative. Thus 
e-Ae^'' + B/=' 
= r*^'(Ae"'' + Be-"''). 
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KINETICS OF A SINGLE PARTICLE 145 

the same sign, 6 dimiiushes, without changing sign, as t inci'eaBes, 
Bat if they have different signs, the factor in brackets may vanish for 
one definite value of l, and then change sign. After that the whole 
reaches a maximum and then diminishes without further change of simi. 
Examples of these cases are furnished — (1) when the pendulum is dis- 
placed from the vertical and allowed to fall back ; it then approximates 
as^ptctieally to ita position of eq^uilibrium ; and (2) when It ia drawn 
aside and flung back ; in this case it may paas once through the 
position of equflibrinm and then asymptotically return to it. 

(&) Letm=.tandletB3-i==n'*<«3 

Here both values of y are imaginary, and wc have 

-P.— ».(»■< + «). 

This may be looked upon as a "simple harmonio motion " (§ 62), 
of which the amplitude diminishes in a geometric ratio with the time, 
the decrement depending on the resistance alone, while tlie period is 
permanently lengthened in the ratio n, : n'. This ratio depends upon 
both tlie original period and the resistance, so that for the same 
medium and same bob it is different f tr' gs f diff rent lengths. 
This invest^ation gives an approximati n t ti gradual dying away 
(by internal friction or by imperfect last ty t } f all vibratory 
movements. The rate of diminution f n pi t d y of torsional 
vibrations of a wire, is thus a valuall d t n nd measure of a 
aomewhat recondite physical quantity 11 th t this method, 
would (at present, at least) be hard to u 

(u) Whenm=fc, i.e. in the transitio ase th ©q lat n becomes 

whose integral is known to be 

e = e-»'(A + Bi)=«-*'(A + B(). 

This, also, ultimaffily diminishes indefinitely as t increases ; but, 
as in ease (a), it may either do ao eootinuously or after having once 
passed through the value zero and reached a maximum, acconlmg to 
the relative magnitude and the signs of A and 6. 

§ 147. When the path is given, the determination of 
the motion under given forces is, as wc have soon, a mere 
question of integration of the equation for acceleration 
along the tangent. But more is required if we wish to 
find the normal pressure on the constraining curve. This 
is at once supplied by compounding the resolved part of 
the apphed forces in the direction perpendicular to the 
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tangent, with the additional force mv^jp acting from the 
centre of curvature. But, strictly speaking, all such 
questions require the application of Law III. 

Two Degrees of Fre&lom 

% 148. The simplest case is that of a projectile, when 
gravity is supposed to be uniform and to act 
>^M^" in parallel lines throughout the whole path, 
and the resistance of the air is neglected. 
This has been sufficiently discussed in §§ 40-42. It is 
merely the combination of (1) the uniformly accelerated 
motion of a stone let fall, with (3) a uniform velocity in 
a definite direction. Looked at from this point of view, 
it gives an interesting example of the graphic method ap- 
plied in § 53 to indicate the nature of simple harmonic 
motion. 

§ 149. We can extend these projectile results so as to 

take account of the alteration of direction 

of'proieotila''" ^^^ '^^ intensity of gravity at different 

points of the path, by remembering that, 

as shown in g 49, the path of an unresisted projectile is an 

ellipse,- one of whose foci is at the centre of the earth. 

The following, among many other analogous propositions, 

are easily proved. 

(1) The locus of the second foci of the paths of all pro- 
jectiles leaving a given point with a given speed, in a 
vertical plane, is a circle. 

(2) The direction of projection, for the greatest range 
on a given line passing through the point of projection, 
bisects the angle between the vertical and the line. 

(3) Any other point on the line, which can be I'cached 
at all, can be reached by two different paths, and the direc- 
tions of projection for these are equally inclined to the 
direction which gives the maximum range. 

(4) If a projectile meet the line at right angles, the 
point which it strikes is the vortex of the other path by 
which it may be reached. 
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KINETICS OF A SINGLE PARTICLE 147 

(5) The envelop of all possible paths in a vertical piano 
is an ellipse, one of whose foci is the centre of the earth, 
and the other the point of projection. 

To prove these propositions, let E (Fig. 48) be the 
eaiths centre P the pDint of projection, A the point which 
the proje tilo would rewh if 
fired vertically upwirds A\ith 
centre E and radius EA de 
scnhe a cuclo m tho commoi 
plane cf projection. This the 
cirde of zeio velccity cone 
spond^ to the comnirn directrix 
of the paiibaln, path in the 
ordiniry theory If F be the 
second focu^ of i ij j ith w e 
must ha\e EP + PF constant 
because the vxis m-ijcr depends 
on the peed not the directi n 
of projp tion Honcc (1) the 
locus of F IB the ciicle AFO 
centre P Again since if F 
be the focus, of the ].ath whi b 
meets PR m Q we must have 
FQ QS it IS ol vious that 

the greatest ran^e 1/ is to be found by the condition 
Oq-q^ IS thei efore the se ond focus of this trajectory, 
and theref;)ie (') thediiectionof jr ] ction for tht, ^eatest 
range on PR bisects the angle APR If QF = QF' - QS, 
F and F' are tho second foci of the two paths by which Q 
may ho reached ; and, as L F'PO - L FPO, we see the tnith 
of (3). If Q be a point reached by the proj'ectile when 
moving in a direction perpendicular to PE, we must 
evidently have L PQF = L PQF = L SQR = L EQP ; i.e. EQ 
passes tirough F'. When this is the case, the ellipse 
whose second focus is F evidently meets PR at right angles ; 
and that whose second focus is F* has (4) its vertex at Q. 
The locus of q is evidently the envelop of all the trajec- 
tories. Now 
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Pq=VO+Oq=VA+Ofl 
E7 = Es - a? = EA - Oq. 

Hence 

or (5) the envelop is an ellipse, whose foci are E and P, 
and which passes through A, 

§ 150. One of the most important problems in this 

branch of our subject is that of planetary 

mo^^on^ motion, which forms a good typical example 

of the processes to be employed in the 

treatment of central orbits. One or two definitions, and 

a general property of central orbits, must be premised. 

g 151. Def. An "apse" is a point, in a central orbit, at 
which the path is perpendicular to the radiua- 
' vector along which the central force acta. 

The length of the radius-vector is therefore, at such a 
point, generally a maximum or a minimum. This radius- 
vector, drawn to an apse, is called an " apsidal line." 

A central orbit is synvmelricol about every apsidal line. 
The simplest proof of this theorem depends upon the 
general principle of " reversibility," which holds in all con- 
servative systems. In fact if, at any instant, the velocity- 
vector of a particle, moving under the action of a conserva- 
tive system of forces, be reversed, the particle will simply 
retrace its previous path. For if we suppose a smooth 
tube, in the form of the previous path, to be employed to 
guide it back, the speed at every point will be of the same 
magnitude as before. The curvature also of the path will 
be the same ; and thus the normal component of the applied 
forces will balance the so-called centrifugal force, — i.e. will 
suffice to produce the requisite curvature, — so that there 
will be no pressure on the tube, and it is not required. 
Hence since, at an apse, the velocity is perpendicidar to the 
radius-vector, the two halves of the orbit on opposite sides 
of the apsidal line are similar and equal. Hence, however 
many apses there may bo, there can be at most only two 
apsidal distances. For the property of symmetry about 
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each apaidal line shows that, if thore be more apses than 
one, the iirst, third, fifth, etc., must have their apsidal 
distances equal, as also must the second, fourth, sixth, etc. 
If there be one aj^e only, it may correspond either to a 
minimum or to a maximum value of the radius- vector ; 
but, if there be more than one, they must be maxima and 
minima alternately. 

§ 152. We now proceed to the gravitation case already 
promised. We will take, first, the direct problem as in 
§ 49, where the force is assigned and the orbit is to be 
found. 



AparticU it prcifeeled from a given paint in a given direction and 
with a given ^eed, and moves umier the tKtion of a pionetarv 
central attrtKlion varying inversely as ike square of mntiOTi 
&e distance; to determine the orbit. 

Wb have P=f(#, and therefore by the last part of § 17 



d^^ 



where 7^ is double tlie 



£("-f)*("-|.)-». 



This gives by differentiation 



Let R 1)6 the distance of the point of projection from the ceiitr 
and^ the angle, and V the speed, of projection ; then, when 6 = 0, 

Henee, by (1) 

II.R 
and by (3) 
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_ V^sinffcog 



Now (1) is the general polar equation of a conic aection, focus the 
pole ; and, as its nature depends on the value of the exoentricity e 
given hy (4'), we see that 



if V^a/i/R, e>l, and the orbit i 
if V= = 2^/R, e = l, and the orbit i 
ifV^-=2;i/R, B<1, and the orbit: 



1 an hyperbola ; 
I a parabola ; 
1 an ellipse- 
infinity to distance E, for 
I 2fi/R, and the above oon- 
inoisely by saying that the 
- ellipae, according a- '^'— 



Bnt the square of the speed from rest ai 
the law of attraction we are considering, i 
ditions may therefore be expressed more C' 
orbit will be an hyperbola, a parabola, or t._ .___,. ., 
speed of projection is greater than, equal to, or less than, the speed 
from infinity. Illustrations of this proposition are found in the cases 
of comets and of meteor swarms. 

The speed of a particle moving in a circle is also often taken as the 
standard of comparison for estimating the velocities of bodies in their 
orbits. For the gravitation law of attraction the square of the speed 
in a circle of radius R is n/R ; and the above conditions may be ex- 
pressed in another form by saying that the orbit will be an hyperbola, 
a parabola, or an ellipse, according aa the speed of projection is greater 
than, equal tj>, or less than, \/2 times the speed in a circle at the same 
distance. 

Supposing the orbit to be an ellipse, we shall obtain its major axis 
and latus leeturo most easily by a different process of integrating the 



differential equatioi 
obtain 



Multiplying it by k^ and integrating, v 



I'-!©"--}-?-"*- 
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2 \\<ie) ^" / 2 2 R^'^ 
Now to dettrtiiino th« apsidal distances, me miiat put 



wliicli is a qiiai^ratio equation whose roots are the reeiprocals of tlie 
two apsidal distances. But if a be the semi-axis major, aiid c the ex- 
ecDtrieity, these diatancea ara 



a(l-e) and 0(1 + 0- 



II of (0) is the sum of tlie 



aii-e}^a{l + e) K" 



And the tliii-d t« 


rm is the product of tlie 




1 2^ Y' 




'(i^Ci-cTWVi'ii' 


or, by a), 










a^R'TT 


Thus 






2 E 2a ' 


atid therefore 





Equations (7) and (8) give the latus reotiim and miyor axL 
orbit, and show that the major ayia Is independent of the din 

The time of describing any given angle is to be obtained from the 
formula, 

,^ = ft^VW{l -«')}. by equation (7). 
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From this, combined with the polai' equation of the ellipse about 
he focus, we have 



bean written down from the condition of uiiiforn 

In the parabola, if d bo the apaidal distance, the integral becomes 
[since*-I, ail-c) = d, «(l-e=) = 2<i] 

From the known aiea of the ellipse we see that the periodic time is 

In the notation commonly employed for the further development 
of this most important question we write 

where n, which is called tlie " mean niotion," ia ■Jiija'. 

§ 153. By laborious calculation from an immense series 

, of observations of the planets, and of Mars 

(kiMmatican' '" particular, Kepler was led to enunciate 

the following as the kinematical laws of the 

planetary motions about the sun : — 

I, The planets describe, relatively to the centre of the 
sun, ellipses of which that point occupies a focus. 

II. The radius-vector of each planet traces out equal 
areas in equal times. 

in. The squares of the periodic times of any two planets 
are as the cubes of the major axes of their orbits. 

g 154. With these facts of observation as our guide, 

we proceed to the inverse problem of § 8 (I), 

Kepler'BUws" ^^ determination of the force from the 

observed motions. 

From the second of the above laws wo conclude that the 

planets are retained in their orbits by an attraction tending 
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to the Bun. If Qie radiiis-vector of a pLrUde moving in a 
plane describe egwd areas in equal times about a point in that 
plane, the resultant altraeti«n on, the particle lends to that point. 
For the datum is equivalent to the statement that there 
ia no change of moment of momentum about the sun's 
centre, or that the accelerations all pass through that point. 
From the first law it follows that the intensity of the 
attraction is inversely as the square of the distance from 
the sun's centre. 



lite for the description 



Sencc, if the orbit he a/n ellipse described about a ecnlm of aifradioii 
at the focus, the law qf intensity is that of llu- inveric square of the 
diatamee. 

From the third law it follows that the attraction of the 
sun (supposed fixed) which acta on unit >f mass of each 
of the planets is the same fui eich pUnet at the same 



The polar equation 


1 of an elUpse referred to 




«=|(l + .eos(?), 


where I is the latus r( 


ictiim. HeiKic 




iPu 2e „ 
dff^=-l''^^' 


and therefore the atti 
ofthe ellipse is (§47) 


■action to the focus reqni 



For, in the last formula in § 152, T= will not vary as a' unless n be 
constant, i.e. unless the strength of attraction of the sun be the same 
for all the planets. 

We shall find afterwards that for more reasons than one 
Kepler's laws are only approximate, but their . , -^ 
enunciation was sufficient to enable Newton ^^ (ph^^cai)." 
to propound the doctrine of universal gravi- 
tation, viz. that every particle of matter in the universe attracts 
every other wUh a force whose direction is that of the line joining 
them, and whose magnUvde is as the product of the masses 
direcUy and as the s<piare of the distance imersely ; or, according 
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164 DYNAMK S 

to Maxwell's formulation, betueen nay pair of particles 
there is a stress of the nature of a fenswn poportiorwl to the 
prod-act of the masses of the pai ticks dimded hy the square of 
their distance. 

H we take into account tiiat the sun la not absolutely 
fixed, then, neglecting tke mntuil attractions of the planets, 
Kepler's third law should be stated thus — 

The cubes of the major axes of the orbits are as the squares 
of the periodic times arid the sums of the masses of the stm and 
the planet. 

g 155. We will now indicate, as briefly as possible, 
the more ordinary transformations by which 
pianet'a^motion. *''■'' pi^eceding formulae are adapted (for 
astronomical applications) to numerical cal- 
culation. 

^ G orbit described about a 
j. Also suppose P to be the position 
of tiie pai'ticle at any time I. Draw 
PM perpettdioular to the m£qor axis 
ACA', and produce it to cut the 
ansiliary cirde in the point Q. 
Let C be the common centre of the 
curves. Join CQ. 

When the moving particle is at 
A, the nearest point of the orbit to 
S, it is said to be in "perihelion." 

The angle ASP, or the excess of 
the particle's longitude in its orbit 
over that of the perihehon, is caJled 
the " true anomaly." Let us denote it by $. 

The angle ACQ is called the "excentric anomaly," and is generally 
denoted by u. And if 2jrjn be the time of a complete revolution, iU 
is the circular measure of an imaginary angle called the " mean 
anomaly" ; it would evidently be the true anomaly if the particle's 
anaiUar velocity about S were constant. Here, obviously, n^a^—n. 

It is easy from known properties of the ellipse to deduce the follow- 
ing relations between the mean and excentric, and also between the 
true and oitoentric, anomalies : — 




'h^m- 
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This generally gosa by 



terms of t from our equationf 

so sroaO that higher terms than its square may be 

easily obtain developments correct to the first three 



which ni 


,aybe- 


.vritten 










a?{l 


-c-'f d0_^. 


i(l-e=)i. 




(1 + e 


COB 6f dt 






(1-. 


=]'(! + . cos ^)- 




Keeping 


poweri 


i of « lower thautliethii'd 








(l-2e 


cos. + 3.^co.2s)f = «. 


whence 


S = 


=M( + 2esin 


e-Se''sin2# 


'sin 20; 






;ii( + 2esin 


(nf + Besinju;)- 


-^»sin2« 



= !rf + 2« ain irf + 4e= COS n( sin mi - Je» ain 2)t( 
^Bi + 2e sin !ii + Je^ sin 2)ii. 
Kei'lek's Pkorlem. — To find r and $ as /imdimis of t fri/m the 
equoMons 

r.,(l-„o„) , . . . (1) 



4-JQ^> 



(3). 



These equations evidently give r, S, and ( dircotly for any assigned 
value of u, but this is of little value in practice. The method of 
solution which is commonly adopted is tliat of Lagrange, and the 
general principle of it is this ; — 

We can develop B from equation (2) in a series ascending by powers 
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of a small quantity, a function of e, the ec 
involving it and the sines of ninltiples of 
theorem wo may from equation (3) eipress i, 
etc., in series ascending by powers of e, whose at 
cosines of multiples of ni. Hence, by sulistitnting these values in 
eqnation (1) and in the development of (2), we have t and S expressed 
in aeries whose terms rapidly decrease, and whose coefficients are sines 
or cosines of mnltiplea of -ni. This is the complete practical solution 
of the problem. But we moat refer the reader to special treatises on 
Physical Astronomy for the full dev«lopmcnt of this subject. Com- 
pare g 52. 

§ 156. We may take here an opportunity of giving a 
sketch of a particular case of the important 
^^^?w OTUt'"""" qiiostion of "kinetic stability." The general 
treatment of this subject is entirely beyond 
our limits. But wo may investigate its conditions, in the 
case of a central orbit naturally circular, by a very slight 
modification of our equations. 



1 the 



he reciprocal of the radins-veotor, as in § 152. TI 
motion is tlien entirely summed up in the equatioi 

g^+» = r5/(«). and- = A«^. 



>e exceedingly small, i 

dr*'V na) ) "■ 

:e stability, x most not be capable of inci'casing indefinitely. 
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This leads to the condition that the multiplier of x in the aliove e(]\M- 
tion must be positive ; i.e. 

For, if the multiplier were negative, the value of x would consist of 
two real exponential terms, one of which would increase indefinitely 
with the angle 6, and would disappear iiom the value of a under 
special conditions only. 

If the multiplier were zero, a: would be a linear function of 9. 
Hence, in the only case we need consider, wa have 



■•(»^-!S'-''> 



The radius 

occur) alternately as the angle S increases by 
each equal to 



./Vl--^^- 



Suppose the force to vary as the inverse «tli power of the distance. 
Here/(a)«a'-=,andwehavel-'^^ = l-(»-2) = 3-)i. Thus « 
must he leas than 3 ; i.e. a circular orbit, with the centre of force in 
the centre, is essentially unstable if the force vaiy as the inverse thii-d, 
or any higher inverse power of the distance. 

If 11—2, which is the gravitation case, the apsidal angle is evi- 

g 157. A very curious result, due to Newton, may be 
indicated here, viz. that, if any central orbit 
be made to revolve in it* own plane with ^^"J^g^^rbit""''' 
angular velocity proportional at each instant 
to that of the radius-vector in the fixed orbit, it will still 
be a central orbit ; and the additional force required will 
s the cubo of the radius-vector. 



Generally, in 


a central or 


bit. 


But suppose B tc 


, becomes*, 


, where e is a constant, and 


which U Newton's hypothes 

or, as they may be written, 

r-rd\ = i 

From these the proposition 


is. The above equations liei 
is ohviotia. 
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Other examples of central orbits will be given when we 
discuss general principles, such as " least action " and 
"varying action." 



Special ProUem — The Brachistochrone 

§ 1S8. A celebrated problem in the history of dynamics 
_ . . , , is that of the " curve of swiftest descent," as 
it was called : — 

Two points beinff given, which are neiiher in a vertical rwr 
in a horizontal line, hfmd the carve (joining them) down which a 
partide sliding under gravity, and starting from rest at the 
highen; will reach the other in the least possible lime. 

The curve must evidently lie in the vertical plane 
passing through the points. For suppose it not to lie in 
that plane, project it orthogonally on the plane, and call 
corresponding elements of the curve and its projection o- and 
tr'. Then if a particle slide down the projected curve its 
speed at o-' will be the same as the speed in the other at 
u. But <r is •never less than </, and is generally greater. 
Hence the time through a-' is generally less than that 
through <T, and never greater. That is, the whole time of 
falling through the projected curve is less than that through 
the curve itself. Hence the required curve lies in the 
vertical plane through the point*. 

AJso it is easy to see that, if the time of descent through 
the entire curve is a minimum, that through any portion 
of the curve is less than if that portion weie changed into 
any other curve. 

And it if obvious that, between any two wnliguous eijual 
mine of a (Mntmuonslg varying quantdij, a 
^"ma^m™ ' ' inax^^iim or minimum must Jte [This pnn 
ciple, though exeessi\ely simple {witness its 
appbcation to the barometei or thermometer) is of veiy 
greiit power, and often enables us to sohe pioblems of 
maxima and minima, such as lequire, in anaJvsis, not 
merely the processes of the diSerential ulIcuIus but those 
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of the calculus of variations. The present is a good 
examplo.] 

Let, then, PQ, QR and PQ', Q'R (Fig. 50) be two pairs 
of indefinitely small sides of polygons such that the times 
of descending through either pair, 
starting from P with a given speed, 
may be equal. Let QQ' bo horizon- 
tal, and indefinitely small compared 
with PQ and QR, The brachistochrone 
must lie between these paths, and 
mu3t possess any property which they 
possess in common. Let v bo the 
average speed between the levels of P 
and <^ and ^ that between the levels 
of Q and R. Drawing Qm, Q'm perpendicular to EQ', PQ, 
we must obviously have 

Now if 6 be the inclination of PQ to the horizon, ff that 
of QR, Qn = QQ' cos 8, Q'ni = QQ' cos 6'. Hence the above 
enuation becomes 



This is true for any two consecutive elements of the 
required curve ; and therefore throughout the curve 

But 1'^ K vertical distance fallen through (? IS**) Hence 
the curve icquired is such that the cosini, of the an^^le it 
mikes with the hj izont.iI hne through the point of 
depaituro vaiie^ is the squire lOot of the distance from 
that line This is easily seen U be i [rrpeit\ of the 
cycloid if we remember that the tangent to that curve is 
panllel to the cuiiesponding chcrd of its gcneiating cirile 
For in Fig. 47, § 146, 

cosBP'M = cosBAF = §'.y^«VAM. 

The brachistochrone then, under gravity, is an inverted 
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cycloid whose base ia horizontal ; and its cusp is at the 
point from ^vhich theparticle descends. 

§ 159. Whatever be the impressed forces, reasoning 
similar to that in last section would show that the oscu- 
lating plane of the brachistochrone always contains the 
resultant force, and that 

where is now the complement of the angle between the 
curve and the resultant of the impressed forces. 

Let that iiaultaut = F, and lot the element l'Q = 3s, and 8' = 9 + 50. 
Tlien 

D'2-iP=2F&8mfl, 

'sSv—'ESs fin B. 
But itv. cos9 ; wliith givea 



IJut in the limit Ss/Se=p, the radius of aliaolutc eurvaturo at Q ; and 
F cos S is the normal component of the impressed force. In a free 
path these terms balance one another. In the pi-esent case the curva- 
ture is turned oppositely to that in the &ee path. Hence we obtain 
the result that, m any brachistochrone, the pressure on the curve IB 
double of that due to the force acting. 

§160 Nwf th nstrained path from P to E we have yitiis a 

m m (g 10) H in the same way as before, i/i being the 

ttl rre po d g t* S <j>—i/coaiji' from element to element, 

d th f th gh t th curve, if the direction of the forte he 

t t N w f tl Inc ties in the uneonatrained and braohis- 

tocl ron path b j 1 t ny equipotential sarface, they will be 

eq 1 t y th H c« taking the angles for any equipotontial 

osS os0=constant. 
A 1 1 PP parabola with its vertex upwai'ds to have 

f dire tn th b s( t verted cycloid ; these curves evidently 

B t fy th b It , the one being the free path, the other the 

brachistochrone, for gravity, and the velocities being in each due to the 
same horizontal line. And it is seen at once that Bie product of the 
cosines of the angles which they make with any horiaontal straight 
line which cuts both is a constant whose magnitude depends on those 
of the cycloid ami parabola, its value being Vz/lo, where I is the latus 
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reotam of tho parabola, aud a the diameter of the generating circle of 
the cyefinit 

Gimcrally, the problem of the braoliistoclirone maj be stated in the 



■'/t- 



while )iJi'= X3iB + TSj/ + 



the limits of the integral being given. This leads at once, by the con- 
sideration that BiK, %, hz are entirely independent, to tliree similar 
equations, of which the firet is 

Tlic corresponding eiiuations of the free path are of the form 

m\ ds / V 
and all the above results may easily be derived from these sets of 
equations. See, again, g 210. 

The integrated part of tho value of SI, which depends on the limits 



v\d3 ds " ds I 



If, therefore, the initial and final points are to lie on given surfa<!e3, 
the curve mast be so drawn as to cut each of them at right angles. 

Kinetics of a Particle generally 

§ 161. Here we must content ourselves with a few 
special eases, which will be varied as much 
■AS possible. 

A vmU particle moves on a smoolk curve, wader t}te actiim of any 
aystem (>f foress ; find (he iriotioa. 

All we know directly about the pressure R on the curve is that it is 
perpendicular ia the tangent line at any point. 

Kasolve tlien the given forces acting upon the particle into three, — 
one, T, along the tangent, which (unless there is resistance depending 
on thespeai) will be a ftmction otiC, y, sand therefore of s; another, 
N, in the Une of intersection of tlie normal and osculating planes (i.e. 
the radius of absolute curvature) ; and tlie tliird, P, perpendicular to 
the osculating plane. 

Let the resolved parts of R in the directions of N and P be E,, Ej. 
Now the acceleration of a point moving in any manner is compounded 
of two accelerations, one ^ or it— along the tangent to the path, and 

the other — towards the centre of absolute curvature, the acceleration 

P 
perpendicular to the osculating plane being zero ; and therefore 
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yL^-R, + -N . . . . (2), 

Ri and N being considered poaitiye when acting towards the centre of 
alisolute curvature ; this equation determines R,. _ 

Now Ks is the reaction which prevents P a withdrawing the particle 
from the osculating plane ; and therefore 

R,= -P , . . . (8). 

(2) aJid (S) give the resolved parts of the pressure on the curve. 
Also R = V(E| + R3 ), and its direction makes an angle - taa~\ajRi) 
with the osculating plana. , , , , „ ^ ^ ,• r, tj 

If the result of the investigation should show that at any time K could 
vanish, the particle must be treated aa free until the equations of its 
free motion show that it is again in contact with the curve. 

A particle 'moves, umler given farces, on a given smooth surface ; to 
detennims the motion, and the pressu/re on, the surface. 
Particle on Let 

smooth surface. F(a, jf, e) = .... (1), 

be the equation of the surface, R the reaction, acting in the normal to 
the snrfaoo, which is the only effect of the coustraint. Then, if A, ft p 
be its direction cosines, we know that 



B 



with similar expressions for p, and v, the differential coefficients being 
paitiaL , 

If X, Y, Z be tbo applied forces on unit of mass, our equations ot 
motion are, evidently, 



g=Z+Ej' ) 



(3). 



Multiplying equations (3) respectively by x, ij, i, and adding, we 

R disappears from this eiiuation, for its ooefBcient is 

Xi + ZiS + 's 
and vanishes, because the line whose direction cosines are proportional 
to X, etc., being the tangent to the path, is perpendicular to the 
norrnal to the surface. 
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If we snppoBO X, Y, Z to be a conservativB system of forces, the 
integral of (4) will be of the form 

i^='P(^ y, s) + C .... (5), 
and the speed at any point will depend only on the initial circum- 
stanofa of projection, and not on the form of the patli pursued. 

To find R, resolve along the normal, then 

which gives the reactionof the surface; p being the radius of curvature 

of the normal section of the surface through the tangent t^ the path, 

and the mass of the particle being taken as unity. 

To find the airve tchi^ih the partide describes on iJte surfaee. 

For this purpose we must eliminate E from equations (3). By this 

process wa obtain 

tl.itX.^i . . . (.,, 

two equations, between which if ( bo elimiiiatci], the result is the 
differential equation of a second surkce intersecting the first in the 
curve deaoribed. 

If there be no applied forces, or if the component of the applied 
force in the tancent plane coincide with the direction of motion of the 
parttole, then the osculating plane of the path of the particle, which 
contains the resultant of R and the applied force, wOl be a normal 
plane, and therefore the path will be a geodesic on the surface. 

Thus a particle under no forces on a smooth (or rough) surface will 
describe a geodesic. 

When a particle moves under gravity on a smooth surface of revolu- 
tion, whose axis is vertical, the moment of its velocity about the axis 
remains constant For, in the path projected on a horizontal plane, 
the acceleration is central. 

§ 162. An excellent and important example IS fuimahed 
by the simple pendulum, when its vibi'i 
tions arc not confined to one vertical plme 
When the bob moves in a horizontal phne 
tho arrangement is called a " conical " pendulum ■ 
a very simple matter, as follows, to find the 
motion. For the vertical component of the 
tension of the string must support the 
weight of the hob; i.e. 

Tcosa=my, 

where a is the inclination of tho string to 
the vertical. Also the horizontal component 
of the tension must supply the force mV^jll 
(§ 49) requisite for the production of tho cm" 



pondulun 

ind It i 
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Eliminating m/T from these equations, we have 
But, if T be the time of revohition of the hob, 



i.e. the conical pendulum revolves in the period of the 
small vibrations of a simple pendulum whose length is the 
vertical component of that of the conical pendulum (| 142). 

To carry the investigation to cases in whicli the pendulum describes 
It tortuo\is curve, we require (Bicept for approximate resulta) the use 
of elliptic functions. We thus obtain, among others, the following 

The motion will be comprised between two horizontal circles. Let 
the depths of these circles below the centre be b + c and b-e; then 
the vertieal motion of the bob of the pendulum will be the same as 
that of a point on a simple pendulum of length Pk perfomung com- 
plete ravolutiona in the same periodic time as the sphenoal pendulum. 

But for one of the moat importojit applications the deflexion from 
the vertical is always very small, and it is easy ffl obtain a sufficiently 
aecnrate working approximation without the use of elliptic functions. 
If we put p and q for the semi-diameters of the small elliptic orbit 
which irill then ho described by the pendnlnm bob, we flnd for the 
apsidal angle 

!(-§-• ■)• 

Hence, when a pendulum is slightly disturbed in any way, the motion 
is to a first approximation elliptic as in § 50. But the second approxi- 
mation shows that this ellipse rotates in ita own plane, and in the 
same sense as that in which it is described, with an angular velocity 
proportional to its area. Henco the necessity for extreme care, m 
making Foncault's experiment (presently to be described), lest the path 
at starting should even sliglitly deviate from a vertical pkne. 
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g 163, Another very important and useful example is 
furnished by Blackburn's pendulum, which 
is simply a pellet supported by three threads ^^^iium 
or fine wires knotted together at one point C 
(Fig, 52). The two other ends of two of them are 
attached to fixed points A and B, and 
the third supports the pellet P. The 
motion of P is virtually executed on a 
smooth surface, whoso principal curva- 
tures near the lowest point are 1/CP 
in the plane of the three threads, and 
1/PE in the plane perpcndicidar to 
them, — E being the intersection of the 
vertical through C with the line AB. 
Hence for small disturbances of this 
system, P has a simple harmonic motion 
in the plane of the paper whoso 
period is 2?r VOP/?, and another at right angles to it, 
with period 2ir -JVE-jg. The amplitudes of these motions 
are arbitrary, and, with the difference of phase, depend 
entirely on the initial disturbance. Thus we have a very 
simple mechanical means of producing the combinations 
treated in g 63 ; for we have only to make 

PE:PC;:u^:w'2, 

and give the bob its proper initial motion. 

§ 164. When CE is very small compared with CP, we 
have a realUation of the case of g 61, in which the orbit is 
(at any instant) an ellijBe, but in which the ellipse gradually 
changes its form and position, so as to be always inscribed 
in a definite rectangle. This experimental arrangement is 
exceedingly instructive. To avoid as far as may be the 
effects of resistance of the air, the vibrations should be 
alow, i.e. the wires should be as long as possible. The 
bob should be a ball of lead, containing a tube full of ink 
which slowly escapes from a fine orifice at its lower end, 
so as to make a permanent record of the path on a sheet 
of paper placed below the plane of motion of the bob, but 
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parallel and very close to it Or, the bob may be furnished 
with a spike at its lower end, from which induction sparks 
may be taken so as to pierce a sheet of paper laid on a 
copper plate below it. 

By mere alterations of the point of suspension A, the 
ratio of tu, ui' may be varied at pleasure, provided that AO 
and EC are long enough compared with OP. 

§ 165. Lissajoui produced similar curves by attaching 

plane mirrors to the legs of tuning-forks, 
tunk^-forka ^*^ allowing a ray of light, after successive 

reflexions from two such mirrors, to fall on 
a screen. Eut it seems to have been first pointed out 
much earlier by Sang, and afterwards developed by Wheat 
stone, that the same result is obtained by fixing firmly one 
end of a steel rod, and setting the free end in vibration. 
There are two planes of greatest and least flexural rigidity 
(Chap. IX.) in all wires, however carefully drawn. These 
are at right angles to one another ; and the motion of the 
free end of the wire when slightly disturbed is therefore 
precisely that of the bob of the Blackburn pendulum. 
Another interesting mode of producing the same result is 
by causing a ray of sunlight to be reflected in succession 
from four mirrors, all attached, nearly at right angles, to 
parallel axes. One pair is made to rotate, the two in 
opposite directions, with one angular velocity. A ray 
reflected in succession from these is (§ 65) made to oscillate 
according to the simple harmonic law, in a plane which 
can be varied at pleasure by altering the relative position 
of the normals to the two mirrors. The other pair of 
mirrors supplies the other simple harmonic motion, also 
in any desired plane. 

§ 166. We must next consider the effect of the earth's 

rotation upon the motion of a simple pcndu- 
Fouoaalt ^ Strange to say, it was left for Foucault 

to point out, m February 1851, that the 
plane of vibration of a simple pendulum suspended at 
either pole would a^^mr to turn through four right angles 
in twenty-four hours, — the plane, in fact, remaining con- 
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stant in position while objects beneath the pendulum were 
carried round by the diurnal rotation. At the equator, it 
was pretty obvious that no such effect would occur, at least 
if the original plane of vibration was east and west By- 
some process, of which he gives no account, Foucault 
arrived at the result that the piano of oscillation must, in 
any latitude, appear to make a complete revolution in 
24^ X cosBc . latitude. This curious result has been amply 
verified by experiment. 

The equations of motion of the pendulran, roferi'ed. to rectangular 
axes fixed in direction in space and drawn from the earth's centre, the 
polar asis being that of s, are obviously 

with similar expressions in y and s (fl, b, c being the co-ordinates of tlio 
point ot suspension, T the tension, I the leugtS of the string, and X, 
Y, Z the componenfB of gravity). 

The equations of motion referred to a new set of axes parallel to the 
former, hut drawn through the point of suspension, are 



— =- '—^"'V^n ■ ■ (D- 



i'=-T^ 



Let us now refer the motion to axes turning with the cai-th, but 
drawn from the point of susiwufiion. If the axis of f be drawn verti- 
cally, and the axes of ij, f respectively southwards and eastwards ; and 
if lU be the angle at time ( hetween the planes of as and ^ij, \ being 
the co-latitude of the point of suspension, we have (assuming that ( 
intersects s) the nine direction- cosines. Here are three— 



:e find the values of 



Let 7 be the acceleration due to the attraction of gi'avity alone, and 
r the angle (nearly equal to X) which its direction mabies with the polar 
aiiB. [We have above in effect assumed that its direction lies in the 
plane of if, as we have assumed that the axis of ^ intersects the polar 
axis, while we know that the centrifugal force lies in their common 
plane.] Let r be the distance of the point of suspension from the 
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I its direction makes witli tie polar a 



With these data, wo transform enuations (1 ) from x, y, z to f , ij, f. 
The equations immediately obtained are ineouTeniently long for our 
columns. But they are easily simplified as follows : — 

We oontemplat* small vibrations only ; so we m^ treat f as being 
practioally equal to - 1, and omit its dilferential coemcients. We also 
omit powers and products of ir. f, and all terms in iii", except those in 
which it is multiplied by ft large quantity. For it is known that the 
oentrifiigal force at the equator is about l/289th of gravity, or that 
approximately 



•e led to recognise that yei 
nave nnauy 

dt^ dt I 

g+2.co.xft + Sf.O 
dp dt I 

These are the equations of the motion of the hob, referred to a 
horizontal plane fixed to the earth. The middle terms obviously 
depend nx>on the earth's rotation. 

To interpret equations (2) it is convenient to employ a second 
change of co-ordinates — to refer the motion to axes revolving uniformly 
in the plane of ij, f, with angular velocity it. If g, ; be the co-or- 
dinates referred to the new axes, we have by analytical geometry 

^=8Cosn<-jsinffl, f^gsiniii-HjcosSii, 
the suhstitutJon of which in (2) leads to the equations 

dt'^ I • d? T ■ ■ ■ ''''' 

provided we take 

JJ--UCOSX . . . . (4), 
and omit as before t^rms of the order w'. 

(4) shows that the new axes rotate, in the oppodle direction to that 
of the earth, with the component of the earth's angular velocity about 
the vertical at the place. And, in the plane so revolving, we see by 
(3) that the bob of the pendulum describes an approximately elliptic 
orbit, of which a straight line is a ]mi'ticular case. 

A cireu!ar nath being ohviously possible, let ua assume as particular 
integrals of (2) 

The substitution of these values gives the same result 

in each of equations (2). 
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Put gll=n^ ; then the values of ji are, to the degree of approximation 
above employed, ±n-&rco3\, so that the (apparent) angular velocity 
of a conical pendulnm is increased or diniiiuslied by u cos A accoiding 
as its direction of rotation ia negative or positive. 

§ 1 67. The preceding problem is a particular case of the 
following general one. To find the motvm of 
a paTUde svhjeded to tlte action of given f (trees ^^^^^^^1 
and wider varying amstraint. It would lead 
us to details incompatible with our limits to enter upon a 
full discussion of so wide a question, but wo give one or 
two simple and useful cases to show the commoner forms 
of procedure. 

A partide vmder any force$, amd TesHng on a smooth horiamial 
plane, is attaehed by am, mextensible string to a poiiit tehich moves 
in a given manner in that plane ; to determine Ike motio^i of the particle. 

Let X, y, i, S be the co-ordinates, at time I, of the particle and 
point, a the length of the string, R the tension of the stiing, and m 
the mass of the particle. 

For the motion of the particle we have 



dt^ 



:mX-R~ 



= roY-R' 



. y-p 



with the condition {x - sy + {y - §Y=a'. 

Now *, y are given functions of t. Take from both sides of the 
equations (1) the quantities m-p. ™i^ respeutivoly, and we have 
the equations of relative motion 

^^(£-£)_ ^-£ fx- 

These are precisely the equations we shonld have had if the point 
had been fised, and in addition U> the forces X, Y, and R acting on 
the particle, we had applied, reversed in liirection, the accelerations of 
the point's motion wiUl the mass as a factor. It is evident that the 
same theorem will hold in three dimensions. The accelerations j-j 

-~ are known as functions of (, and thercfoii; the equations of relative 
motion are completely dctenninod. 
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Zet there be no impressed forces, and suppose fifsi thai the poitU moves 
vnth omstaTU velocUi/ i-a a straight line. 

Here ^< -A "^ constant, and therefore no terms are introdiioad 
in the equations of motion. 

Again, suppose the point's motion Id be rectilinear, but uniformly 
accelerated. 

The relatiye motion wUl evidently l>e that of a aimple pandulum 
from side to aide of the point's line of motion. In certain cases, wlian 
the angular velocity exceeds a certain Emit, we shall have the string 
occasionally untendod ; and this will give rise to an impact when it is 
again tended. While the string is untended the particle moves, of 
course, in a straight line. 

Suppose the point to move, wilk constatit angular velocity (ii, ire a 
eircle whose radius is r a/ad centre origin. 

Here, 1 supposing the point to start firom the axis of x, 
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or, in polar co-ordinates, for the relative motion, 
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the equation of motion of a sinii'le pendulum whose length is — j' 

The particle therefore moyea, with referonce to the nnifonnly re- 
volving radius of the circle descril>«d by the point, just as a. simple 

penduhun with reference to the yertical. 

A particle mima in a mnooth slraigM tuhe wMeh revolves with am- 

sUaU imgvJar velocity rm-nd a veriieal axis to which it ia perpeiidimla/r ; 

to deterw.iaie the iootion. 

Here, referring the particle to polar eo-ordmatea in the plane ot 

motion of the tube, wa have d = constant=u, P = (§ 47), and thus 

for the acceleration along the tube 



Suppose the motion to commence at time (= by the cutting of a 
string, length a, attaching the particle to the aiis. The yeloeity of 



the particle at tliat ir 



it along the 
r = a=^A + l( 
r=0=A-B; 



so that A = B = ic!, aDAr—\a[e" +e ° 

In Fig. 53 let ,0M he the initial 
position of the tuhe and AJ that of 
the particle, and let OL and Q be 
the tube and particle at time (. 
ThenOA^a, arc AP = aLj«, OQ^r, 
and we have 



OQ-iOAl,£ 
From this t 



tha 



__>e corrosjionding 

of the ordinate and abs ga 
catenary (Chap. Vlll.) w ss pa 
meter is OA. Here the oa 

weight of the particle, wh h h n 




1 the tube is equal to the 



a, combined with the yaluc of r, 



;s for tlie horizontal 



the tangent drawn 
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Lei (he tube be in (he form of a circle (urnivg with canslaiU arigidar 
ilociMi about a mrtieal diameter. Let AO (Fig. 64) be the axis, P the 
pofdtion of the jiarticle at any time. Let 
POA = denote the partiole's position, and R the 
preRSvire on the tube in the direction of OP. 
We have 




Eliniinating R, 

The position of equilibrium will therefore he given by 
Integrating (1), 



f (l-eo37y^ + '4-(cose-cc 



" ; that is, if tbo 



If <j?<M, the particle will oscillate; and if ^^"^ ""^^'^ *^''' 
then 



and therefore, if 2 cos 7- co9a=>I, the particle will oscillate throiigli 
the lowest point. 

If l!>2eofiv-ooso>-l, then, pntting 
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\dt) 



Lij'(cosfl-coso](cosj9- 



and the particle will oscillate on one side of the vertical diameter. 

In each of these tJiree oases the complete solution of the problem 
can be eshibited in terms of elliptic functions. In the last two cases, 
when the arcs of oscillation are very small, a sufficient solution may 
easily he obtained by the usual methods of approximation. This is a 
particulaily instructive example, 

§ 168. As a final example of constrained motion of a 
particle, let us find the form of a curve (in 
a vertical plane) such that a particle will 
slide down any arc of it, from the origin, 
in the same time as down the chord of 
that arc. If OA, OB (Fig, 55) be any two ' 
chords, it is plain that the difTerenco of the 
times down these chords must be equal 
to the time of describing the arc AB. But, 
if OA make an angle B with the vertical, 
the time of descent along it is 




J\ 



20A 



And the velocity at A is \/2^0A cos 0, so that the time 
of descrihing AB (considered as infinitesimal) is 

AB/V^aOAcosfl. 

If we put )■ for OA, our condition gives at once 
rfs 

de />/ geosg~ \/2gr cos 6 ' 

where s is the length of the arc OA. This equation is 
easily integrated, and the resulting relation is 



which belongs to the well-known lemniscate of Bernoulli. 
From its form we see that the vertical line from which 6 
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is measured is a tangent at ; so that the motion in arc 
commences vertically from the double point. 

If tlic limitotion to a plane curve, or at least BOmo definite con- 
dition had not been imposed, it is easy to eeo that the problem would 
have been altogether iudeterrainate. An interesting case is that m 
which the partSile moves on n smooth sphere, O being at the end of a 
horizontal diameter. Another is when the motion is oonfined to a 
vertical right cylinder. 

§ 169. To complete this elementary sketch of the 
dynamics of a single particle we take an in- 
"^'T n^'^ stance or two of " disturbed motion." The 
""" ""'' essence of this question is usually that the 
disturbing forces arc, at any instant, small in comparison 
with the forces regulating the motion ; so that, during any 
brief period, the motion is practically the same as if no 
disturbing cause had been at work. But, in time, the 
effects of the disturbance may become so great as entirely 
to change the dimensions and form of the orbit described. 
The mathematical method which has been devised to meet 
this question depends upon what has just been said. The 
character of the path is not, at any particular instant, 
affected by the disturbance ; but its form and dimensions 
are in a state of slow, and usually progressive change. 
Hence, as the first depends upon the form of the equations 
which represent it, while the latter depend upon the actual 
and relative magnitudes of the constants involved in the 
integrals, we settle, once for all, the form of the equation 
as if no disturbing cause had acted. But we are thus 
entitled to assume that the constants which the solution 
involves are quantities which vary with the time in con- 
sequence of the slight, but persistent, effects of the 
disturbance. And, as we know that, if at any moment 
the disturbance were to cease, the motion would forth- 
with go on for ever in the orbit then heing desa-ihed, it 
follows that in the expressions for the components of the 
velocity no terms occur depending on the rate of altera- 
tion of the values of the constants. This, as will be seen 
below, very much simplifies the mathematical treatment of 
such questions. 
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I tlmple pmiditliim miiratiaff 
« t^ecied to a »impU pendnlnm. 
hwraumU dUtuiiiciice in the direction of Ua motum. 
The equiition of motion will obviously be of the form 



Tlie intugral of this equation is 

g^Pcos(?ti + Q)-- a_^a eoami. 

We see then that the result is the superposition of a new simple 
harmonio motion on the natural simple harmonic motion of the unois- 
turbod bob, and that it is altogether independent of the amplitude and 
phase of the undisturbed motion. So long aa the distnrbajice is very 
small, this new part of the motion may be neglected, unless m is veiy 
nearly equal to m. For in that case the amplitude of the disturbance 
may become much greater than that of the original motion. When m 
is equal to n, the integral changes its form, and we have 



9 = Pc( 



:{^ + Q) + A^si, 



This shows that, in the special case of a disturliaiice of 
the same period as the undisturbed motion, Harmonic motion, 
the nature of the motion is entirely changed, with disturhance 
Thus, suppose the pendulum to be at rest at " ^^""^ ^^"° 
it« lowest point when the disturbance is applied ; then wo 
have merely 



a simple harmonic motion whose amplitude increases in 
proportion to the time elapsed since the disturbance com- 
menced. 

As such a result is unrealisable ill practice, we naturally suspect 
that our equation docs not fully represent the truth. In fact the 
reaistance, which opposes all actual motions of this Itind, has heen 
neglected. If we take it as being projMirtional to tlie speed, our 
equation should have been [§ 140) 



Hosted by 



Google 



DYNAMICS 



wliicli does Dot necesaaiHy lead to any catastrophic result. 

g 170. As another illustration, mjypoie the poini of sus- 
pension of a ^mpk jmijulum to hive a simple 
^Z'dkt^E ^""noww- motwn of smcdJ ampblnde jm a hmi- 
zontal line 
Here the cqiiattons of motion ire (to lion?ontal and vertical axes) 



But if we anppose the oscillations to be small, we my,y 
IB, y = l, where I is the length of the pendulum, and 6 
makes with the vertical. Then we have 

it-lB+'^=le-\-A.i:oS'iiZ, suppose, and (; = 0. 



l6 + A cos 7il= -gS, 
which is preeisulj the M[uation of the first case in § 169. 

We see from this how to explain the somewhat puzzling 

, ,. phenomenon which we observe when we 
Motion of a slinc. , , . , , . , 

" produce complete revolutions of a stone in 

a sling by a comparatively trifling motion of the hand. 
All that is necessary is that the hand should have a slight 
to-and-fro horizontal motion, in a period nearly equal to 
that in which the sling and stone would vibrate as a 
pendulum. This result of particle kinetics ia (like that in 
§ 169) of great value in other branches of physics, especi- 
ally sound, light, and radiant heat. 
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KINETICS OF A SINGLE PARTICLE 1 

To illiistiate the general principle, let ns take the case of one degi 
of freedom. Then the equation of motion of unit Disturbance 
mass must be of the form generally. 



e^M 0. t), 

in whioh a and ^ are two artiitrary constants. We may now suppose 
o and (S to he variable in such a way that the equation shall still be 
satisfied by this value of $ when the disturbing forces are included. 
This imposes only one condition on the two independent quantities a 
and p, so that to determine them completely we must impose a second. 



This we do, as alroad; explained, by makmg the expression for the 
speed, independent of the rates of alteration of o and ft and wa gain 
the advantage that onr solution will aeooi'd at every instant with what 



would be the actual future motion if the disturbance were suddenly ti 
cease. The speed is 

We therefore assumo 

Taking account of this and differentiating again, we liave 

Hence we have, for the determination of a and 0, the eqiiatiung 

These give the values of '^ aji(! ^. and so completely solve tJie 

g 171. Ill a somewhat similar way we may treat the 
effects of a alisht disturhance, made once ... 

, „ . , ° . . 1- 1 J ■!, Impulsive change 

for all, in the motion of a particle descnl>- gt velocity, 
ing a definite path under given forces. A 
single example must suffice. 

Thus, we have in an elliptic orbit about the focus, § 152 (8), 
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At tlic end of the iiiajor axis farthest from the focus this bcconjea 

No« il at thio puiiit V K made V + 5V, without change of direc- 
tion, wt have the toiidition that m the now orbit a{l +e) shall have 
the same value as in the old, since this will still be the apsidal 



6(v^=s(^f:i^). 



which determine the increase of the major axis and the dim 
the excentricitj ; and the same method is applicable to mo 



A very excellent series of examples of the c 
geometrical treatment of disturbed orbits is to be found in 
Airy's G^-avUatmi. 
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CHAPTER V 

THIRD LAW. KINETICS OF TWO OB MOKE I'AHTICLES 

§ 172. We have, by means of the first two laws, arrived 
at a definition and a measure of force, and 
have found how to compound, and there- ^^^^JZ"^ 
fore how to resolve, forces, and also how to 
investigate the conditions of equilibrium or motion of a 
single particle subjected to given forces. But more is 
required before we can completely understand the more 
complex cases of motion, especially those in which we 
have mutual actions between or amongst two or more 
bodies, — such as, for instance, tensions or pressures or 
transference of energy in any form. This is perfectly 
supplied by the third law, on which Newton comments 
nearly as follows. 

§ 173. If one body presses or draws another, it is 
pressed or drawn by this other with an Newton's oom- 
oqual force in the opposite direction. If menta on third 
any one presses a stone with his finger, his "' 

finger is pressed with an equal force in the opposite 
direction by the stone. A horse, towing a boat on a 
canal, is dragged baclswards by a force equal to that 
which he impresses on the towing-rope forwards. By 
whatever amount, and in whatever direction, one body 
has its "motion" changed by impact upon another, this 
other body has its " motion " changed by the same amount 
in the opposite direction ; for at each instant during the 
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impact they exerted on each other equal and opposite 
pressures. When neither of the two bodies has any rota- 
tion, whether before or after impact, the changes of velocity 
which they experience are inversely as their masses. 
When one body attracts another from a, distance, this 
other attracts it with an equal and opposite force. 

§ 174. We shall for the present take for granted that 
the mutual action between two particles 
^*"''^' may in every case be imagined as com- 
posed of equal and opposite forces in the strg,ight line 
joining thom, two such equal and opposite forces con- 
stituting a "stress" between the particles. From this it 
follows that the sum of the quantities of 
.^m^li-a^d motion, parallel to any fixed direction, of 
of moment of the particles of any system influencing one 
momentmn. another in any possible way, remains un- 
changed by their mutual action ; also tLit the sum of the 
moments of momentum of all the particles round any line 
in a fixed direction in space, and passing through any 
point moving uniformly in a straight line in any direction, 
remains constant. From the first of these propositions 
we infer that the centre of mass of any system of mutually- 
influencing particles, if in motion, continues moving uni- 
formly in a straight line, except in so far as the direction 
or speed of its motion is changed by stresses between the 
particles and some other matter not belonging to the 
system; also that the centre of mass of any system of 
particles moves just as all their matter, if concentrated in 
a point, would move under the influence of forces equal 
and parallel to the forces really acting on its different 
parts. From the second we infer that the axis of 
resultant rotation through the centre of mass of any 
system of particles, or through any point either at rest or 
moving uniformly in a straight line, remains unchanged 
in direction, and the sum of moments of momentum round 
it remains constant, if the system experiences no force 
from without, or only forces whose resultant passes 
through the centre of inertia of the system. This 
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KINETICS OF TWO OR MORE PARTICLES 181 

principle is sometimes called "conservation of areas," a 
very misleading designation. 

§ 175. Newton's scholium, whicli we treat as a fourth 
law, points out that resistances against consequences of 
acceleration are to be reckoned as reactions Newton'a 
equal and opposite to the actions by which sehoiinm. 
the acceleration is produced. Thus, if we consider any 
one material point of a system, its reaction against 
acceleration must be equal and opposite to the resultant 
of the forces which that point experiences, whether by 
the actions of other parts of the system upon it, or by 
the influence of matter not belonging to the system. In 
Other words, it must be in equilibrium with these forces. 
Hence Newton's view amounts to this, that all the forces 
of the system, with the reactions against acceleration of 
the material points composing it, form groups of equili- 
brating systems for these points considered individually. 
Hence, by the principle of superposition of forces in 
equilibrium, all the forces acting on points of the system 
form, with the reactions against acceleration, an equilibrat- 
ing set of forces on the whole system. This 
is the celebrated principle first explicitly Aiembert s 
stated and very usefully applied by U' Aiem- 
bert in 1742, and still known by his name. 

§ 176. Thus Newton lays, in an admirably distinct 
and compact manner, the foundations of the 
abstract theory of "energy," which recent ^'^f'^^^'.'"'^ 
experimental discovery has raised to the 
position of the gi'andest of known physical laws. He 
points out, however, only its application to mechanics. 
The acHo agentis, as he defines it, which is evidently 
equivalent to the product of the effective component of 
the force into the velocity of the point at which it acts, 
is simply, in modern English phraseology, the rate at 
which the agent works, called the " power " of the agent. 
The subject for measurement here is precisely the same 
as that for which Watt, a hundred years later, introduced 
the practical unit of a "horse-power," or the rate at 
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182 DYNAMICS 

which an agent works when overcoming 33,000 times 
the weight of a pound through the distance 
' of a foot in a minute, — that is, producing 
550 foot-pounds of work per second. The unit, however, 
which is most generally convenient is that which Newton's 
definition implies, namely, the rate of doing wort in 
which the unit of work or energy is produced in the unit 
of time. 

§ 177. Looking at Newton's words in this light, we 
sec that they may be converted into the following : — 

" Work done on any syatero. of bodies (in Newton's 
statement, the parts of any machine) has its 

Bcholium^ equivalent in work done against friction, 
molecular forces, or gravity, if there be no 
acceleration ; but if there be acceleration, part of the 
work is expended in overcoming the resistance to ac- 
celeration, and the additional kinetic energy developed is 
equivalent to the work so spent." 

When part of the work is done against moleeulai' 
forces, as in bonding a spring, or against gravity, as in 
raising a weight, the recoil of the spring and the fall of 
the weight are capable, at any future time, of reproducing 
the work originally expended. But in Kowton's day, and 
long afterwards, it was supposed that work was absolutely 
lost by friction. 

§ 178. If a system of bodies, given either at rest or in 
motion, be influenced by no forces from without, the sum 
of the kinetic energies of all its parts is augmented in any 
time by an amount equal to the whole work done in that 
time by the stresses which we may imagine as taking 
place between its points. When the lines in which these 
stresses act remain all unchanged in length, the sum of 
the kinetic energies of the whole system remains con- 
stant If, on the other hand, one of these lines varies in 
length during the motion, the stress in that line will do 
work or will consume work, according aa the distance 
varies with or against it 

§ 179, Experiment has shown that the mutual actions 



Hosted by 



Google 



KINETICa OF TWO OR MORE PARTICLES 183 

betweGii the parts of any system of natural bodies always 
perform, or always consume, the same 
amount of work during any motion what- "^"^^s^^''™ 
ever, by which the system can pass from one 
particular configuration to another ; so that each configura- 
tion corresponds to a definite amount of kinetic energy. 
Hence no arrangement is possible in which a gain of 
kinetic energy can he obtained when the system is 
restored to its initial configuration. In other words, 
" the perpetual motion " is impossible. 

The "potential energy" (g 113) of such a system in 
the configuration which it has at any 
instant, is the amount of work that it^P"^^"-^ ""^^ey- 
mutual forces perform during the passage of the system 
from any one chosen configuration to the configuration at 
the time referred to. It is generally convenient so to fix 
the particular configuration chosen for the zero of reckon- 
ing of potential energy that the potential energy in every 
other configuration practically considered shall be positive. 

As particular instances of this we may notice many of 
the results already given : for instance, the ordinary expres- 
sion for the velocity acquired by a falling stone (§ 28), 
^^ = ffx; for here ^mi>^ is the kinetic energy acquired, 
while mg.x ia the work done by the weight (mg) during the 
fall Similarly, we have in the motion of a planet, the ex- 
pression ^ = ;x(|---l-), which leads to m'^'=^(ri-r). 
Here -^ is the " mean value " of the force for distances 
from r to rj, and therefore the right-hand side is the work 
done by the force, while the left-hand aide is the increase 
of kinetic energy produced. 

e have merely to notice that, 

J \ as as as/ 
positions, and therefore tl 
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Z[Xdx^Ydy + Zdz) 



Xi=-^, 



Also, by the secoud law of motion, if m, be tlie 
of the system whose co-ordinates are x^, y„ z„ we 1 

^ dy (Pj/ di (S;\ 



™\dt 



that IS, Ihe mm of tlie kinetv and potential energies is ccritslant. 
This 13 called the " finbetvahon of snergtj." 

In abstract dynamics, with which alone this work is 

concerned, there is loss of energy by friction, 
disimatwii impatt, etc This we simply leave as loss, 

to be accounted foi by Thermodynamics, 
g IRO Hitherto, as we have been dealing with the 

motion of a single particle only, we have 
* gtrm ^ " "'^'' '■^'^''^^'i '■lis assistance of even the 

third law. For, in those cases, already 
treated, in which one of the forces was not given, 
it was at al! events due to a given constraint, and the 
geometrical circumstances of the constraint supplied the 
means of determining it. In fact we were no^ in any 
case, concerned with reaction ; or, to use the more modem 
form of expression, we were engaged with one Half, only, 
of a stress. When a stone's motion was investigated, no 
account was taken of the stone's attraction for the earth ; 
when we dealt with central forces, the centre was supposed 
to be fixed; and, even in the cases in which variable 
constraint was supposed, the curve which produced it was 
assumed to move in a manner absolutely determined be- 
forehand, and in no way affected by the reaction of the 
mass acted upon. 
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KINETICS OF TWO OR MORE PARTICLES 185 

But, in nature, circumatances are not so simple. 
Though, for all practical purposes, we may calculate the 
motion of an ordinary projectOe as if its attraction had 
no influence upon the motion of the earth, we cannot do 
so in the case of the motion of the moon about the earth. 
The mass of the moon is about ^ of that of the earth, 
and its gravitation eflects on the motion of the earth 
cannot be neglected. The moon, in fact, moves faster 
round the earth than would a projectile of less mass, 
though moving in precisely the same relative orbit (g 154). 
If the earth's motion were not accelerated by the reaction 
of the moon, the sole crest of the lunar tide-wave would 
be on the side of the earth next the moon, and there 
would be full-tide once only in a single rotation of the 
earth about its axis. We need not give further instances 
here ; they will present themselves in almost every ease 
we investigate. 

§ 181. To give a general notion of the applications of, 
and necessity for, the third law, we 
tlccted so as ti 
in short compass, a sufficiently general 
glance at the whole subject. 

We take, first, the case of two stones or bullets con- 
nected by an incxtensible string passing 
over a smooth pulley. Let their masses be m^Mue^ 
m and m'. Our physical condition is that 
the tension of the string, whatever be its value, is the 
same throughout; and this is accompanied by the geo- 
metrical condition that the length of the string is constant, 
or that the speeds of the two masses are equal but in 
opposite directions. Hence the amounts of increase of 
momentum in a given time are as the masses. Rut they 
are also as the forces, by the second law. Thus 



i:T- mff-.m'g-T. 



This gives, at once. 
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186 DYKAMICS 

SO that the whole downward force on m' is 

and the whole upward force on m is 

The motion of the system is therefore of precisely the 
same character as that of a free mass falling in a vertical 
lino ; but the acceleration is less, in the ratio of the differ- 
ence of the two masses to their sum. 

§ 183 This la the essence of the arrangement called 
Atmo^s Moilimi', which used to be employed for the 
demonstration (in a rough way) of the first and second laws 
of motion, in certain simple cases. The main feature of 
the method is the artificial reduction of the acceleration, so 
thit the motion of the falling body is rendered slow enough 
to be followed by the eye with some degree of accuracy. 
To prove the first law, a bar of metal was laid across one 
of two equal masses suspended as in the example ; and the 
system was allowed to move under acceleration until the 
preponderating mass passed through a ring which arrested 
the bar. The subsequent motion, with no acceleration, was 
then observed by noting the passage of the falling mass in 
front of a vertical scale, while the observer also listened to 
the ticking of a pendulum escapement. For the verifica- 
tion of the second law, so far as uniform force is concerned, 
the apparatus was adjusted by trial so that the extra load 
was detached from the preponderating mass after 1, 2, 3, 
etc., beats of the pendulum ; and the subsequent uniform 
speed was found to be nearly in proportion to these 
numbers. Andj again, to prove that momentum acquired 
is, exteris paribus, proportional to the force, the effects of 
bars of different masses were compared by the same process. 

If X and ; - « be the portions of the string on opposite sides of the 
pulley at time t, we have 

d% „ i'^ n ^\ — ...'„ T- «,.% 
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KINETICS OF TWO OR MORE PARTICLES 187 

Honoe by elimination of T, and of 'ji, separately, we liave 

ra-m' .. ,_ 2mm.' , . 
,g=x, andT = ——^^, as before. 

When one of the masses is vibrating pendulum -wise, tlie problem 
assumes a very ninch more difficult aspect. We will take it later as an 
example of the application of Lagrange's general method, 

§ 183. Let us now suppose these masses, so connected, 
to be thrown like a chain-shot Wo see by chain-ehot. 
g 174 that their centre of inertia moves as 
if the masses were concentrated there. Also that the 
moment of momentum is unaffected. Hence wo have only 
to find the initial position and motion of the centre of 
inertia, and the plane and amount of the initial moment 
of momentum; and the complete determination of the 
motion follows. This case is precisely the same as that of 
a well-thrown quoit, the rotation of which is about its axis 
of symmetry. It is, so far as g 174 goes, the case of an 
ill-thrown quoit, which appears to wabble about in an 
irregular manner. But these are matters properly to be 
treated under Kinetics of a Rigid System. 

g 184. Suppose, next, two masses m^ and wig to bo con- 
nected together by an elastic string, the Masses con. 
extension of the string being proportional to nected by 
the tension. Let m^ be held in the hand, elastic stcing. 
while Mig hangs at rest. Then let the system be allowed 
to fall. What is the nature of the motion t Without 
mathematical investigation it is easy to see that, the 
moment the masses are left free to fall, the tension of the 
stretched string will gradually draw them together. When 
it has thus contracted to its normal length, I, the relative 
speed of the two masses will have a definite value. This 
will continue to be the relative speed until they have 
passed one another and again arrived at a mutual distance 
I. At that instant the tension of the string comes into 
play again; the relative speed becomes less and less, 
finally vanishing when the distance between the masses 
is what it was at starting. Then the relative speed 
becomes again one of approach, increasing steadily till the 
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1 the masses is /. This maximum speed of 
approach continues till, after again passing one another, 
the particles once more reach the relative distance I. And 
so on. All this time, however, their common centre of 
inertia has been steadily falling with uniformly accelerated 
speed, as if the masses had been concentrated at it into 
one. Since I is the unstretched length of the string, if we 
call E its modulus of elasticity, its tension at any other 
length. A, is 



by Hooke's law. Hence, if initially m^ were at the origin, 
and the axis of r, be taken vertically downwards, wo have 
for the initial co-ordinate of ra^ 



fei..(w«)<. 



When the masses are moving, the third law informs us that the 
tension of the string acta equally and in opposite directions on them. 
T)lu3 the equations of motions are 

liy eliminating T we have at once 

mi£ + iH^Ss = (mi + JJij)^. 
But 

jniCCi + m^ - (JB, + Mia)?, 

if I be the co-ordinate of tJic centre of inertia of the two masses. 
Hence 

the ordinarj equation for the fall of a atone. Tims 
jitiiKj -UtIb'Ci = A + B; 4- i(mi 4- '"a)?''- 
Since K, = 0, *,=0, x,= ("-^ +t V, ^, = 0, whcni = 0, wc liavc 



A=".("? «)'■"-"■ 
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KINETECS OF TWO OR MOKE PARTICLES 
So long ss x^-x,^l wc have ilIso 

t=e(^-^'-i). 



m,«,,(^^3y=-(m, + «.,)E('^^-^ - l). 
Tlio intiigral is 



Also, by the datii at starting, wi 

«-o, r.=«' 




:aii easily In 
. _. 'i(>J]r tlieso valaes cease to lepreicnt the 1.0 
ordinates of the two maaaes, because they are deduced fiom ei^uatinns 
involving uonstraint which, in the case suppoaod, haa ceaaed for ^ 



At tlie instant 



and their di 




This distanc« diminishes thenceforward with the above 
speed until the uppermost atone, having passed the lower 
one, falls below it to a distance I. We must, in order 
to trace the next part of the motion, reapply the differential 
equations above, — integrating them, and determining the 
constants by the new conditions. This we leave to the 
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§ 1 85. Next let us tate the case of a Complex Pmd'i^w,, 
— -the motion of two or more pellets attached, 
penZkm ^^ different points, to the same thread, sup- 
ported at one end. The general solution of 
this question presents considerable difiicidties, but if we 
confine our attention to slight disturbances it is easily 
treated by very elementary processes. In fact, just as a 
simple pendulum, slightly disturbed in a vertical plane, has 
simple harmonic motion which may be regarded as the 
resolved part of conical pendulum motion, so we may treat 
of a complex conical pendulum, and resolve its motions 
parallel to any vertical plane. 

If there be but two masses attached to the string, it ia 
clear that they must, if the motion is to be a persistent 
conical one, be always in one vertical plane with the point 
of suspension. And there are obviously two dispositions of 
the string which are consistent with kinetic stability. 
Let A (Fig. 56) be the point of suspension, then the 
masses may rotate steadily in 
either of the two configurations 
sketched. To keep either mass 
moving in a horizontal circle, all 
that is required is that the re- 
sultant force on it shall be 
horizontal, directed towards the 
centi-e, and producing an ac- 
celeration equal to Y^/R, as in 
g 34. Let the whole system 
turn with angular velocity ui, 
and let the lengths of the strings 
be a and h, their directions 
„ .. making angles 6, ^ with the 

vertical 
We will treat only the case in which these angles are 
so small that the arcs may be written in place of their 
sines. Then m requires a horizontal resultant force -maOii? 
directed towards the axis, and M requires M(aS + b^)b? 
similarly directed. Also, as the strings are both very 
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KINETICS OF TWO OR MORE PARTICLES 191 

nearly vertical, the tension of the lower string may be 
taken as the weight of M, and that of the upper as the 
sum of the weights of M and m. Treating it, then, as a 
statical problem, we have for the mass m 

mada^= {'K + m)ge - Ulijij, ; 

and for M 

These formulas correspond to the first configuration, but a 
change of sign of ^ adapts them to the second. 

These two equations involve three unknown quantities 
u?, 6, ip. But the ratio, only, of and ^ is involved, so 
that two equations are sufficient. [We have confined our- 
selves to small values of d and i^, but have not assigned 
any limit to their smallness ; so that their ratio has still 
an infinite range of values.] 

Eliminate the ratio tji/O between the two equations; 
and we have, putting i/- for gjm^ 

Ma^= (^ - 6)((M + m)^ - ina), 

It. is clear that, because the right-hand member is essentially 
positive, and less than ab, there are always two real values 
of ^, both positive, but one greater than the greater of 
a, b ; the other less than the lesser. These correspond to 
two values of ^j8, one positive, the other negative. 

§ 186. The most general motion, then, of the double 
complex pendulum, when it vibrates in one plane, consists 
(for each of the masses) of the resultant of two simple 
harmonic motions, whose periods are 

^ having one or other of the two positive values given by 
the equation above, and being therefore the length of the 
equivalent simple pendulum. Thus the double complex 
pendulum supplies at once the mechanical means of tracing 
(by ink, sand, electric sparks, etc., § 164) a graphical re- 
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presentation of the composition of two simple harmonic 
motions, of different periods, in one line. 

Analytically thus. For any displacement in one plane ivg liave, 
and i/i being, aa before, the deflexions and T, T' the tensions of the 
strings, 

H(|)V.in« + S.i„»).-T'.i,„ 
m(|)V».. + S...») = M,-T...«, 

four equations to determine 8, 0, T, and T', Tlicy become much 
moz-e manageable if we assume that d and are so small that their 
squares may be neglected. For then we have sin 9 — 0, cos S = 1, etc. , 
and the equations become 

man - - Te + r^, - wi? - T + T' 

il{a8 + b^)=-r-t>, = M9-T'. 
Thns 

and we have 

ma0= - (M + m)3e + t/igip 

Introducing an arhitrary multi|ilier \, we have 

{j(f{ ('^ + '')''^ + '^* }""''{ (M + m)9 + i^-M> }■ 
If we choose \ so that 



(w + Xju M+m' 
be put in the form 



Uow (1) is a quadratic equation in \ and has obTiously real roots, 
a positive root greater than M, and a negative root numerically less 
thanm. Write (1) as the aquation of an hyperbola, in the form 
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and we see that X + m = is an asymptota. The branch on the positive 
side of tliis asymptote lies mainly below the asis of X. lint /i is positive 
fot \ = M, and also for \-0. 

Hanca /t must pass through the value zero while \ is meater than 



+ X is positive. Hence 



(&'" 



where c and n liavo two sets of real values given as above ; and thus 
we have the complete solutiou, with the four requisite arbitrary con- 
stants, in the form 

e + s,* = P,cos(?ij(; + Qi) 

C + e,* = p50os(B2( + Q2). 

This applies to every possible set of values of a, b, m, M ; for, as 
we have seen, tlio two values of X are esaentiaUy different, at leaat so 
long as veithtr of the masses becomes zero. Thus, in this particular 
case, we are not met by the difSeultj of equal toots. But it is very 
interesting to contrast this case, when m is much greater than M, and 
a=b, with the case discussed in § 170 where the point of suspension of 
a simple pendulum has a horizonl*! simple harmonic motion of the 
period of the pendulum and in the vertical plane ia which it vibrates. 
There the oscillations increase indefinitely ; hero they are in all oases 
essentially finite, in accordance with the assumptions made. There 
is, in liict, no increase of the energy of the system. 

A very slight modification of the process gives us the 
result of small displacements not in one plane. 

Kinetics of a System of Free Paiiides 

§ 187. A system of free particles is subject only to their 
mutual attractions ; to investigate the notion of the system. 
[This is merely the formal analytical statement of the 
substance of § 17i and g 180; except in so far as the 
Viriat, which introduces a new set of ideas, is concerned.] 

Let, at time (, x„, y„, z be tlio co-ordinates of the particle whoso 
mass is m„, and let 0'(D) ho the law of attraction. ^ . ,. 
Let pi-j express the distance between the particles Mp °y^^^^ "' "^^ 
and m, ; then we have, for the motion of nt^ partidea. 
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with similar equations for eact of the others, the summations being 
token throuchont the system. Before we con make any attempt at a 
Bolation of these equations, we must know thoir number, and the laws 
of attraction between the several pairs of partioles. Bat some general 
theorems, independent of those data, may easily be obtained. 

First, we have Conservation of Mamewtum,. In the expression for 
Conservation "mp-^, we have a term »iyMj^'(,rj)^^^^ ■ 

we have ra,wi,i^'(,'ip)"^~^ ' 

e add all the equations of the form (1) togetlier, the 
™'^' + ™.2^4- -n- 



K-S)-S-!-'=»- 



where (g 109) ^ ^, s is the centre of inertia of the system. 

These equations show that the speed of the centre of 
inertia parallel to each of the co-ordinate axes remains in- 
variable during the motion ; that is, that ihe centre of inertia 
of the si/slem rewaijis at rest, or moves with comtant speed in a 
straight line. 

Next we have Conservation of MomerU of Momentvm. For if we 

, multiply in succession equation (1) by y^, and equa- 

or moment of ^^^^ |2) bjr as, and subtract, and take the sum of all 

momentum, ^^^y^ remainders through the system of equations of 

the forms (1) and {2), we have 

•S.lm.{xS-yx)]^(i. 
IntagmtJng once, we have 
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This equation shows (since xy is any plane) that generally 
in the motion of a free system of particles, subject only to 
their mutual attractions, the moment of moJuentum about every 
axis remains constant. 



Fbilly, 1 



lud, treating simikily SilI th<! 



otlier equatioas, add them all together. 

Let ua consider the result aa regards tho term on tlie riglit-haiid 
side involying the product m^m,. 

Written at length it is 

+ similar terms in y and s f ; 
and the portion in brackets is equal to 

- {(a^-KpWa:,-ai) + 8imilar terms in j<, xj ; 

\'^\dt dfi'*' dt dl^'^ dtde-}) 

therefore, on integration, 

iS(mi;=) + 2 {m,)«„^U,)} = H. 

We see therefore that the change in the Mnetic e^tergy of 
Ike system in any time depends only on the relative distances of 
the particles at the beginning and end of thai Ume. 

Another general expression for the Itinetic energy of a 
system of farticles, in terms of a function 
of the mutual forces, and the constraining 
forces if there be such, ia readily found as follows : — 
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f X, J/, z be the co-oiiiinatea, at timo (, of the particle tii, we have 

Sut if : 
Qgon' 

Thna 



half the sum of the tlii'ee principal moments of inertm of the gronp of 
particles about the origin (g 2i3). 

In all cases oC motion of a group, in which this sum is either 
constant or oscillates rapidly and through vei; short tangee about a 
coDstant value, the left-hand side maj be rcgamed as (on the average 
at least) a vanishing quantity. Thus an equivalent of the kinetic 
energy is expressible as 

-42{Xa; + yy + Zz). 

This expi-essiou is called the "virial." 

In so far as it arises from the mutual action between two particles 
iHp and lOg, its value ia (in the notation above) 

with con'esponding tei'ms in y and z, altogether 

Hence if we write, generally, r for the distance betvreeii two of tha 
particles, and S. for the stress between them as depending on their 
mutual action, the corresponding part of the ririal is 



and the part of the virial eorrespondiag to this is 

^Sriipmjprg, 
expressing half the exhaustion of the potential energy of the system. 
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When tho particles are in very great numbera, and enclosed in a 
Teasel from the sides of which they rebound — m is -y. . . . 
supposed in tho ItiJietio gas theory — the pressure ft ''"-^\ ei agas 

Eer unit of autfaoe, on uie walla of the resflel must eoutaiuea in a 
a taken into account. If I, m, n be the dii-ection I'essel. 

cosines of the normal to the element dS of the wall of the vessel, whose 
co-ordinates are x, y, s, the corresponding part of the virial is 

extended over the whole internal surface. We here assume that p is 
constant throughout the gas. But Ix + my + na ia the perpendicular 
from the origin on the piano of dS, m that the integral expresses three 
times the volume V of the vessel. Hence this part of tho virial is 

Thus, in the ease of a gas not acted on by external forces, tho kinetic 
energy is 

Impact of Smooth Spheres 

% 188. There remains to be treated, so far as particle 
dynamics is concerned, the seli- contained 
subject of Impact. In connection with it we 
must once more refer to the second and third of Newton's 
laws. We are now dealing with forces which produce, in 
finite masses finite chinges of momentum in exceisnely 
short periods of time It i cleai fiom th a statement that 
their eftect? mav be treated -dtagethor independently of 
fimte forces whuh m^y be acting along with them but 
which produce during the voiy hoit penods m question 
only inhnitesim-il reiult=! And \-, in generil we have little 
knowledge of the actual force exerted at any instant during 
the impact, or of the time during which the action lasts, 
we confine ourselves to the quantity, called 
the "impulse," which measures the amount 
of momentum lost by one of the impinging bodies and 
acquired by the other. 

g 189. When two balls of glass or ivory impinge on 
one another, the portions of the surfaces 
immediately in contact are disfigured and ^"'^^hefer*" 
compressed until the molecular reactions 
thus called into play are sufficient to resist further distor- 
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tion and compression. At this instant it is evident that 
the points in contact are moving with the same velocity. 
Bnt as solids in general possess a, certain degree of elas- 
ticity both of form and of volume, the halls tend to recover 
their spherical form, and an additional impulse is generated. 
This is proportional, as Newton found by experiment, to 
that exerted during the compression, provided neither of 
the bodies is permanently distorted. The coefficient of 
proportionality is a quantity determinable by experiment, 
and may be conveniently termed the " coefficient of resti- 
tution." It is always less than unity. 

g 190. The method of treating questions involving 
actions of this nature will be best explained by taking aa 
an example the case of direct impact of me spluncal ball oa 
another. It is evident that in the case of direct impact of 
smooth or non-rotating spheres we may consider them as 
mere particles, since everything is symmetrical about the 
line joining their centres. If the impinging masses are of 
large dimensions, of the size of the earth, for instance, we 
cannot treat the effects of the impact independently of the 
other forces involved ; for the duration of collision in such 
a case may be one of hours instead of minute fractions of 
a second. 

The problem of the impact of homogeneous spheres, 
when the distortion is very small, has been splendidly 
worked out by Herta {Crelle, 1888) ; but the investigation 
is far beyond the limits of the present work. 

§ 191. Suppose that a sphere of mass M, moving with 
a speed «, overtakes and impinges on another of mass M', 
moving in the same straight line with speed v', and that 
at the instant when the mutual compression is completed, 
the spheres are moving with a common speed V. I-et R 
bo the impulse during the compression, then 
M(ii-V) = M'(V-«')=K; 
^, M»+MV ,_ MM' ,, „, 

From these results we see that the whole momentum 
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after impact is the same as before, and that tlie 

speed is that of the centre of inertia before impact. The 

quantity V can vanish only if 

'Mv+Wv'-O, 

that is, if the momenta were originally equal and opposite. 

This is the complete solution of the problem if the balls 
be inelastic, or have no tendency to recover their original 
form after compression. 

§ 192. If the balls be elastic, there will be generated, 
by their tendency to recover their original formsj an addi- 
tional impulse proportional to E. 

Let e he the coefficient of restitution, and iij, iij' the 
speeds of the balls when finally separated. Then, as 
before, 

M(V - V,) =eR M'(V - V) = cR ; 



' M+M M+M 



_ {!,l-eW) v + M'(l+ey 



^-,(1 + *-»'); 



with a similar expression for v■^'. 

These results may be more easily obtained by the simple 
consideration that the whole impiilse is (1 + «)R ; for this 
gives at once M.(v - v^) = M'{%' - 1/) = (1 + e)E. 

If M' be infinite, and v' = 0, we have the result of direct 
impact on a Jixed surface, viz. * - r^ = (1 + e)v 
or »i= -ev. The ball rebounds from the ^"'^"pf™,. 
fixed surface with a speed e times that with 
which it impinged. 

§ 193. Suppose, now, M = M', e = 1 ; that is, let the balls 
be of equal mass, and their coefficient of restitution unity 
(or, in the usual but most misleading phraseology, suppose 
the balls to be " perfectly elastic ") ; then 2E = M()! - ^) ; 
v^ = v', and similarly v^' -v; or the balls, whatever be their 
speeds, interchange them, and the motion is the same as 
if they had passed through one another without exerting 
any mutual action whatever. 
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Thus if a number of equal solitaire balls or billiard balls 
be arranged in contact in a horizontal groove, and another 
equal bail impinge on one estremity of the row, it is re- 
duced to rest, and the ball at the other end of the row 
goes off with the original speed of impact. If two im- 
pinge, two go off, and so on. 

§ 194. We may write the above expressions in terms 
Conaetvation of o^ ^he impulse, thus 

momentum. 

^■i-'O y-, v,^^+-^^ . . (2). 

Hence Mr^ + MV^' - Mv + MV, whatever e be, or there ia 
no momentum lost. This is, of course, a direct con- 
sequence of the third law of motion. 



The last terra of the right-hand side is therefore the 
kinetic energy apparently destroyed by the 
l,oaa of energy. |j^y3p,._ When e = 0, its magnitude is 
greatest, and equal to 

, MM' , ,.„ ,^, ,, 

When e= 1, its magnitude is zero; that is, when the 
coefficient of restitution is unity no kinetic energy is lost 

The kinetic energy which appears to be destroyed in 
any of these cases is, as we see from § 179, only trans- 
formed — partly it may be into heat, partly into sonorous 
vibrations, as in the impact of a hammer on a bell. But, 
in spite of this, the elasticity may be " perfect." Henco 
the absurdity of the designation alluded to in g 193. Also 

i>y{2) 

Hence the velocity of separation is e times that of approach. 
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g 195, Two smooth spheres, moving in given paths and with 
given speeds, impinge; to determine theiimmlse „,,. . , 

" J, ..-'^ ,' "^ ." ',. ^ Oblique impact. 

and the subsequent motion. 

Let the masses of tte spheres be M, M', their speeds 
before impact v and v, and let the original directions of 
motion make with the line which joins the centres at the 
instant of impact the angles a, a.', which may be calculated 
from the data, if the radii of the spheres be given. 

Since the spheres are smooth, the entire impulse takes 
place in the lino joining the centres at the instant of im- 
pact, and the future motion of each sphere will be in the 
plane passing through this line and its original direction of 
motion. 

Let E be the impulse, e the coefficient of restitution ; 
then, since the speeds in the line of impact are w cc« a and 
i/ cos a, we have for their final values %, «j', after restitu- 
tion, by § 192 the expressions 



and the value of R is 

Hence, the sphere M has finally a speed v^ in the line 
joining the centres, and a speed ii sin a in a known direc- 
tion perpendicular to this, namely, in the plane through 
this and its original direction of motion. And similarly for 
the sphere M'. Thus the consequences of the impact are 
completely determined. 

g 19G. When a sphere of mass M impinges directly, with 
speed V, on another M' at rest, the speed acquired by 
M'is 

M.+M' 
But, if another sphere of mass /i, also at rest, be interposed 
between them, M' will acquire a speed 
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This is greatest when /i is the 
M', and its value is then 



(VM + VM'r 
The ratio of this to the speed which M' would have 
quired without tho interposition of the third sphere is 



There is tiius a gain by the interposition it, and only if, 
2./MM' 
'"^ M+M' ' 
This condition is always satisfied when the coefficient of 
restitution is unity, except in the special case of equal 
masses. If an infinite number of spheres be interposed 
between M and M', so adjusted as to give the greatest 
possible speed to M', that greatest speed is V VM'/M, 
provided we have e = 1 . 

Coniinwus Succession of Indefinitdy Small Impacts 

§ 197. We may now consider the case of a continuous 

Infinite seciea series of indefinitely small impacts, whose 

of inHuitfsimal effect is comparable with that of a finite 

impacts, force. One obvious method of considering 

such a problem is to estimate separately the changes in the 

velocity produced by the finite forces and by the impacts, 

in the same indefinitely small time S(, and compound these 

for the actual efl'ect on the motion in that period. 

Another way, of course, is to equate the rate of increase 
of momentum per unit of time to the force producing it. 

A mass, under no forces, moves through a uniform doud of 
liUle jmrtides which are at rest. Those it meets adhere to U. 
Find the motion. 
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19 of tlio partiults picked up 



Substitute and intograte, supposing x^O, i = V, ivhen < = ; and ws 
get 

from which x can bo easily found. 

It is interesting to observe that we have 

80 that the mass moves as if acted on by an attraction varying in- 
versely as the cube of the distance from a point in its line of motion. 

[The above solution assumes that the dimensions of the moving 
mass are not altered by the accretions it receives. If the mass be a 
sphere of water, and move among fine droplets which it assimilates, 
the exact solution of the problem, tliough still easy, will be consider- 
ably more complex.] 

This problem obviously leads to the same result as the 
following : — ^ cannon-ball attached to one end of a chain, 
wkkh is coUed up on a sttwoIH horizontal plane, is projected 
along the plane. Determine iis motion. 

§ 198. Another excellent instance of the application of 
this process is furnished by tie motion of n i. . 
a rocket, where tho motive power depends 
on the fact that a portion of the mass is detached with 
considerable relative velocity. The increase of the momen- 
tum of the rocket due to this cause is equal to the relative 
momentum with which the products of combustion escape. 
If we suppose the rocket, originally of mass M, to lose eM 
in unit of time, projected from it with relative velocity 
V, the gain of momentum in time SI due to this cause is 



Hence, if the rocket is fired vertically, tlie total upward 
acceleration is 
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Unless this bo positive the rocket cannot rise. It will rise 
at once if V :> gje, and it cannot rise at all unless 
MV/M'>j^/e, M' being the mass of the case, stick, etc. 
which are not burned away. 

From the above data it is easy to calculate that the 
greatest speed acquired during the flight (the reslstince of 
the air being left out of account) is 



Vlog 



M.^A 



If a minute " perfectly elastic " (§ 193) particle be in 
motion inside a smooth sphere, and there be no external 
force such as gravity, the path will obviously bo a succes- 
sion of equal chords of one great circle. If these subtend 
an angle 2d at the centre, their length is 2r ein 6, where r 
is the radius of the sphere. The number of impacts per 
second is therefore V/SrsinS, where V is the (constant) 
speed of the particle. The value of the impact is 
2niV sin 0, where m is the mass of the particle. If there 
be a great numhei of such particles moving in all directions 
inside the spheie, the total equivalent pressure (measured 
by the total amoimt of the vanous impacts per second on 
unit surface) is thus 



").l- 



2 2(^mV= ) 



i.e. two-thirds of the kinetic energy per lunt of volume. 
[Compare with the last part of g 187.] 

Dynamics of a System of ParHcles Generally 
§ 199. The law of energy, in abstract dynamics, may be 
Motion of a expressed as follows : — the whole work done 
system of in any time, on any limited material system, 
particles. y^^ applied forces, is equal to the whole effect 
in the forms of potential and kinetic energy produced in 
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the system, together with the work lost in friction. This 
principle may be regarded as comprehending the whole of 
abstract dynamics, because the conditions of equilibrium 
and of motioD, in every possible case, may be derived 
from it. 

§ 200. A material system, whose relative motions are 
unresisted by friction, is in equilibrium in 
any configuration if, and is not in equilibrium equilibrium, 
unless, the rate at which the applied forces 
perform work at the instant of passing through it is equal 
to that at which potential energy is gained, in every possible 
motion through that configuration. This is 
the celebrated principle of "virtual velo- j,J,'^;"j's 
cities," which Lagrange made the basis of his 



§ 201. To prove it, we have first to remark that the 
system cannot possibly move away from any particular 
configuration except by work being done upon it by the 
forces to which it is subject ; it is therefore in equilibrium 
if the stated condition is fulfilled. 

To ascertain that nothing less than this condition can 
secure the equilibrium, let us first consider a system having 
only one degree of freedom to move. Whatever forces act 
on the whole system, we may always hold it in equihbrium 
by a single force apphed to any one point of the system in 
its line of motion, opposite to the direction in which it 
tends to move, and of such magnitude that, in any infinitely 
small motion in either direction, it shall resist or shall do 
as much work as the other forces, whether applied or in- 
ternal, altogether do or resist. Now, by the principle of 
superposition of forces in equilibrium, we might, without 
altering their efi'ect, apply to any one point of the system 
such a force as we have just seen would hold the system in 
equUibrium, and another force equal and opposite to it. 
Ail the other forces being l)alanced by one of these two, 
they and it might again, by the principle of superposition 
of forces in equilibrium, be removed ; and therefore the 
whole set of given forces would produce the same efi^ect, 
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whether for equilibrium or for motion, as the single force 
which is left acting alone. This single force, since it is in 
a line in which the point of its application is free to move, 
must move the system. Hence the given forces, to which 
the single force has been proved equivalent, cannot possibly 
be in equilibrium unless their whole work for an infinitely 
small motion is nothing, in which case the single equivalent 
force is reduced to nothing. But whatever amount of free- 
dom to move the whole system may have, we may always, 
by the application of frictionlcss constraint, limit it to one 
degree of freedom only ; and this may be freedom to 
execute any particular motion whatever, possible under 
the given conditions of the system. 

If, therefore, in any such infinitely small motion there 
is variation of potential energy uncompensated by work of 
the applied forces, constraint limiting the freedom of the 
system to only this motion will bring us to the case in 
which we have just demonstrated there cannot be equili- 
brium. But the application of constraints limiting motion 
cannot possibly disturb equilibrium, and therefore the given 
system under the actual conditions cannot be in equilibrium 
in any particular configuration if the rate of doing work is 
greater than that at which potential energy is stored up in 
any possible motion through that configuration. 

§ 202. If a material system, under the influence of 
internal and applied forces, varying accord- 

equillbriuin, '"S ** some definite law, is balanced by 
them in any position in which it may be 
placed, its equilibrium is said to be neutral. This is the 
case with any spherical body of uniform material resting 
on a horizontal plane. A right cylinder or cone, bounded by 
plane ends perpendicular to the asis, is also in neutral equili- 
brium on a horizontal plane. Practically, any mass of 
moderate dimensions is in neutral equilibrium when its centre 
of inertia only is fixed, since, when its longest dimension is 
small in comparison with the earth's radius, the action of 
gravity is, as we shall see (§ 230), approximately equivalent 
to a single force through this point. 
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§ 203. But if, when displaced infinitely little in any 
direction from a, particular position of equili- 
brium, and left to itself, it commences and equiiiVium. 
continues vibrating, without ever experienc- 
ing more than infinitely small deviation, in any one of its 
partg, from the position of equilibrium, the equilibrium in 
this position is said to be stable. A weight suspended by 
a string, a uniform sphere in a hollow bowl, a loaded sphere 
resting on a horizontal piano with the loaded side lowest, an 
oblate body resting with one end of its shortest diameter 
on a horizontal plane, a plank, whose thickness is small 
compared with its length and breadth, floating on water, 
are all cases of stable equiUbrium, — if we neglect the 
motions of rotation about a vertical axis in the second, third, 
and fourth cases, and horizontal motion in general in the 
iifth, for all of which the equilibrium is neutral. 

g 304. If, on the other hand, the system can be dis- 
placed in any way from a position of equili- 
brium, so that when left to itself it will not equilibrium. 
vibrate within infinitely small limits about 
the position of equilibrium, but will move farther and 
farther away from it, the equilibrium in this position is 
said to bo unstable. Thus a loaded sphere resting on a 
horizontal plane with it« load as high as possible, an egg- 
shaped body standing on one end, a board floating edgewise 
in water, would present, if they could be realised in practice, 
cases of unstable equilibrium. 

§ 205. When, as in many cases, the nature of the 
equilibrium varies with the direction of displacement, if 
unstable for any possible displacement it is practically un- 
stable on the whole. Thus a circular disk standing on its 
edge, though in neutral equilibrium for displacements in 
its plane, yet being in unstable equilibrium for those per- 
pendicular to its plane, is practically unstable. A sphere 
resting in equilibrium on a saddle presents a case in which 
there is stable, neutral, or unstable equilibrium according 
to the direction in which it may be displaced by rolling ; 
but practically it is u 



Hosted by 



Google 



§ 206, Tho theory of energy shows a very cle»r and 
simple test for discriminating these charac- 

^qu^r^"*^ ters, or determining whether the equilibrium 
is neutnil, stable, or unstable, in any case. 
If there is just as much potential energy stored up as there 
is work performed by the applied and internal forces in any 
possible displacement, the equilibrium is neutral, but not 
unless. If in every possible infinitely small displacement 
from a position of equilibrium there is more potential 
energy stored up than work done, the equilibrium is 
thoroughly stable, and not unless. If in any or in every 
infinitely small displacement from a position of equilibrium 
there is more work done than energy stored up, the 
equilibrium is unstable. It follows that if the system is 
influenced only by internal forces, or if tie applied forces 
follow the law of doing always the same amount of work 
upon the system while passing from one configuration to 
another by all possible paths, the whole potential energy 
must be constant in all positions for neutral equilibrium, 
must be a minimum for positions of thoroughly stable 
equilibrium, and must be either a maximum for all dis- 
placements or a maximum for some displacements and a 
minimum for others when there is unstable equilibrium, 
g 207. We have seen that^ according to D'Alembert's 

Formation of principle, as explained above, forces acting 
general tHiuation on the different points of a material system, 
™"'"™' and their reactions against the accelerations 
which they actually experience in any case of motion, are 
in equilibrium with one another. Hence, in any actual 
case of motion, not only is the actual work by the forces 
equal to the kinetic energy produced in any infinitely small 
time, in virtue of the actual accelerations, but so also is 
the work which would be done by the forces, in any 
infinitely small time, if the velocities of the points con- 
stituting the system were at any instant changed to any 
possible infinitely small velocities, and the accelerations 
unchanged. This statement, when put into tho concise 
language of mathematical analysis, constitutes Lagrange's 



Hosted by 



Google 



KINETICS OF TWO OR MORE TAETICLES 209 

application of the "principle of virtual velocities" to 
express the conditions of D'Alembert's equilibrium between 
the forces acting and the resistances of the masses to the 
acceleration. It comprehends, as we have seen, every 
possible condition of every case of motion. The " equations 
of motion " in any particular case are, as Lagrange has 
shown, deduced from it with great ease. 

Commeuoing again witli tlie equations of motion of a particle 



. ) = S(Xi^+ . . . ). 

itial ei 

~SV=Z(XSx+ . . . ), 

and therefore, quite 'generally in such a system. 

Sm(«aa!+ . . . )=-5V 

Id the actual mc 
Sx=±U, etc., so that 

This is the complete statement of Newton's scholium, g 2 above. 

The tight-hand member is the expression of the ^gebraic snm ot 
the iKtiones age-oMiim and of the readiaaea ■rssistentiitia, so far as these 
depend upon gravity, friction, etc, and the left-hand member that of 
the reaetionea due to the accelerations of the several particles. 

If the system be conservative, this beiximes 

whoso integral 

J2m(£'' + ji= + ^=) + V = H 

is, of coorso, the general statement of the conservation of energy. 

In Lagrange's general equation above, as we have stated, the varia- 
tions Bit, etc., ace not usually independent. We must take account of 
the various constraints imposed on the ^tem. If these retain the 
same character throughout tlie motion they may be expressed by a 
(generally finite) number of equations of the form 
yi;a^„ i;,. !i, a't, y^, ^, . . . ) = (i. 
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If there be p particles of the system, there are 3p co-ordinates x, y, z, 
oonnected by (say) g equations of constraint, so that there are 3p - 3 
degrees of freedom, and therefore Sp-g independent co-ordinates. 

Eqnating separately to zero the multipliers of Sx,, Sji, etc, in the 
resultant equation above, we have 3p equations of which we write only 
one as a type, vii, 



By introducing, as usual, a set of undetermined multipliers /i, one for 
each of the conditions of constraint, we obtain on adding all these 
equations to the general equation above 

>.„^....,=Z[(XH- ,(!) + ;,(£)+. ..).«..,,>). 

Dnstraint, 

Lultipliers 
equation! 

"-^+m)- ■ ■ ■ »'■ 

Taken along with the g equations of the form 

these form a group of 3p + q erjuations, theoretically necessary and 
sufficient to determine the 3p quantities a;, , yi, %, etc, and thej quan- 
tities /i, in terms of (. Thus we have the complete analytieoJ state- 
ment of the conditions, and the rest of the solution is a question of 
pure mathematics. 

When we deal with a non-conservative system (which is equivalent 

in nature to saying ' ' when we take an incomplete 

Non-conserva- view of the question "), some of the conditions may 

tivB system. vary in character during the motion. This will be 

expressed aiw,lyticallj hy the entrance of ( explicitly 

into one or more of the equations of condition/. But, it we thinlr of 

the mode of formation of Lagrange's equation, we see that it was built 

up of separate equations, su3i as 

m=X, 

which aro true whether the equations of condition involve ( ospHeitly 
or not. Each of these was multiplied by a quantity Sji, etc., the only 
limitation on which was that it should be consistent ivith the conditions 
uf the system at the instant considered, whatever instant that might 
be. Hence equation (2) still holds good. 

When, however, we introduce in that equation multipliers corre- 
sponding to the actual motion of the system, so that 

Sa:=i3t, etc., 

wo find a remarkably simple expression for the energy given to, or 
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!e of the varying conditions. 



where the differential ooefTicient of/ is partial. T}iia folloivs at once 
from equations of the form 

which are obtained bj differentiating the eijuations of condition with 
regard to (. When the conditions do not vary, the quantities ( ^1, 
etc., all vanish, and we soo that the constraint docs not alter the 
energy of the system. 

Leasi' and Varying Adion 

§ 208. To complete our sketch of kinetics of a particle 
we will now briefly consider the im- Action 
portant quantity called "action." This, 
for a single particle, may bo defined either as the 
space integral of the momentum or as double the time 
integral of the kinetic energy, calculated from any assumed 
position of the moving particle, or from an assigned epoch. 
For a system its value is the sum of its separate values for 
the various particles ni the system. No one has, as yet, 
pointed out (in the simple form in which it is all but 
certain that they can be expressed) the true relations of 
this quantity. It was originally introduced into kinetics 
to suit the supposed metaphysical necessity that something 
should be a minimum in the path of a luminous corpuscle 
(see an extract from Hamilton in Light, p. 284). But 
there can be little doubt that it is destined to play an im- 
portant part in the final systematising of the fundamental 
laws of kinetics. 

The importance of the quantity called action, so far as 
is at present known, depends upon the two principles of 
" least action " and of " varying action," the first as old as 
Maupertuis, the other discovered by Hamilton more than 
half a century ago. 
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The first ia — If the sum of the potential and Hnetk energies 

of a system is the same in all Us configv/raiioas. 

Least action. ^^ ^^ ^^^ ^^ ^^ ^j ^^ ^ ^^^ ^j^ ^^ 

of the systein can be guided hy fridtoidess eonstramt to pass from 
me given ccmfigwation to amther, that me for which the action 
is least w the naiural one or requires no eondraint. 

g 209. Unfortunately it ia not easy to give examples of 
this important principle which can be satisfactorily treated 
by elementary methods, — except, indeed, the very simplest, 
such as those furnished by the corpuscular theory of light. 
There it is obvious that, as long as a medium is homogen- 
eous and isotropic, the speed of a corpuscle in it is constant. 
The action is tbia reduced to the product of the constant 
speed of the corpuscle by the length of its path. Hence 
the principle at once shows that the path must be a 
straight line. When the corpuscle is refracted from one 
such medium into another, the path is a broken line such 
that the product of each of its parts by the corresponding 
speed of the corpuscle is the least possible. This gives the 
optical law of the sines, but to agree with experiment the 
speed would have to be greater in the denser medium than 
in the rarer. When the medium is not homogeneoiis, the 
speed is a known function of the position of the particle. 

§ 310. The probiem to find diange of action, as depending on, change 

(nowhere finite) ofihe mode of passage from one givai 

Chai^ ot configKi-cition to oitoiheT (reatrieted by tlie condition 

action. alieady mentioned), is expraased matliomatically by 

5A = SfIansds=S/'ZM.*dx + ^y+iil£), 

""^ T=42ms=-i2m(i=+S^ + ^) = H-V, 

H being tlic constant energy ot tie system, and tlie integral being 
taken between limits supplied by the two given configurations. 

The first equation gives 
5A =/Sni((icSi + dyhj + rfsSJ + idSy: + ^dSy + idSs) 
= Swi(*Sj;+ , . .)-\-fSM.(d3M + dySi + dzhi-dx5x-d!iSy-d\B€) 

by partial integration. But tie integrated part 

Sm(4;Si! + S5j/ + i&) . . - ■ (A), 
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1 vanishes at both limits, because the initial and final ci 

:e the coitgs ponding Tariation of th 
;y, we have 

ST = ^miU = Sm(*S* + JiS + iSi), 
from wliieh wa have 

/Xi-n{dxS±+dyS^+dsSi) ^/STdl. 
'Also wo have 

dxSx + dgSy + diSz={liSx+pSij + zSz)dt ; 
m that finally 

SA =/<U[^ - Sm^xSx + 31% + s&)], 

which ao far ia a mere kinematical result. But it can be rendered 
physical by putting - SV for ST, in acooidance with the above condition. 
This we will suppose done. 

If now wa desire to make SA. vanish, so as to obtain what is called 
the " stationary condition," we must mako tho factor in square brackets 
in the integral vanish ; i.e. wo must have 

for all admissible simultaneous values of dx, Sy, 5s for the various 
particles of the systam. But this is precisely the general equation 
which, as we found in % 207 (1), determines the undisturbed uiotion of 
the system. 

§ 211. The expression SA = really signifies that any 
infinitesimal change from the natural renxle , , 
of passage produces an infinitely smaller action, 
change in the corresponding amount of the 
action between the terminal configurations. 

§ 212. It will be noticed that the essential characteristic 
of the modes of passage considered in this investigation is 
that aD shall have the same terminal configurations, and 
that the system shall always have the same definite amount 
of energy. All, except the natural mode of passage, in 
general require constraint in order that they may be de- 
scribed. Hamilton's grand extension of the subject 
depended on comparing the actions in a number of natural 
modes of passage, differing from one another y^^ action 
by alight changes in their terminal configu- 
rations, and slight changes in the whole initial energy. 
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214 DYNAMICS 

In this new form of statement the unintegrated part of the esprea- 
sion for BA vanishes, since all th m d f I as g ntempl ted te 
natural. The alteration of the wl 1 gy h w dd pec 1 

term to the equation, and weoat wrtefmth r n 

(A) § 210, the equation for the h m th ti d th w 

eon<£tions, viz., 

BA=[3»!(*B + S + S)] + HH 

the part in braoltots having to b tak b tw 1 m ts p* Img 

to the terminal configurations, d th ar t S S^ S t ih 
being subject to the conditions fth y tem 

We cannot here consider theqt tsg IfrntW 

content ourselves with the simpi p Iddt fmtqed 
for completing our sketch of Ei t f P rt 1 

The fast given equation, written in full for a smgle particle of unit 

SA = ti&c +SSi/ + ife] - (*oJk« + Vyo + V^o) + '*H, 

where a„, y„, % ia the initial point, and x, y, a any other point, of the 
path. If the particle be altogether free, the seven variations on the 
right-hand side are independent of one another ; and thus we have the 
ffSowii^ remarkable properties of the quantity A, r^rded aa a func- 
tion of aeven independent variables (the initial and Unal co-ordinates 
of the particle, and its constant energy), viz., 



fdk \ _d^ 
\dx)~dt ' 
(dk\^dy 
\dyj di ' 
(dK\_ds 
\d:c ) dt' 



fdk\^_dya 
\dya/ ~ dt 



Fromthesswogather atonce thatA satisfies the partial differential 
equations 

(s)'-(t)'+(§)'-^-'«-' • ■ ™ 

(t)'-(s)"HS)"-'--^<''-"-'- ■ '^'- 

§ 213. The wbole circumstances of the motion are thus 
dependent on the function A, called by 
'"fu^tto^''^ Hamilton the " characteristic function." 
The determination of this function is trouble- 
some, even in very simple cases of motion ; but the fact 
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that such a mode of representation is p 
remarkable. 



ixtremely 



g 214. More generally, omitting all reference to tlie initial point, 
and the eijnation g 212 (2) which belongs to it, let ua consider A simply 
as a fnnction of x, y, s. Then 

AnyfuiKlion, A, which satisfies the partial differential egiiation 



m^ 



UtJ 



m--- 



2(H-V) 



(1), 



possesses the properly that -5—, -5—, -r- represent Che rectangular cm 
ponentsof the velocity 0/ a partick in a imliwi. possible under the/on 
ivhose pokntialis V. 

For, by partial differentiation of (1) we have 



U \dt/'~dt 



_dV^dA £A AA )PA^ dA ^A^^ 
dx dx dx^' dy dxdy dz ifeda 



dfdA\ 
dl[d^)- 


dx^A dy 
-dtd^-^di 


d^A di d^A 
dxdy'^dt did: 


see that 












rfF" 


rfA 


dy_ 
dt 


dA 
dy 


ds 


dA 
^di 



§ 215. Also it a, p be Constanta, whicli, along with H, are inv»Iv«cl 
a a complete integral of the above partial differential equation, tlie 
orrespondirig path, aiid the time of its desariplion, are given by 



(f)=-. {vh- 



ivhere o„ jSj, e are three additional arbitrary constants. TJie two first 
of these ec[uations belong to snrbces on which the path lies. 

For these equations give, by complete differentiation with regard 
to(, 

dxda dl dyda dt dxda dt I 

iPA dx d?A dy iPA ^_f, I („i 

dxd^ dt dyd^ dt dzd^ dl~ \ ' 

_^A_^ _^A_£^ ^^^-1 
dMUdt "^dydlldt ^dzd'a.dt~ I 
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But, differentiating § 214 (1) with respect to o, ft H respcutivcly, 
veget 

diidx dx dody dy dads dz I 

dpdx dx djidy dy d§ds ds [ ' 

d^K dk iPA 

dKdic dx d'R.dy dy diLdz dz 



f^ -7irj,,j^, '''jTij^ J- ^ } 



Tlie values ot —, etc., in (a) are evidently equal resjiectivelj to those of 

-r-, etc., in (b). Hence the proposition. 

§216. " Equiactional snrfaoes," i.e. those whose comraon equa- 
A — const , 



Surfa'^s of 



e obviously proportional 

/dA\ fdA\ /dA\ dx dy dz 

\^J' \^)' \'dS}-^''^^'^-^di'S'df 

Thus tlic determisatioD of equiactional surfaces is resolved into the 
problem of finding the orthogonal trajecfj>ries of a set of given eui'ves 
in spixiBp whenever tlie conditions of the motion are given. 

The dklatKe bei-we^ comeevMve eqmaciiorml surfaces is, of any point, 
iwjersely as the velocity in the corresponding path. 

Thia may be seen at once as followa : the element of the action, 
which is the same at all points, is vds fwhere Ss, being an element of the 
path, is the normal distance between the surfaces). 

§ 217. In consequence of the importance of the method we will tate 
two examples of its appJicatioQ. First a direct 
PLinetary motion, example, then one depending on the equiactional 
surfaces. 

To deduce from the prineiple of " varying adion" £ke form and mode 
of description qf a planet's orbit. 

In this case it is obvious that - ^ represents the attraction of 



observed liei'e that, by tailing tho orbit as jjIulli!, 
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217 



virttuully assume the equation rfA/rfs = 0, aa that of ono of the surfiices 
(§ 207) on which the path lies.] 

It is not difficult to obtain a aatisfactory solution of this aquation, 
but the oparatioH is very much simplified by the use of polar co- 
ordinates. With this change, (1) becomes 



which is obviously satisfied by 



(2), 



The final integrals are therefore, by g 21G, 






V2{H+,</r)-o=/r' 

These equations contain the complete solution of the problem, for they 
involve four constants, bi, b, H, e. (5) gives the equation of the 
orbit, and (fl) the time in terms of the radius-vector. 
To oomplef* the iuvestigation, let us assume 



J>^^{c^-l)jP + 2llr-llr'' 



JrW^IP-alr-l/lf 
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from which, by (6), we immediately obtain 

This involves, again, the equation of equahle deaciiption of area 
Compare § 152. 

§ 218. In ft planet'3 elliptic otbW Ihs time is measured by Sie wri 
destriMA about ime foeas, aiid the acti(m bj/ (hat d 
Action 111 orbit j^'j^^ about the other. 

of planet. ^^^ „j^jj jj^g usual notation wo have 



dA — itds = -ds. 



I hyperbola, j/ beiug'the 



dA.-±^p'ds, 

which expi'Qsses the i-esuU stated above. 

It is easy to extend tliis t« a pftrabolio orbit, for which, iudeed, the 
theorem is even more simple. 

§ 219. Umt particles are projecled simwlianeintsly and hwimmiaUy 
u , in om vertical plaiK, from every point of a vertical 

P line, all }>mviig the same total energy at starUng; 

find the sar/aees of eqtial action. This is nearly the same as saymg 
that water escapes from little orifices along a generating line of a 
vertical cylinder, kept fttU to a definite level. But, if we bo regard 
it, we must speak of equal masses escaping per unit of time from the 
various orifices. 

The equation of action is obviously 



\dy} 



^2gy. 



Here y is the vertical co-ordinate of a unit particle, measured doiyn- 
wards from the level at which the common energy is wholly potential. 
We may write at once 

A.., + i(2,,-.-)=. . ^ ■ (1). 
The equation of a particular path is 

and as we bavo simultaneously, at starting, 
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This leads to the value 



A.if-'((,+ ,).'^(,-rf). 



We may inrestigate the question in a different way by the result of 
§ 208. For if i be the initial value of y for any particle we Jiave, after 
the lapse of time t. 






Eliminating (, we have the ciiuation of the paiubolic [atli— 

To find the orthogonal triyeetorj (the curve of equal action), differ- 



entiate, put - — for -^, and eliminate k. We thus have 



dy 2k y + ^y'i-xi Vi'+'^-i-V!'-^ 



-■s/y + x{dy + i?ai) + v'S' - A^y -dx)~ 
(j/ + k)5±{i/-i,)S = const 



e, the co-ordinates 



('+,;= 



In Fig, 57, AM is the axis. A few of the paths are shown by full 
lines, and two of the curves of equal action by dotted lines. These 
curves have eiisps lying on the line AH, which luakas an angle Jjr 
with the vertical, and is touched by alt the paths. The path whose 
vertex is G looohBs this line in H, and therefore passes through the 
cusp of which the branches are HK and HL. HK belongs to all paths 
whose vertices are above G, HL to those (such as ML) whose vertices 
are bolow G. 

It is worthy of note tliat, by the fii'st equations aboye 
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by the substitution of which in the equation of action wo see how the 
tinio of rf^aching a particular surface of equal action depends upon the 
position of the starting point 

§ 220. A very interesfjng plane example, which has elegant applica- 
Plane currents. ^''""^ ™ ^"'"^ motion, and in the conduction of 
electric currents in plates of uniform thickuess, ia 
furnished by asauming 






■e the jiolav co-ordjiiatea of the moving particle. 




In the former, where the curves of equal a/ 



•e circles with the 



10 that the paths are radii vectores described with velocity l/r. Also 
;o that the furce is central, and its value is 
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The kinetic energy is still l/2r=, and the ecntral foiee - l/i^, but tho 
patha are circles with the origin as oentro. Thus the lines of equal 
action and the paths of individual particles are convertible. 
We hare also, in each of these cases, 






This showa {as in § 94) that, whatever be originally tlie grouping of a 
set of particles moving all according to one or other ef these conditions, 
the density at any part of the group remains unchanged during the 
motion. In fact, as it is easy to prove, A and A' not only satisfy the 
same actional equation, but are elementary solutions of the paitial 
dilferentiai eouauen 

^,^-0 U)- 

dx^^dy^-^ ^''' 

and they are conjugate, in the sense that 

^^■^A' dA^_dA^ 
dx dy' dy dx 

for this reason the paths belonging to the two systems are eveiyivhere 
orthogonal to one another. 

Also, as the differential equation (1) for A is linear, any linear 
function of partieular integrals is an integral. Tlius, for instance, we 
may take (y being any constant) 

A=logr-j)S, with A'=plog +S 

These, representing orthogonal sets of logarithm p al po sess 
the sane prowrties with regard to action as did tl n nt lea 

and their radii, which, in fact, are the mere p ti ul ase 1 

§ 221. It ia easy to give graphic methods of t at ng tl 
of action by means of an old process recently mu h q _[ ni tl oil 
developed by Cletk Maxwell. The present examrl 
though a very simple one, is quite sufficient to illustrate the process. 

Draw, as tn Fig. B8, a set of circles whose radii are t", c^, f'", etc. , 
and a set of radii vectoi'es making with the initial line the successive 
angles \^, 2-, 3-, etc., a being a quantity which may have any eon- 
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will form a network, finer as a ia smaller. 




requii'ed. 



By marking the intersections corresponding to different values of q, 
WH have a series of points in the required curve which, by adjustment 
of the value of a, may be made to lio as close together as is found 
necessary for tracing the curve of action through them libera manu. 

In Fig. 58 portions of three separal* sets of mntually orthogonal 
logarithmic spirals have been traced, by using the intersections of the 
Fundamental straight lines and circles. 
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Wert 



aolutiona Tike those given but taken fcom different origins, 
afford apace for one only. Let P, Q (Fig. 59) be points on the aiis ui 
m, distant a and - a from the origin, S, any point in the plane of the 
figui-B. LGtPR = r, <RPa! = e, EQ=J-i, <:EQk = S,. 
Tlien if 

A = lagr-logri, A' = S-fl,, 

we mngt have, not only the eqnation 



satisfied by each of A and A', but also the conditions 



dx dy ' dy 



" dx' 



This follows at once from the fact that all the eqna 

S 222. In Fig. 59 we have 
e' = PE/QR. Honce the locna 
of E is a uircle, whose o 
B, is on QP produced. 

Again A' = -=EPi«--=RQ^ 
= <PRQ. Tlie locus of R is, 
in this case, any c' 
throogh P and Q. 

These circles evidently c 
one another ortht^onally in ) , 
for BR, which is it radins of the 
one, ia a tangent to the other. 

Thus partiolea moving in a 
plane, so that the speed at any 
point E is inversely as PR . RQ, 
may describe circles in which 
PQ is a chord. In this case f '"■ ""• 

the euryea of equal action are 

circles defined by the condition that the ratio PE ; EQ is constant. Or 
they may move in the latl«r system of circles, in which case the 
former system gives the lines of etiual action. For the eqnariona in 
the preceding section give 

'' \dxj^\dy} \dx) ^Kdy) ^ rV, ' 

from which the conclusion ia obvious. 

We may easily extend this example to other sets of oi-thogonal 
curves whose equations are 
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; it will be found that w 



Theso pairs Triaj again be combined iuto 

P&. + A' and-A+yA', and so on. 

It will be noticed that in thase examples the curves of equal action 
AnaloBv between ^'"^ *''® paths of the particles correspond in steady 
acHon and ^"''^ motion to curves of equal pressure and lines of 
velocitv potential ^'*"'' ^"^ '" ^'^^^^ 'f' conduction to eqnipolential linea 
' and enrrant linaa. In anch oases in fact, where there 
ia no vortex-motion, the action is closely analogous to what js called 
tiie " velocity potential " in a fluid. 



Co-ordinaies. 

§ 223. By the help of the result already obtained in 
connection with least action, we may easily 
^rdinatea '^' obtain in a simple, though indirect, way the 
remarkable transformation of the equations 
of motion of a system which was first given by Lagrange. 
We are not prepared to give here the transformation to 
Generalised Co-ordinates in its most general form ; but, even 
in the restricted form to which we proceed, it is almost 
invaluable in the treatment of the motion of conservative 
systems of particles in which the number of degrees of 
freedom is less than three times that of the particles. 
The one point to be noticed is that, when we restrict our- 
selves to a system of this kind, the expression for the 
kinetic energy, T, ia necessarily a pure quadratic function 
of the rates of increase of the generalised co-ordinates. 
This is obvious from g 19. Repeating with generalised 
co-ordinates the investigation of § 210, wo have 

IIciioo 

5A=y(3T + BH-BV)*. 
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Now let e, ip, f, etc., bo the goneralised oo-orJinates, and wa have 

2T = P£P + 2Qd^ + E^+ , . , 

where P, Q, R . . . are in general funetjons of S, iji, 'p. . . . Of 
course V is a i'unetion of S, ^, !/■ . . . alone, and does not involve 
6, ^, j', etc. 

Thus we have, writing for one only of the generalised co-ordinates, 

"-/((S)"*(f)'«-(S)->'«= 

=<»«-- /-[e(S)-f-S)"} 

Bnt we saw that, for any natural motion, tho anintsgrated part of 
Sk necessarily vaoiabes. Thus, ss 9, (p, f . . ., and, therefore, then- 
variations, are Ijy their very nature independent of one another, tho 
vanishing of the unintegrated part gives us ono equation of motion for 
each degree of freedom, the type being in all of them Uie same, viz.. 



d1\ , (d^\ 
lie } 



_/rfT 

\de 



To exemplify the use of these equations we will take again a 
' " * portant cases of sonstiaint already 

11 then proceed to some others of 
L3 of somewhat greater complexity. 



of the more important cases of sonstiaint already Eiamules 
treated, and will then proceed to some others of ' 



le generaliseii 
se, itself the 
first integral of the (single) generalised aquaUon. We have, in fact, 

sotliat 

'K©-a<(f)'-(f)']-s- 



/(i rfT (TT dV 



)-i{^*^)- 
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Thus tbo equation of motion is 

m?S+t)tglsiae = 0, or tf + |^5Jiie = 0, 
i5in§li2. And it is the derivative of T + V = 0. 



ppose the same pendulum to be moving anyhow, 6 still 
Lolination to the vertical, and ^ denoting tlie azimuth 
Mch it is displaced, we have 



denoting 

of the plane in which it is displaced, we have 



Tlieso give at once 

{S)-'-»- {f)=— -..*-, (§)=..-" 

(i)— ^. (|).o, (5)... 

Henoe the two equations are 

Still keeping io easy exaraplea, suppose tlio cord of the onlinai-y 

simple pendulum to be extensible, aceoiiiing to 

Pendulum with Hooke's law. Let X ba its length at time t. Then 

exteusiblfl coril. the tension is E(\ - Ij/l, and the work it can do in 

contracting is the int^ral of tliis with regard to X 

fwm I to\ i.e., 

E{\~lf/2l. 
Hence we have 

■V= + E(\ ~ !)^/2l - mg\ cos B 

Thus Lagrange's equations become 

mX - niXS^ + E(X - 0/^ - jrtif COS fl = ; 
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acceleration perpendicular to, aud along, tlie radius-vector of a plane 
curTe(§47). 

Instead of tlie complex ]>endulum treated in § 185, we will now 
take tUfl case of two masses attached at different points to an elastic 
airing, or light helical spring, and consider their vertical vibrations. 

Let a, ft be the nnstretehed lengths of the parts of the string, M 
and m. the masses. Then if $, ij be their i-espective extensions at time 

so that Lagrange's equations are 

The equilibrium positions ate found by supposing the accelerations 
to vanish, so that, if we suppose f and 17 to be measured troia tliem, 
the terms in g will disappear. Hence the solution is of exactly the 
same nature as that already given for an apjmreutly different problem 
(8 186). 

We may mention that equations practically the same as these ai* 
obtained when we consider Uie motions of a watch 
and its balance-wheel, the watch being supported in Setting a watch, 
a horizontal position by means of a wire, and oscillat- 
ing in its own plane Ijy the torsion-elaaticily of the wire. The reader 
of § 290 below will have no difficulty in obtaining this result. It 
suggests a practical method of " setting " a watch to true time, with - 
oat turning the hands forward or backwai'd, and without letting it run 

The following is a simple, but very instructive, example 
of the transference of energy {back and forward) between 
two parts of a system. Two bar-magnets 
of equal mass (Fig. 60) are supported '^™''4^~ "^ 
horizontally by pairs of parallel strings 
of equal length, so that when at rest they are in one lino. 
One of them is slightly displaced in the direction of its 
length, find the subsequent motion of each.' 

If we can, by any process, find two fundamental states 
of motion which, once established, wiU be permanent, any 

^ We suppose the bars to be so long, in comparison with the distance 
between them, that we need take account only of the action of their poles 
which are turned towards one another. 
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other possible motion of the system will be a superposition 
of these two. The amplitudea and phases in the com- 
ponents may have any values, so long as the whole dis- 
turbance is small. This follows from the fact that the 

system has two degrees of freedom 

T T 1 r only, — since we are concerned only 
II \ i\ \ with motions in the plane of the 

n \ \\ \ (A) Now one obviously possible 

A \ i*\ \ motion is a simple harmonic vibration 
I 11 \ 0^ *hc whole, without change of dis- 

i i. -1 i- tance between the magnets. The 

*■'"■ '"'■ period of this vibration is obviously 

the same as that of either magnet if the other were 
removed. 

(B) Another obviously possible motion is that in which 
the magnets are, at every instant, equally and oppositely 
deflected. The x>eriod of this oscillation will be longer or 
shorter than that of the former according as the poles 
attract or repel one another. 

Now the initial state of motion proposed evidently con- 
sists of the superposition of (A) and (B) in such a way 
that there is, at starting, no displacement of either mass, 
but a definite velocity of one of them only. This corre- 
sponds to simultaneous zero of displacement, with equal 
velocities, for each of (A) and (B). There is therefore at 
that instant no displacement of either mass ; and one is 
at rest while the other is moving with double the assigned 
velocity. If 2jr/w, 27r/w' be the periods of the two motions, 
it is obvious that after the time Trj{n-n') the magnets 
will have interchanged their states so that the arrangement 
will present exactly the same appearance as at first, */ 
looked cd from the other side. 

Let a be the distance betweeu the ends of the bars when all four 
striuRS are vertical. Than, if d, ^ be at time t the uiolinatioiis of the 
pairs of strings to the vertical, a becomes 

where I is the common length of the strings. 
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KINETICS OF TWO OR MORE PARTICLES i 

potential energy due to magnetiam ia of the form /i/D, where /t 
positive if like poles bo turned to one auothoi. 



-mgI6-f,(^l 



tting powers of S and </• above 

mi^'>p--mgl<!i + %( 1 (f-d) ] ; 

from whioh the results already given may be deduced. In fact, if wo 
now measure $ and from their equilibrium values, tlieac cquatioiig 
are easily put in the fomm 

((l)"+f)'*+')=«.((l)"+f^*.)'*-«=»- 

Finally, let us take the ciko of Atwood's machine (§ 181) whiin the 
raaSiSes are equal, and one of them is vibrating 
throngh small area. Atwood a 

Let r, # be the polar co-ordinates of the vibrating machuie. 
mass ; then, neglecting powers of B higher than the second, we have 
the generalised equations q maas 

J vibrating. 

Put \gr for r, and Bsl'i for 9, and we get 
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Wh b tl th q 1 in sses vib t th gh sm 11 es, it ia found 
that tl m aa boa gul g is tl gre te 1 as downward ac- 

celeration with diminishing angular range. Hence it would appear 
that, if the string be long enough, the en&e motion would be penodic. 

§ 224. Before leaving tliis subject we may form, from the complete 
Talne of SA given in last aection, the generalised equations correspond- 
ing to those of Hamiltou's " varying action," aa given in § 212. 
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230 DYNAMICS 

We have at once 

{de)~\de)' \d<!>)~\d.p)' ■ ■ ■ \dRJ~^- 
But, by tJie value of T, wc have 

(f )=P»+«*+ . . . , (g).Q(+E*+...,*. 

These equations give ^, ^, . . . as homogeneous linear functions of 

(§)' (S) — """•' °'{s)' (^) — 

Thus, if ivo substitute those oxpreasioas in tho ei^uation 

--[Hf)]-[»('i)} 

which is obviously true, hecausa T is a homogeneoua function of S, i)i, 
... of the second dcgcoo, wo have a pavUal dilterential ctniation of 
the form 

fd^y ^ fdk\/dA\ fdAY ,.T „ 

Hw) ^^[d0m)^'-(di) + ■ ■ ■ =^(^-^''' 

L which A 

'he eoeffiei 
functions of fl, , . 

As an illustration, take again the example in last section, where two 
masses are attached to a helical spring, and vibrate in a veilioal line. 
From the value of T there given we have 

From these we have the equation for A 

•'•(l)"-(w)(S)-<-«'"(S)"-«-'— '• 
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CHAPTER VI 
STATICS OF A RIGID SOLID 

g 225. A KIGID body, as we have abeady seen, has at the 
utmost six degrees of freedom, three of translation and 
three of rotation. According to Newton's ^ 

scholium, the conditions of equilibrium of 'iigii g^iid." 
such a body, under the action of any system 
of forces, are that the algebraic sum of the rates of doing 
work by and against the forces shall be nil whatever 
uniform velocity of translation or of rotation the body 
may have. For, if this were not so, there would bo work 
done against acceleration, and the body would gain or lose 
kinetic energy. And this gain or loss would take place 
even if the body were originally at rest, i.e. it would not 
be in equilibrium. Hence to insure equilibrium, all that is 
necessary is that the sums of the components of the forces 
parallel to any three non-coplanar axes shall vanish, along 
with the sums of their moments about these axes severally. 
For simplicity it is usual to assume that the axes are 
rectanguJar, the origin being some definite point (say the 
centre of inertia) of the body. 

Thus we have at once 

The six 
S(X) = 0, 2(Y) = 0, S(Z) = coiKiitions. 

S(Zy-Ys) = 0, 2(Xs-Zk) = 0, 2{Yic-Xi/) = 0, 
where X, Y, Z are the components, parallel to the axes, of 
a force acting at the point x, ij, z ot the body. 
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When the left-hand members of these equations do not 
vanish, they obviously represent respectively the components 
of a force, and moments about the several axes, which, 
if reversed and taken along with the applied system of 
forces, would secure equilibrium. They form, therefore, 
an equivalent or resultant of the given system. The six 
equations above correspond to the six degrees of freedom 
involved. 

It is easj to see that it la a mere matter of convenience through 
what point of the body we draw the hnea about which momenta are 
taken. For, if we shift it by q^nantities a, b, c i psjiLctii ely, the 

S{Zfe-6)--i(=-0},etK^, 



2(Z5/-Ys)-62{Z) + cS(Y), etc.; 

anl b\ the first three equations, these quantities are seen to reduce 
thematlvefi to their firat terms. Heuee, in forming the equations of 
equilibrium, simplicity will be gained by choosing aa origin a point 
throt^h which the line of action of one or more of the applied forces 
passes. 

Again the point of applieafion of any one of the forces may be 
shifted at will anywhere along the line in which the force acts. For 
the equations o! the line in which the force at x, y, s acts are 



so that the expressions for the moments are unaltered if the point of 
application of the force be ahiftad to any position along tlic line in 
which it acta. 

§ 226. In the great majority of treatises on Statics the 
fundamental propositions of the subject, above given, are 
deduced from tho assumption (as a thing to be proved ex- 
perimentally) of the result just established, which is desig- 
nated the "principle of the transmission of force." Along 
with it are assumed the parallelogram of forces, and the 
principle of the "superposition of systems of forces in 
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STATICS OF A RIGID SOLID 233 

equilibrium." Since tbo publication of the Prindpia, the 
continued use of such methods must be looted upon as a 
retrograde step in science, 

§ 227. From this category we cannot quite except (so 
far at least as the usual modes of treating fjouolo 
it are concerned) the valuable idea of the 
" couple," due to Poinsot, But the term is in such common 
use, and the idea in its applications sometimes of such 
importance, that it cannot be omitted here. 

A ample is a, pair of equal forces acting on the same hody 
in opposite directions and in parallel lines. 

From the general conditions given in § 225 we see that 
a couple produces a definite moment of force about a par- 
ticular axis, but that the axis is determinate merely as 
regards direction, and not as regards position in space. 
The forces of a couple do not appear in the first three of 
the equations there given. On the other hand, the left- 
hand members of the other three equations may all be 
regarded as moments of couples. All the properties of 
couples are virtually contained in these statements. Thus, 
for instance, it is obvious that, so far as its effects are 
concerned — 

1. A couple may be shifted by translation to any other 
position in its own plane. 

2. It may be shifted t« any parallel "^^^'^^ 
plane. 

3. In either of these it may be turned through any 
angla 

4. Its forces may be increased or diminished in any 
ratio, provided the distance between their , 

r . , n . , - ,1 1 1 ,1 " Ami of (loupk. 

lines of action (which is called the arm 

of the couple) be proportionately diminished or inereaBed. 

A couple is therefore completely determined by means 
of its "axis," which is a line drawn (through . . , , 

, . , I- T , ■. Axis of couple. 

any point whatever) perpendicular to its 
plane, and of length representing its moment. And two 
couples are obviously to be compounded by treating their 
axes as if they were forces acting at one point. 
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§ 228, We will now examine tbe consequencoa of the 

Eeductionofa ^^ conditions of equilibrium (§ 225) in 

system to a force some of the moro common cases which 

and a couple, present themselves. But, before doing so, 

it ma,y malte matters clearer if we restate the conclusiona 

of that section in a somewhat different form. 

The resultmt of any number of forces, acting at any points 
of a 'rigid body, may he r^esented by a single force acting at 
(he origin, wnd a miple cf definite momeat about a definite line 
passing through the origin. 

Far equilUmmn of (he body this force and couple must 




Thus if, in Fig. 61, P, acting at Q, be any one of the 
forces, and the origin (chosen at random), we may 
introduce at a pair of equal and opposite forces =*: P, 
parallel to P. The original force, taken 
along with - P at the origin, gives a 
couple ; and in addition there is + P 
acting at the origin. 

§ 229. When only two forces act 
on a body, the first condition above, 
shows that they must be equal and 
opposite, and the second that they must act in the same 
lino, if they are to maintain equilibrium: When only 
three forces act, the first condition shows that they 
must bo parallel and equal to the sides of a triangle ; the 
second that their lines of action must meet in one point 
or must be parallel, if they are to maintain equilibrium. 

If their directions meet in one point we have again 
the problem of the equilibrium of a single particle under 
three forces ; for there can be no moment about this point. 
When the directions are parallel, one of the forces 
must obviously be equal to the sum of the other two, 
and must act in the opposite direction. Also its line of 
action must lie between those of the other two, for their 
momenta about any point in it must be equal and oppo- 
site. Hence it is impossible that any single force should 
balance a couple, unless we adopt the mathematical fiction 
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STATICS OF A RIGID SOLID 235 

of an infinitely small force acting in a line which is wholly 
at an infinite distance ; so that its moment may bo finite, 
and equal and opposite to that of the couple. 

§ 230. When any number of parallel forces act at 
definite points of a rigid body their re- p^^^, j„^_ 
sultant IS a single force equal to their 
algebraic sum, with a couple whose plane is obviously 
parallel to the common direction of the forces. The 
forces of this couple may be made, by lengthening or 
shortening the arm, equal to the resultant force. One 
of them will neutralise it, and the other remains the 
final resultant However the direction of the forces bo 
changed, this passes through a definite point called the 
" centre of parallel forces " (g 333). Thus , 
parallel forces necessarily have a single force 
as resultant, except when their algebraic sum is zero. 

§ 231. Excellent examples are furnished by heavy 
bodies of moderate dimensions, where the 
weights of their parts are forces practi- "^^^ ^' 
cally in parallel lines. The single resultant force, in 
such cases, is the whole weight of t!ie body. Its direc- 
tion always passes through the centre of inertia (g 109) 
because weight {in any one locality) is proportional to 
mass. For this reason all heavy bodies of moderate 
dimensions are said to have a " centre of ™ , 
gravity," which coincides with the centre 
of inertia. But it must be noticed that the two ideas 
are radically different, and that, while every piece of 
matter has a true centre of inertia, it is, in general, 
only approximately that we can predicate of it that it 
has a centre of gravity. In fact a body has a true centre 
of gravity only when it attracts, and is attracted by, all 
other gravitating matter as if its whole mass were con- 
centrated in that point. See § 135, (5), where some simple 
examples of centrobaric bodies are given. When there 
is a centre of gravity in a body, it is necessarily coin- 
cident with the centre of inertia. In gravitation cases, 
where bodies of moderate size are concerned, the resultant 
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IS ^b leifit appioximitel> a fcmgle f ico But ivhei 
we de^l with large non baiyientiic bodiLS like tlie oirfch 
we find tlat the lesultant of the uns attraction is a 
foice {deteimming the oi>it) ml i couple (pioducing 
piece&fioii etc) 

Whet 1 miss is Kid on d thiee logged tiLle we find 
the piossuie wh eh each leg supports by smiply taking 
moments abo it the line joining the uppei end? of the 
other two The leg is thus =«een to 
supjort % friction (f the weight of the 
mass, whose numeiatoi la the di-^tance 
<.f the centre of giavity of the mass 
from this hne ind its denominator the 
distance of the leg from the same 
hne Thus we hive a phisieal pi oof 
" " A of the pGometncal proposition thit it 
Fio. b2. j^j^y point, P, l>e taken in the plane 

of a triangle ABC (Fig. 62), and perpendiculars be drawn 
from it and from the angles, we have 



If the mass of the table is to be reckoned, P must bo 
taken as the centre of gravity of the system of table 
and load together. If the table be of uniform material, 
triangular, and supported by legs at its corners, similar 
reasoning shows that when it is unloaded (or loaded 
at its centre of gravity) each leg supports one-third of 
the weight. 

§ 232. Examples in which the resultant is a single 

couple are found in rigidly magnetised 
itesnitanta bodies placed in a uniform magnetic field. 

As the amounts of N. and S. magnetism 
ill a body are always equal, there is no force of transla- 
tion in a uniform field. The resultant couple depends 
for its magnitude on the orientation of the body, and 
the positions of equilibrium are those for which its 
moment vanishes. 



Hosted by 



Google 



STATICS OF A RIGID SOLID 237 

§ 233. Let P at x, y, z te one of a syatsni of parallel forces, their 
direction cosiiws being \ n, v. Let Q be the resultant force, and 
R, with dii'eetion cosines \', /if, /, the axis uf the resultant coaple. 
Then our conditions become 

Q = 2(P), 
\'n = S[P(ry-^)], ,i'It = S[P(\s-pa:)], p'R=2[P(,(a:-X;,)]. 
The last three equations gire the following conditions determin- 
ing K, V, /, v' :— 

-X2(Fs) +fi'R +v1,{Fx) = 
+ X2(P!/) - iiZiPx) + p'E =0. 
From these we have the equation of condition 

\y + li)!,' + vv' — 0, 

sliowing that the axis of the couple ia at light angles to the 

common direction of the parallel forces. 

We have also 

R=={2(Pil))''+(2(P!,)}= + (2(P^))^-(^S(P;K)+Ai2(P;,) + <'2(P2))«. 

This expression is of the same form as that in § 77, and we therc- 



l{¥x) KPrf l(Pj 

the magnitude of thu resultant i,ov plo is directly is the sine of tl t 
angle between this lino and the ennimtu direction of th parallel 
forces. In fact the mere form )f the three equations al o\ e proves 
this result. 

In the cose of a bod} of moderate dimensions acted on by 
gravity, P is the weight of the element it j; v and therefoie 
proportional to its n ass so that if the eeutiu of mtitia be taktn as 
the origin we have 

2(Pa>) 2(P^) 2(P)_0 

and there is no couple. Tht whole effttt is theieloie the aaine as 
if the mass were condcnaod at the centre of inertia. 
In the case of a magnet, 

2(P) = 0. 
and there ia no tranalatoiy force. The couple, as we have seen, 
depends upon the orientation of the body as regards the direction 
of the line of the earth's magnetic force. 

§ 234. We have seen that any system of forces acting 
on a rigid body may be reduced to a force 
and a couple ; also that when the force is ^^'^^g*" '"" 
in the plane of the couple the resultant 
can always be put in the form of a single force acting 
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238 DYNAMICS 

in a definite line in the body. When the force is not 
in the plane of the couple, we may resolve the couple 
into two components, the plane of one being parallel, of 
the other perpendicular, to the force. The first, when 
compounded with the force, merely shifts the line in 
which it acts. Thus any system of forces may bo re- 
duced to a single force, acting in a definite lino called 
the " central axis," and a couplo in a plane 
Central asia. pgppendicular to it. One of the forces of 
the couple may now be compounded with the single 
force, and thus we obtain, as the resultant of any 
system of forces, a pair of forces in non- intersecting 
lines not perpendicular to one another. This is only 
one of an infinite number of ways in which fancy, or 
convenience, may lead us to represent the equivalent of 
a group of forces. Many very 
,.,--^'- ^ curious theorems have been met 

~~P?\ with in investigations on this sub- 
' / \ ject. For instance, by compound- 
/ ^ ing one of the forces of the re- 
'. sultant couple with the resultant 

force (not now necessarily per- 
^'"- ^- pendicular to its plane) we We 

a system of two forces acting in non-intersecting lines. 
Then we have the following curious proposition, which 
may easily bo proved from the formulie already given : — 

When a system of forces is reduced in awy manner what- 
ever to ttoo, the volume of the tetrahedron of which these are 
opposUe edges is constant. 

% 235. The most symmetrical pair of resultant forces 
is found thus. Take any point P (Fig. 
Symmetrical gg^ j^^ ^^^ central axis, and draw through 
re uc ion, ^^ ^ ^^^ APA', perpendicular to it, and 
1 at P. Substitute for the single force at P its 
s acting at A and A' respectively. Combine these 
respectively with the forces AQ, A'Q' of the couple 
when AA' is made its arm. The system is thus re- 
duced to two equal forces AE, A'E', whose lines of 
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action are interchangeable by a rotation of two right 
angles about the central axis. 

e of the forces, aud let 

General re- 
X = 2(PX), Y = S(Prt Z = 2(Pj.) ductiouJ 

« the componenta of the siugle force at the origiu. 

L=2{P(<'!;-//2)] 

ponents of tie reaultaut couple. 



If 



Snents ot the reaultaut couple, 
the origin to the point a, b, c, the firat three qiiantitics 
unaltered, hut the couples become 



L'=L+cY-iZ 
M' = M + oZ-cX 
N' = N" + JX-fflY. 



^^^^-^ = .,supt^se; 

L= eX-cY+SZ 
M= eX + eY-([Z 
N=-JX + «Y + cZ. 

Either of these seta gives the equations of tlit 
easy to show that the oonditi< 
same eqnatious. 

.The resultant foioe and couple are in 
the resultant ia a single force in the central i 

L'X + M'Y + N'Z = ( 

By the valueB of L', M', N' above, ii 

LX + MY + NZ:=0. 

When this last condition ia not satisfied, we see that the t 
of the left-hand member which, from the way in wliieh it oc< 
must obviously be an invariant, is 

e{X' + Y'-l-Z'), 

where c has the same value as in tlie three equations above. 



!e that this is equivalent tc 



Hosted by 



Google 



§ 236. One of the most remarltable of the many 
curioua theorems connected with the single 
"h^rem'' "-esultant of a system of forces is that of 
Minding. Wo have seen that, in general, 
the resultant may be put in the form of a single force 
and a couple in a plaoo perpendicular to it. If we now 
suppose the system of forces to bo shifted iuto a new 
position such that their points of application, their magni- 
tudes, and the angles between their directions two and 
two, all remain unchanged, the resultant force will be of 
the same magnitude as before, but the couple will in 
general be different. Of the infinitely infinite number of 
possible positions which the forces may assume, an infinite 
number correspond to a zero couple. Minding has shown 
that the lines of action of these single resultants consist 
of all lines passing through each of two curves, fixed in the 
body, an ellipse and an hyberbola, in planes perpendicular 
to each other. The proof of the proposition gives an in- 
teresting example of the use of Eodrigues's co-ordinates 
(% 83), 

The moat obyioua mode of attacking this question would be to 
resolve the appfied forcea into three gronpa, parallel respectively to 
three rectangular axes which revolve with (hem, and t* choose 
tiose axes so that the sum of the resolved parts does not vanisll 
parallel to any one of the three. Each of these aystama of parallel 
forces has its owii "centre" (§ 280),— bo that the final resolution 
gives thi'ee forces, each of a given magnitude, acting in any 
miitially perpendicular directions at three definite points in the 
body. This, however, is not analytically so simple as the followii^. 

We refer the body to fixed axes Ox, %, Os, to be afterwojils 
specified. As tho origin and the directions ot these axes are at ow 
disposal, we may impose six conditions. Now suppose the forces 
t« be resolved parallel to a set of rectangular axes Oa/, OV, Os" 
which will be considered afterwards to rotate with them. Such a 
system of axes may, at starting, have any assigned position. This 
gives as three conditions more. Lot then A, 3, C fe the compon- 
ents, parallel to the second set of axes, of the force applied at the 
Eoint whose eo-orfinates referred to the first sjslera are a, b, c 
et the direction cosines of the second system m any of its future 
positions, referred to the first system, be l^, Mj, «] ; ^a »is, "a ; l^, 
ms, "3 respectively. 

Then the foKS at a, h, e has the following components ;— 
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Ml +B;2 +C;a, parallel to Oa; 
Atuj+Bms+Craj, ,, ,, Oy 

AKi +B«2+Cjl3i ,, „ Oz. 

The expressions for the resultant force and conple at the oriain 
will eridently depend upon the following twelve c^uantities, besidfia 
the direction cosines, viz. : — 



2(Aa), 2(Ai), S(A<!), 
Z(B«), S(Bi), 2(Bc), 
S(Co), 2(Ci), S(Cc). 

.0 the direction 

S(A«)=:0, 2(A5) = 0, S(Ac)=0. 

i.e. let the origin be chosen aa the "centre" (§ 230) of the forcea 
parallel to the resultant force. Aa we have still four conditions to 
impose, we select the following ; — 

2(Ba) = 0, S(Bc)=0, 2(Ca)-0, 2(05) = 0. 
These express that the plane of the conple due to the forces C 
passes through Oy, while that of the forces B passes through Os. 
Write now 

2(A) = a, 2(lM)=aft 2{C0 = 9V- 

The force and couple at tlie origin are- 

m,, a™,, an, 

These arc equivalent to a single force if (§ 235) 

{li-a^ - njl^)^ - {liVh - ■<«4in = 0. 

OT3^-n,7=0 (1)- 

This ia the required condition. When it is satisfied, the equations 
of the line in wliieh the single force 3 acts are any two of 

the condition that these three agree being (1). 
Eliminat* i, between tlie last two, and we get 
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(1), i 
If 

(ra - 3(t^)5j - (WJ+ K^)i-= (iW + ira:)3 - (y^ - iffit)v 
itlwn! + 3^) - M^ -viy)-{x!i + wy)-f<i -(xy- iis)^^. 
Eeirrangiug according to y, z, and ye, 

(fi-y)y;^-(fi+y)wx=0 

[f{{+i3>+7,(|-T>w]y + [f(4-^t«'-'?(£ + 7)^>=0, 
the seoond of whioh may be put, by means of tte first, in the form 

((^ tty ( n + (^+ ) =0 

These three i b 1 y th f f th tat 

only of the 1 t tl t th h t Th 1 t t 1 n ^ 

-. Solvin th d btt t ^ tl fi t r d fi lly 

abiquadrati — 

Henoe, if part la lu be as gned tof ij fw fidf 
values of - Thus j, 1 th re I po> t f th gl 

resultant force pas g th gl y po t. 

Bnt, with tfrmigth bjad-at w ny aaly btin 
Mindinc's th n S ppo, aa k th loi is f 11 p nta in 

which file ,1 ,T( n b t ly th I f att f tl gl 

force. We have f=0, and the equations above are n-du td to 

viv^y-x^) + 2^ff + y)v>x = 
(f-7)wi/-(l + 7)^ =0. 
From the last two we find 

so that finally, by the first, 

f A = ^ .... (4). 
Had we put ij = 0, we should have found, by a similar process, 



Hosted by 



Google 



STATICS OF A RIGID SOLID 



'■(P-y- 



• (t). 



(4) witJi f=0, and (5) with ?j = represent an hyperljola and an ellipse, 
or an ellipse and an hypBi'Wa, respectively, according as ^ ia greater 
or less than 7^^. In either case the Tertices of the hyperbola coincide 
with the foci of tlie ellipse ; so that the two curves are linked 
together. 

It is now easy to see that, from any assigned point of space, ttie 
two curves will appear to intersect one another in four poinlB. 
Two, or all, of these may in special cases coincide. Lines drawn 
to these points give the four positions of the single force which can 
pass through the assigned point. 



of Slaiical Methods and Tkearems 

§ 237. Suppose a ladder to bo loaDiiig against a vertical 
wall. If there be no friction, what force, 
applied at the lower end, will just suffice to " j„^^ a'^aii^ 
support it ? 

Id the treatment of all questions of this bind the 
student should commence by making a rough sketch of 
the situation, indicating all the forces 
concerned, with the d'rect'u s 'n which 
they act. As shown inF^ C4 the vail 
exerts an outward thrust S on tl e ] per 
end of the ladder, the ^roa 1 in pward 
thrust K on the lower en 1 The only 
other force is gravity wl ch 1 ay be 
supposed to produce i down va d f rce 
at the middle of the ladder, equal to its 
whole weight. Unless there be some other 
horizontal force to balance S, the ladder 
will obviously slide down. Suppose then 
a horizontal force F to be applied at 
the lower end, and lot the ladder be inclined at a 
a to the horizon. Then our conditions become 
horizontally 

S-F=0, 
vertically 

W-E=0, 
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and for the couple in the plane of the figure, I being the 
length of the ladder, 

lW2oo9a-Sisma = 0. 
[The last equation is obtained by taking moments 
about the lower end o£ the ladder, this ' point being 
chosen (g 225) because the directions of two of the 
forces pass through it.] From these equations we find 
at once 

F = S-iWoota. 

It is to be observed that the requisite force F is very 
small -while the ladder is nearly vertical, but increases 
without limit as it becomes more nearly horizontal. 

§ 238. Next let us vary the question by supposing the 
coefficient of friction on the ground to be 
Uao of friction. ^^ ,j,^^ equations are precisely the same 
as before, and the limiting value of a for which equili- 
brium is possible is now to be found by putting 

F=fcR-f<W. 
Thus 

2;. -cot a 

gives the smallest value of a for which equilibrium is 
possible. For any larger value of a less friction is called 
into play. 

g 239. It next wo assume the wall also to be rough, 
a new friction force, G, comes in. The equations (for 
any given value of a) are 

S-F=0 

W-R-G=0 

JW; cos ci - Si sin a- G; 003 (1 = 0. 

Here there is a certain amount of indeterminateneas 
which our formulae cannot escape (although of course 
it does not exist in nature) so long as we are not deal- 
ing with the limiting case in which motion is about to 
commence. Provided tho coefRcient of friction be the same 
for the wall as for the ground, we have then 
0=A F^juR- 



Hosted by 



Google 



STATICS OF A RIGID SOLID 246 

Thus, in all, there are five" equations. These are re- 
quisite and necessary because there are four forces S, G, 
E, F to be determined, as well as the special value of 
the angle a. Tiie result of eliminating the four forces is 



§ 240. We may still further vary the question by 
supposing a man of weight w to ascend ^^ ^^ ^^^^^^ 
the ladder. Let e represent the fraction 
of the ladder's length which he has ascended. The 
equations are 



Introducing the condition that slipping i 
e obtain 



where a has the value given in g 239. Hence the 
limiting angle is increased or diminished by the load 
on the ladder according as 



The ratio w/W does not appear in this condition. But 
it shows its importance when e is either greater or less 
than ^. 

Hence, when the ladder is just about to slip, a man 
makes it more stable if he stands anywhere on the lower 
half of it, but brings it down if he mounts higher. We 
conclude that, so far as sliding is concerned, it is advan- 
tageous to make the lower half of a ladder more massive 
than the upper half. 
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249 DYNAMICS 

§ 241. Suppose a ladder, with its lower end resting 
against a wall, to be supported by a horizontal rail 
parallel to the wall (Fig. 65). This case is chosen because 
it illustrates definite limits within which stability ia 
ensured. 

Let a be the liiilf Icngtli of the ladder, o its iiiclmation tfl tte 
horizon, 6 the distance of the rail from the wall. Suppose the 
ladder in Buch apoaition that if there were no friction it would 
slip downwaids. Then the etiuatiooa of equilibrium are 



-W = 



In the third of 




ise equations the lower end of 
the ladder has been chosen as the 
point about 'which moments are 
taken, because the lines of action 
of three of the forces pass throiigh 
it. Here again thore is inde- 
terminateness, because there are 
two places at which friction comes 
in, and we do not know at which 
it is most freely exerted. But 
if the whole be on the point of 
re the additional data 



e lead to the equation 

(l-,.2)<»3o + 2^8ina-^a 
If we introduce an angle v, such that 



this equation becomes 



the right-hand member of which must necessarily be less 
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This determines the lowest position of the lower end 
consistent with equilibrium, and the mere change of 
sign of li, and therefore of v, alters it into the equation 
for the highest. The signs of the friction terms are 
changed when the direction of slipping is supposed to 
be reversed. 

When there is no friction we may often usefully apply 
the principle of § 206. Eosume the problem just treated, 
a smooth inclined plane taking the place of the wall. 
Trace the curve on which lie all the possible positions 
of the centre of gravity of the ladder, when it is made to 
move subject to the constraints. This curve (a conchoid) 
has, in general, a double point at the rail ; and two 
horizontal tangents can be drawn to it. One lies wholly 
alove, the other wholly below, the part of the curve near 
its point of contact The first corresponds to the posi- 
tion of the centre of gravity where there is maximum 
potential energy, and therefore unstable equilibrium ; 
the second, to a position of minimum, and therefore of 
stable equilibrium. But it is necessary to examine these 
solutions, so as to make sure that the action between the 
ladder and wall is really a pressure, not a tension. Hence, 
in the stable ease, the centre of gravity of the ladder must 
lie between the wall and the rail. 
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CHAPTER VII 

KINETICS OF A RIGID SOLID 

g 242. The motion of a rigid body is, as we liave 
seen, completely determined when we know 
^'"'^Mi'''^'^tlie motion of one of its points and the 
relative motion of the body about that 
point. The point usually chosen ia the centre of inertia 
of the body, and the investigation of its motion comes 
under the kinetics of a particle, which we have already 
sufficiently discussed. For we are perm.itted to suppose 
the whole mass to be concentrated at that point, and to 
be acted on by all the separate forces, each unaltered in 
direction and magnitude. Hence we may now confine 
ourselves to the study of the motion about the centre 
of inertia which, for the moment, we may look on as 
fixed. 

To illustrate, in a very simple manner, the new con- 
ceptions which are re] red for the study of this ques- 
tion, let us take a u fom c r ilar ring of matter, of 
radius E, revolvi fe w th in^ il r velocity »u about an 
axis through its ce t e and pe pendicular to its plane. 
Its moment of mon ent m is 1 ously 

M . Ew . R, or MR= . w. 

Its kinetic energy is 
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If it be acted on by a couple 0, in its plane, C ia tbe 
rate of increase of the moment of momentum, or 

MR^u-C. 
The work done by the couple in time 8t ia 

and the increase of kinetic energy is 
MR^. wiJS;. 

By equating these wo have (after dividing both sides 
by loSt) the same equation as we obtained from the rate 
of increase of moment of momentum. It will be 
observed that these equations are of exactly the same 
form as those for the motion of a particle parallel to 
one of the co-ordinate axes, only that to takes the place 
of a linear velocity (such as x) while the expression ME^ 
tabes the place of M, and the right-hand side is the moment 
of a force, not a force simply. 

§ 243, Hence, generally, we are led to 
define as follows : — i™rti'a." 

Def. The "moment of inertia" of a 
body about any axis is the sum of the products of the 
mass of each particle of the body into the square of its 
(least) distance from the axis. 

The following theorem enables us at once to find the 
moment of inertia about any line, as axis, from that 
about a parallel axis through the centre of inertia : — 

Let the line be cliosen as tlie axis of z, then the moment of 
inertia about it is 

Zm{ap + y''). 



and tliB above expression for the moment of ineitia becomes 

2m(«= + ^-i-2l^+2ih + S' + iy'). 
By the property of tho centi'c of inertia, § 100, 
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2(HiJ)^0, 2(w.ij) = 0. 

Hence the above expresBion consists of two parts ; — 

Sfl^f' + I^, 

the moment of inertia about a parallel axis through the centre of 
inertia, and 

2(») . (#+»-), 

the moment of inertia of the whole mass snppoaed concentrated at 
its centre of iuei-tia. 

§ 244, Hence we need study only the moments of 
inertia about axes passing througJi the centre of inertia. 
But we will commence with an origin assumed at hazard. 

If the direction cosines of an axis through the origin 
be A, li, y, the square of the distance of the mass m at 
X, 1/, s from it is 

i"" + y^ + ^ - Q^ +i'v+ ''^T- 
Hence the moment of inertia is 

3 = Sm{s^ + / + e" - (\;e + fij( + !-£)=) 
^Zm{(y'' + ^)\^ + {z^+3?)tfi + {x^i-f)y'^-^\li-2y:f>.i--2!!Xi'\), 
which may be written 

3 = AX" + 2Gr.j\ii + Bfi' + aOiiU" + 2G5 A + Ov''. 
If we measure off, on the axis, a quantity p whose 
square is the reciprocal of 3, and call its terminal 
co-ordinates ^, ij, ^ this equation becomes by multiply- 
ing both sides by p^ 

1 = Af + 2O3J1J -h B V -h 2Gii,f + 2G2j;5 + C j« 
As the moment of meitii is essentially a positi\e quan- 
tity, this equation repiescnta an ellipsoid It must of 
course have three principal axes , and, when these are 
taken as the co-ordinate axes, the terms m ^1;, ijf, and 
(^ in the above exjiression muht disappear 

§ 245. Hence it everj point of eveiy rigid body 

there are three " principal axes " of in- 

^Twf^^^ ertia, at right angles to one another. One 

of them is the axis of absolute maximum 

moment, another that of absolute minimum. 
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Our equation now becomes, wlioii i^forrod to these axes, 

or, dividiug by /^, 

Thna the moment of inertia abont any asis is found from those 
about the principal axes at that point bj multiplying each by the 
square of the corresponding direction cosine, and aditing the results. 
For the quantitT A was written originally aa 



i.e. it Is the m n nt of 

that, at every po nt of body th 

that the expressions 



about 



e prindi 

:t M*;, : 



about tham. The quantities Sj, j^ is principal it 
aboTO, the n 



are called the principal " radii of gyratit 
Then, by the reanlts aliore, the moment of ine 
about a line X, li, y tlu^ugh the point a, ^, 7 is 



ii+^+yi_(Xa + ^+^)!]+M(X=if + ft=i| + ^iJ). 



?>V^' + ;'=-l. 
lence, if ji be an nndctormined multiplier, we have 

(t J +p)^ - ^(oX +/3/1 + -p) = 

IK +?)'■ - ^(tA +|3/t+ 7") = 0. 

But, if ive consider a surface of the second order 

*i+i> ^!+p *5+jJ ' 

mfocal with the ellipsoid 



■ fc,'+p ' jt'+p ' k'^ + p 
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Hciiw, if this surface pass through tlie point a, ,8, ^ 

m + py^Fy, 
wlicre P is to be determined by the enuation 



a\ + Pii + 



\kl+p kl+p Ict+pJ 



Substitute this value of P in tlie preceding aqiiations, and they become 
identical with those above given for determining the prineipal axes at 
a, ft y. Hence Binet's Theorem : — 

TJie princi^ oiees at any pmrU of a lody are normals to the three 
SKTfwxs (f Oi£ teemid order 'which jmws through Chat point and are em- 
faoal wUh the ellipsoid (a). 

§ 246. We will here tabulate the values of the moments 
of inertia about principal axes through the 
Principal mo- ^.g^tre of inertia, in a few specially useful 
ments of inertia. '■" ""^ v i: , j. j 

cases. 

1. Plane nniform circular disk. 

Divide it into concentric rings, of radius r, of breadth Sc. Then 
the moment of inertia about tlio axis through t]ie centre, and perpen- 
dicular to the plane, of the circle is 

pi 27rrW=4ir(iVi 

where a is the radius, and p tlie niaas of a square unit, of tlio disk. 
But the masB is ira^p, 
so that 

Tliie of course applies to a circular cylinder, Obvionsly, in the disk 

In fact the moment of inertia abont an axis drawn perpendicular to 
any plane figure at any point is equal to the sum of tlie other two 
about rectangular axes which lie in the plane. The one is Sm»(i^ + j/°), 
and the others are Smi? ajid Smy^ reapebtively. 

2. TJnitorm rod of length I, p mass per nnit length- 

K = lp, Mfc? = 0, Wil^M.i:l = 2pj 3:Vm=^^, 
so that 
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3. Uiiifoltn I'cetaiigular plato, aides a mid J, axia parallel to J. 

so that 

Henco, by the lemark above, 

4. Uiiifcini sphci'e, radius a, p maas per unit volume. Here 

and therefore the sum of any two is 

Thus 

M^:; ^ Wei = Wcl = |l5rp Tr^rfr = I'V'rpi'''. 
Jiut 

M = (JT/M™, 

and tJma 



M(f 






From this follows immediately 

6. Ellipsoid, semiasea a, b, c, and of uniform density :— 

From these we can, of course, repraducc the I'eaiUt for a apliero. 

7. Eeotaugnlar parallelepiped, edges a, b, c : — 

The determination of momenta of inertia is, like that of oentrea of 
inertia, a pm'ely mathematical matter, the full discussion of wliioh 
would lead us away from tlie proper objects of this wort. 

§ 247. The simplest cases that; can present themselves 
so far as rotation is concerned (for the trans- 
lational effects on a rigid body are treated flxed'axir" ' 
precisely as if it were a mere particle, — a 
process already sufficiently illustrated) are those in whicli 
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there is one degree of freedom to rotate, i.e, when the 
body is rigidly attached to a fixed axis. Here the physical 
condition ia simply that the rate of incresise of moment of 
momentum is equal to the moment of the resultant couple 
about the axis of rotation. 

g 2i8. Let us recur to Atwood's machine (§ 182) as a first 

example, and suppose the string not to slip 

^3"^ "^v'' o" ^^^ pulley, so that the pulley must turn. 

wood s iriachme. ^^ ^^^.^ ^^^^ ^^ ^^^j. ^^^^g^^g ^^^^^^ ^^iG tWO 

free parts of the string are now, as it were, separate 
strings, so that we have no right to assume their tensions 
to be equal. In fact if they were equal there would be no 
acceleration of the rotation of the pulley, nor of courso of 
the common velocity of the two masses. Wc assume that 
the piilley is symmetrical, and the axis through its centre 
of inertia. And we retain the former notation. 

Let a be the radius of the pulley, and <j its angular 
velocity, then im is the linear velocity of either mass. 
Thus the linear acceleration of ea«h of the masses is equal 
to a times the angular acceleration of the pulley. But the 
linear acceleration multiplied by the mass is the measure 
of the force producing it ; while the angular acceleration 
multiplied by the moment of inertia is the measure of the 
moment of the couple producing it. Thus we have (M 
being the mass of the pulley, and k its radius of gyration) 

Mi? X angular acceleration — [T- T)a 

m' X linear acceleration — m'g - T' 

m X linear acceleration — T - mg. 
Eliminating T and T', and talcing account of the above 
relation between the accelerations, we find at once 

Linear acceleration = — "; „+\\ iflln^ ' 

from which, by the last two of our equations, the separate 
values of T and T' may be found. 

If we compare this result with that obtained in § 182, 
on the supposition that the pulley was perfectly smooth. 
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we see that the only difference is in the addition of Mi^/a^ 
to the sum of the two masses. Otherwise the nature of 
the motion remains unaffected, 

§ 249. Let US next take the case of a body of any form 
attached to a horizontal axis which does not 
pass through its centre of inertia. In such S^^i"^ 
a case gravity is the force producing motion, 
and we have what is called a "compound pendulum." 
Draw through the centre of inertia a line parallel to the 
axis ; let A be the distance between these lines, and the 
angle which their plane makes (at a given time) with the 
vertical. The moment producing angular acceleration is 
obviously 

- mgh sill 9. 

Divide by the moment of inertia about the axis, which by 
a previous proposition (§ 343) is 



(where k ia the radius of gyration about the line drawn 
through the centre of inertia), and we have for the angular 
acceleration 



In the case of a simple pendulum of length I, wc saw (§ 1 42) 
that the angular acceleration is 



Hence the motion of the compound pendulum will bo 
identical with that of the simple pendulum when, and only 
when. 

As /( and k are necessarily positive (or rather signless) 
quantities, the smallest value of I is evidently when k — k. 
Hence the shortest timo in which the mass can vibrate 
about any axis parallel to the original one corresponds to 
that of a simple pendulum of length 2k When h is made 
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either leas or greater than i, the length of the equivalent 
simple pendulum increasca, and for any assigned value of 
I greater than 2k there are two corresponding values of ft, 
one less and the other greater than k Their sum, how- 
ever, as we see by the coefficient of the second term in the 
equation 

A=-;A + i= = 0, 
is always equal to I. 

If then we can find two parallel axes in a rigid body, 
lying in one plane with the centre of inertia, and on 
opposite sides of that point, such that the time of oscilla- 
tion is the same for each, the distance between them is 
the- length of the equivalent simple pendulum. Kater 
made use of this proposition in his determination of the 
length of the second's pendulum, under the circumstances 
in which it was defined by Act of Parliament as a datum 
for restoring, in case of loss, the standard yard. 

§ 250. Suppose now that a second body is attached to 
the first by an axis parallel to that about 
Complex^eom-^ ^j^j^j^ ^j^g g^g^ jg constrauied to move ; and, 
poHii lien II ^^^ simplicity, suppose the centre of inertia 
of the first body to he in the plane containing the two 
axes. Here we have a complex eompoand pendulum, and it 
is interesting to compare the motion with that of the com- 
plex simple pendulum of ^ 185, 186, 

Let ik', h', Jf , ^ correBpouil, for tie second body, tom,7i,k,B for the 
firat, and let a be the diatanoo between the axes. For variety we will 
adopt Lagrange's method. We have clearly 

T =^("1^^ + mh^6^ + m'f V +™'(a^^^ + ^' V + 2nA' cos (ip - 6)^6), 
V^G-mghcose- m'gia cos 6 + h' cos 0). 

Those wouhi enable us at once to write down the equations of motion, 
however large be the distmbanoe, but they are too complex for our 
present work. Let us then assume ^ and p to be each voi-y Hniall, and 

Combining, as before, by means of an undetermined multiplier we 
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{m^i!' + k^) + m'a? + \m'ah')S + (m;ah'■^\m'(Ilf'^+h"^)}^ 
= -g\(mA + 'm'a.)e + \m'h'4ii. 
Tfraa the two vsilnsa of \ are given by tte equation 
ra' ah' +'Km'{k'^ + h'^) _ ^m'h' 

This may be written in the form 



where B is greater than A ; and A, B, C are all essentially jMsitive 
if Uie hodiea have been only slightly disiJaced from the position o 
atahle equilibriiun. The equation givea 



+ C),i + (B-A)C = 0, 



§ 251. A well-known puzzle in connexion with this 
subject used to be " How to distinguish be- 
tween two hollow shells, one of gold, the hoUow'^tiis 
other of silver, if their diameters and masses 
be alike, and both be painted." If we observe that the 
volumes of equal masses are inversely as the densities, the 
volume of the gold shell is seen to be less than that of the 
silver one, and therefore, on the whole, its mass is farther 
from the centre, and its moment of inertia greater. Hence 
any form of experiment in which the moment of inertia 
comes in will suffice to decide the question. Thus the 
shells might be alternately damped to the end of a rod, and 
the system swung as a pendulum :— when the gold shell 
would vibrate more slowly than the silver one. Or they 
might be allowed to roll, not slide, down a rough plane. 
In this case the work done by gravity on each is the same 
when they have fallen through equal spaees. But its 
equivalent is in the form of kinetic energy, partly transla- 
tional and partly rotational. The relative amounts of these 
17 
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two depend on the momQiits of inertia of the spheres, for 
the ratio of the translational velocity to the angular velocity 
is the same for each. Hence the gold sphere, having the 
greater moment of inertia, will have the smaller velocity 
of translation. Another form of this question was to have 
a shell with a spherical mass inside, which might be either 
free to rotate on gimbals, or else be keyed to the outer 
skin. The keying would of course retard the motion of 
the whole down a rough plane, for part of the energy due 
to gravity would then be shared by the internal mass in 
the form of energy of rotation from which it would other- 
wise have been free Ai other ver> instructive fjrm is 
that cf a sphern.ll 'hell full of fluid If the tiui I be peifect, 
(? 292} the moment of mettii h that of the «hell alone, 
if it he infinitely vi coua the moment of inertia is that of 
shell and fluid a-i if thej on=fituted one ri^id solid and 
we may have eveij intermediate amount If we suppose 
the rotation of the outci shell to 1 e sud Jenlv sto] i ed the 
infinite^ 11SC0US contents wmld be red iced to rest also 
But if they be not infinitely viscous thej will not at once 
be broua;ht to rest hut will be able to p it the shell in 
rotation a^ain if it be at once set free Thus m practice 
we can tell a raw ege; from a haid boiled 6^2 Ti e first 
18 with difficult) ma le to rotate and sets itself in motion 
again if it be stopped and at oi ce let go The second 
behaves, practically like a n,id solid 

g 253. The problem of the rolling of a sphere down a 
rough inclined plane is sdved at once a^ above, by apply- 
ing the conservation of energy For if t be the co-ordinate 
of its centre parallel to the plane $ the angle through 
which it has turned and u its radius we have the kine- 
matical condition 

iP 

(due to the perfect toughnesi of the ihne). 
Also the potential eneigy lost is 

M/IS.I a 

where a is the inclination of the plane to the horizon ; and 
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the kinetic energy gained is made up of the two parts,- 
^Mx^ translational, and JMFS^ rotational. 

Hence 

M(P + a'')^-2Mgae sin a, 



This shon^ that the motion is the same as that of a 
particle sliding down a smooth plane of the same inclination, 
under gravity diminished in the ratio a^:k^ + a^. And it 
shows how friction may retard motion without producing 
any dissipation of energy. 

§ 253, Suppose one point of a rigid plane sheet be 
made to move in any manner in the plane of the sheet, 
what will be the consequent rotation 1 

Let M be the mass of the sheet, and f, 57, given in terms of (, the co- 
ordinates of the jioiut whose motion is assigned. Let 
a, bo the relative polar co-OTdinat*s of the centre of Varying con- 
inertia, then straint of one 

M[j-+.(™.)I.X, Mfi>«.:.„.Y, ■»««"•»*• 
MftSS = - Ya COS fl -^ Xa sin fl ; 

where X and Y are the foi'ces requisite te produce tlie motion. Elim- 
inating them, we And 

with which we can do no more until further data are specified. 

Suppose f , ij to move with uniform acceleration ji in a direction 
assignwl by a, then 

f-pooso, ^=psina, 

(i^ -KiV= - ap(sin o cos e - cos a sin 9) = aj) sin {S - n). 

The centre of inertia of the u 
constrained point, precisely as does a si 
tion of the acceleration p is reversed. 

Again suppose the constrained point to move uiiifenii 
of radius 6, with angular velocity a. We have 

and 

(i= + a!')S= + u%6(sin «i cos - cos u( sin O). 

{-t^ + a^)!'^] V - ■"« = - '"'^* sin (fi - w(). 
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This is, again, the equation of motion of a simple pendulum, but the 
aMle of diaplacement e - uf is no longer measured from a fistd line 
but from tlie nniformly rotating radius of the gviido circle. Hence tlie 
maaa 03Cil!at«3, pendulum-wise, about this unflormly revolving line, 
g 254. Let us take, as an instance of impiilse, the caae 
of Eobins's " ballistic pendulum," — a massive 
BoJlistic ^||^j,[j jjf ^QQ^ movable about a horizontal 
^° ' axis at a considerable distance above it, — 

employed to measure the velocity of a cannon or musket 
shot. The shot is usually fired into the block in a hori- 
zontal direction perpendicular to the axis. The impulsive 
penetration is so nearly instantaneous, and the mass of the 
block so large compared with that of the shot, that the 
ball and pendulum are moving on as one mass before the 
pendulum has been sensibly deflected from the position of 
equilibrium. This is the essential peculiarity of the 
ballistic method, — which is used also extensively in electro- 
magnetic researches and in practical electric testing, \vhen 
the integral quantity of the electricity which has passed in 
a current of short duration is to be measured. The line 
of motion of the bullet at impact may be in any direction 
whatever, but the only part which is effective is the com- 
ponent in a plane perpendicular to the axis. We may 
therefore, for simplicity, consider the motion to be in a 
line perpendicular to the axis, though not necessarily hori- 
zontal. 

Lot m be the mass of the bullet, v its velocity, and p tbe distance of 
its lino ot motion from tlie asU. Let M be the mass of the pendulnm 
with the bullet lodged in it, and i its raditis of gyration. Then, if a 
be the angular velocity of the pendulum when the impact la complete, 

from which the solution of the question is easily determined. For the 
kinetic energy after impact ia changed into its equivalent in potential 
enerey when the pendulum reaches its poaition of greatest deflexion. 
Let Qiia be riven by the angle S ; then the height to wliieh the centre of 
inertia is raised is ft(l - cos $), if h be its distance from the axis. Thus 
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KINETICS OF A RIGID SOLID 261 

an expreaiuon for the chord of the angle of deflexion. In praetiee the 
chord of the angle 8 is measured by means of a light tajie or cord at- 
tached to a point of the pendulum, and slipping with amall friction 
through a clip fixed close to the position occupied by that point when 
the pndulmii hangs at rest, 

g 255. As another example of impulse let us consider 
the ease of a body moving in any way in a plane perpen- 
dicular to one of its principal axes. It is required to find 
what point of the body must be suddenly fixed in order 
that the whole may be brought to rest ; also, what will be 
the consequent impulsive pressure at this 
point. It is easy to see that this is exactly ^""^"'^ ^'^'^^'^^ 
the same question as to find the impulse, motSn 
and its point of application, so that it may 
produce a given motion of a body in a plane perpendicular 
to one of its principal axes. 

The impulse must obviously act in a plane passing 
through the centre of inertia. And the physical condi- 
tions are that the change of momentum of translation is 
equal to, and in the direction of, the impulse, while the 
change of moment of momentum about the centre of inertia 
is equal to the moment of the impulse. Let the impulse 
acting at the point |, i/ have components E, S parallel to 
rectangular co-ordinates in the plane of motion, and let w 
be the angular velocity, u, v the linear velocities, generated 
by it. Then the physical conditions are 

M« = E, Mji^S, Mi^u = Sf-Eij. 

When u, v, u are given, E and S are found from the first 
two equations, and the third is then the equation of the 
line in which the impulse must act. Similarly, when the 
impulse and its Hue of action are given, we have in terms 
of these data the quantities u, % w. 

g 256. As a simple practical example, suppose one 
atrites a hard object with a stick in such a 
way that his hand is at rest at the instant ^'^"^^on'^^ 
of the impact ; (vith what part of the stick 
must he strike so that there may be no jar on his hand 1 
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Let I be measured along the stick from its centre ot 
inertia in. the direction which it has at the instant of im- 
pact. Then the kinematical condition is 

where a is the distance from the hand to the centre of 
inertia of the stick. Thus, as the impulse S is the sole 
cause of the stick's being brought to rest, we have 

M!; + S = 0, MPi-/a + Si=0| 
50 tliat 

Hence if the stick be uniform and be hold by one end, so 
that its length is 2a, and therefore 'ik^ = a% we have 

and a + $, the distance ot the point of impact from the 

i.e, it is at two-thirds of the length of the stick. 

If, however, the hand be moving, at the instant of im- 
pact, perpendicularly to the stick with velocity V, the 
kinematical condition is v-Y -ata, which introduces a 
corresponding change in the result. 

§ 257. Returning to the case of finite forceSj we find 
that the reaction of the axis is easily calculated. If the 
. axis about which the body is constrainetl 
aiis. ^^ rotate be perpendicular to a plane 
(through the centre of inertia) about which the body is 
symmetrical, and if the applied forces act in that plane, it 
is clear that the reaction of the axis is a single force in 
that plane. Let its components be B and II. Then 

2(m*] = S(X) + £, S(TOj-) = 2(Y) + //, 

Let a, ^ be the polar co-ordinates of the centre of inertia, 
then $, B are the angular velocity and the angular accelera- 
tion for all particles of the mass, and we have 
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KINETICS OF A RIGID SOLID 263 

From the third we find 0, and the others give S and S. 

When there is no plane of symmetry perpendicular to the axis, 
there must be two iwinta of it at which reactions arc eierted on the 
revolving body. Let the co-ordinates of these bearings be c, o', and 
the reactions tliece S, i/, Z, 2', IT, Z' raspectirely. 

Then we have the six equationa (in which : = 0) 

S{»ii)^2(X)+S+a' 
2(jni;) = S(Y) + fl+ff' 
2(mg) = S(2) + 2-l-2'; 
Sm(iBjf-^) = S(a;Y-!/X) 
2m(!«j - 1*) = S(!^Z ~zY)-eH- dll' 
Sm<!s8 - aS) = S(sX - «Z) + cS + c'E'. 
Tiie fourth equation, as before, determines fl, and we have then four 
equations to dotennine S, S', iT, ff. The remaining equation deter- 
mines only the sum Z-\-Z!. In fact by more or less perfect /Kim^ we 
can throw more or less of the force parallel to the axis ou one or other 
of the bearings. There is really no indeterminatenesa in nature, but 

_^ ^ jeof 

J rotating, under the action, of no force, about an axis (a) throl^h its 

centre of inertia. Here liymS) — ^, etc, and 2 is constant. The first 
two of the six equations last wiitten show that the pail's of forces S, S' 
and H, H' form couples. The fomih equation gives 8 — at ; and with 
this the remaining b«i> become 

2(niac) . 11;*= - cS - c'S' =-{<;- c'jH. 

The multipliers of lo* ai« each zero if the axis of rotation be a principal 
aiis, and thus, in this case, there ia no stress perpendicular to the axis. 
When the axis ia not a principal axis the left^and terms are generaUy 
finite, bat they vaiy as the widy turns. It is easy to see, however, 
that together those terms constitute a constant couple alwaya in a 
plane passing through the axis, rotating with the body and dependent 
ahwtly on the square of the angular velocity. Thus, to analyse the 
iaotor 2(?nsy), we note that z is constant, and 

where r, a wove the polar co-ordinates of the maas m at time i = 0. 
Hence 

X{mzy) = sin (jSS(in:3h) + '^'■^ afZ{-iimj{), 
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where a^=rcoaa and yi^rsvna were the co-ordinates of to at 
l-O. 

Similarly we have 

Z(»m:) = cos wlXimsx,) - sin ui2()/usyi). 

These expressions prove the preceding stateniertB. 

§ 259. Wlien impulsive forces are applied to the body, 
exactly the same metbode may be employed, with the ex- 
ception that V,' -u must be written for x, etc., and a/ -m 
for &, in the formulte of § 257. The quantities X, Y, Z, 
S, H, Z, S', H', Z' now denote impulses and not forces. 

As a very simple instance of impulse in this branch of 
the subject, suppose that a rigid plate, mov- 
Budd^w^stoprnd. *°g anyhow in its own plane, has one of its 
' points suddenly fixed, what will be the sub- 
sequent motion ? Let the position in space at which the 
point is to be fixed be chosen as origin, and let the axis of 
X be chosen so as to pass through the centre of inertia at 
the moment of fixture. Then, if m, p be the velocities of 
the centre of inertia, oi the angular velocity about it, a its 
distance from the point to be fixed, the conditions of the 
impact are 

— three equations with five unknown quantities. But the 
conditions that the point in question is reduced to rest arc 
evidently 

«' = 0, ti'-u'(i = 0. 

These furnish the requisite additional data, and the solu- 
tion is complete. If we eliminate 11 between the two 
equations which contain it, we have 



whence, by the relation between v' and u 
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KINETICS OF A RIGID SOLID 265 

These equal quantities, each multiplied by M, represent 
respectively the moment of raoraentum about the point 
before and after its fixture. 

§ 260. Thus, as a little consideration will show, we 
might have solved the problem at once, so 
far as the impulsive change of motion is con- generaSndpka. 
cerned, by noticing that as the impulse is 
applied at the origin, the moment of momentum about 
that point will not bo altered by it. In fact many prob- 
lems, which present serious complexity when treated by 
the direct methods, are solved with comparative ease by 
such gonoi-al considerations as the conservation of moment 
of momentum, or the conservation of enei^y. The first 
principle holds good when there is no resultant couple, or 
impulsive couple, round the origin ; the second when no 
work on the whole is done by or against the forces or 
impulses. 

§ 361. We have given instances of pure sliding, and of 
pure tolling, in one plane, and will now give 
a single instance of combined rolling and <^^7^j™J"S 
sliding. A common but instructive case of 
the problem we propose to consider is that of a hoop 
thrown forwards and at the same time made to rotate, so 
that after a time it stops, and finally rolls backwards to 
the hand. Other cases are furnished by a "following 
stroke " or a " screw-back " with a billiard ball. 

Let the axis of x be parallel to the motion of transla- 
tion of a sphere or cylinder moving on a horizontal plane. 
Then we have, if F be the friction, a the radius of the hoop 
or ball, the rate of change of momentum = F, and that of 
. moment of momentum about the centre — Fa. 

So long as sliding continues, F is constant, and equal to 
the product jjMg of the normal pressure and the coefficient 
of kinetic friction. Hence at time t, if u^ and tOg be the 
initial velocities of translation and of rotation, 

« = ?(«- /igi 
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These equations cease to be true when the sliding ceases, 
i.e. when we have pure rolling, of which the geometrical 
condition ia 



At time t^ and ever after we have 



Hence, if the body be projected in the positive direction, 
its ultimate motion will be in the negative direction if 
a\ - i^u>^ be negative, i.e. if the initial angular velocity be 
positive, and greater than aujk^; which is iuja in the 
case of a sphere. Thus, at starting, the linear velocity of 
the point of contact with the plane must bear to that of 
translation of the ball a ratio of over 7 : 3 if it is to atop 
and return. In the case of a hoop this ratio must be at 
least 2 : 1. 

§ 262. We pass now to the case of a rigid body one 

point only of which is fixed. As we have 
^'J^^'J^fi^^^ already seen (§ 242) this has only to be 

compounded with the motion of the whole 
maaa, aupposed concentrated at the point, in order to give 
the most general motion of which a rigid body is capable. 
The geometrical processes which have been applied to this 
problem, though in many respects of great power and 
elegatice, cannot be introduced here. We will therefore 
give the more important results in a brief analytical form, 
and then geometrically exhibit their application. 



KecuiTiiig to tlie general equations 

2im{xff-yj:) = Z{xY -yX} = f!, etc., 
re maj tranafonn the left-hand nienibera as foUoivs ; — 
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From these we have three eq^uatioM of the type 
Thua ive have 

+ (^ - j^)u^s - 3^(u^ - «;). 

Now if tbo fixed axes be taken so as to coincide at a x'^rtlcular 
instant with the principal axes of tlie body passing tliroiigh the point 
which is regarded as fixed, the terms involving factors of tic form 
S(iKa^), etc., nco^aaiily vanish (g 246). Also we have 



Cc. + (B-A)uj:*ij=N, etc. 

But it was piDved in § 79 tliat when the angular velocities of a rigid 
body are refeiTed to moving and to fixed axes, which coincide at a par- 
ticular instant, not only are t)ie anguhir velocities but also the angular 
accelerations eqnal at that instant in tlie two s^tenis. Thns, if 
(i>i, u-i, Uj be the angular velocities of the body about ita principal axes, 
the equations just obtained take the form (due to Euler) 

B<i.j+(A-C)&r3W, = M 

C.i3 + (B-A]u'iioj=N. 

When Ui, w,, oij are found, in any particular case, ft^m these equa- 
tions, the actual orientation of the body at auy time can be calculated 
from them by the kinematical processes of § 81. The position in space 
of the point of the body which has been liitherto treated as fixed is to 
be calculatsd separately by the processes already explained for tinetica 
of a particle, and thus the motion of the body is completely defemiinod 
— in the aenae that the difficulties of the further steps are of a purely 
mathematical nature. 

When the forces applied to the body have a single I'eanltant, which 
either vanishes or passes through the origin, ttie 

S' ;ht-hand terms disappear from Euler's equations. R^d body 
ultiply the equations by w„ Ug, (Js rospoclively, under no forces, 
and add. We thus obtain 
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whi;iicc 

A< + B^l + CuJ = 2T . , , (1), 

— thu stiiitciiiont that the kinetic; eucrffy ia eoiistaiit. Again, multii>ly 
by Awi, BiOai Cms respectively, and adS. Thon we iiave 

A'wiu, + B=uiiii2 + C^c^s - 0, 
whence 

AX + BX + CX=I>* . . . (2), 

expressing tlie constancy of anwujii of moment of momentum. 

But if, in these equations we now choose to regard u,, itfj, wj as the 
co-ordinates, parallel to the principal axes, of the extiemity of ft line 
which represents, in m^nttiide and direction, the instantaneous axis, 
w© ace that that axis is a central vector of each of the ellipsoids (1) 
and (2). Hence the instantaneous axis describes, relatively to the 
body, a cone of the second order. Since T and D are tlia only 
arbitrary coefficients in the equations, all the ellipsoids (1} or (2) are 
similar and simOaily situated. The curve of intersection of (1) and 
(2) projected on the plane of the axes A and B has the equation 

A(C-AK + B(C-B)w| = 2TC-m 

This represents an ellipse if the terms on the left have the same sign, 
i.e. if is either greater or less than each of A and B. Hence, if the 
body be originally rotating about an axis nearly coinciding either with 
the axis of greatest or tliat of least moment of uiertia, it ivill continue 
to do so. These two cases are esemjilified respectively by a quoit and 
by an elongated rifle bullet,— at least in so tar as the resistance of the 
air does not interfere with tlieir motion. But if the body be or^iially 
rotating about an axis nearly coinciding with the axis of intermediate 
moment of inertia, the curve iudicatad by the equation above is an 
hyperbola orapairof straight lines through the origin; and the instan- 
taneous axis travels, in general, far away from its fiist position in the 
body. We will henceforth look on A, B, C as in descending order of 
magnitude. It is obvious fitim the mode in which they are formed 
that A = B + C only when the body is a i)late. Hence, generally, any 
two of A, B, C are fflgether greater than the third. Also by multiply- 
ing (1) by A, and comparing it term by term with (2), we see that 
2AT=.D'; similarly 2CT<D^ 

To complete tlie examination of the immediate residts of Euler's 
equations in this case, let us find how the length of the instantaneous 
axis, considered as a common vector-radius of the eUipaoids (1) and (2), 
depends on the time. 
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KINETICS OF A RIGID SOLID 2GI) 

s the determinant 

ABC ^-(C-B)(B-A)(A^C). 
i A= B= C I 

III', 111' iiiid from them w-o 

Au; = BC(C-B)!i= + 2T(B2-C2) + D2{C-B> 
= BO(0-B)|ll=-aj, 
where 

2T(B + C)-D' 
"- BC 

is, by the remark above, essentiaEy positive. Hence 

A=L,;u>? = A^B^C^C - B)(B - A)(A - C)(0= - a)(ii^ - b){iP - <:) 
= A^^3i(a - iP)(,b - iPXc - 0=). 

Thus 

fiti = •>/{a-(l'){b-a'){C'a'); 

whence li' is at once found by elliptio fanctiona. !2 known, we liave 
ti,, U3, ilia, and then by the method of % 81 wo hava the complete 
analytical determination of the position oC the body in terms of the 

§ 263. Such a solution, however, fails to give so clear 
a conception of the nature of the motion as . _ . 
is afforded by the very elegant geometrical "'"i^^y ""^ 
representation discovered by Poinsot. We 
may arrive at it by considering the tangent plane to (1) at 
the extremity of the vector radius 12. \i x, y, z be the 
current co-ordinates of that plane, its equation is 
Auj(ui, t) + Bw (ii>3 - 5/) + C«a(u3 - s) = 0, 

so that the perpendnulai from the origin upon it is equal, 
by (2), to 2T/D, a constant The direction cosines of this 
perpendicular are projiortional to Awj, Bio^, C103, the com- 
ponents of moment of momentum. Hence it is the axis of 
resultant moment of momentum, and is therefore {§ 174) 
fixed in direction in space. The tangent plane to (1) at 
the extremity of the instantaneous axis is therefore a fixed 
plane, and the ellipsoid (I) rolls upon it as if it were per- 
fectly rough. From this we can of course find the equation 
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270 DYNAMICS 

of the curve of contact with the plane, and thence that of 
the cone, fixed in space, on which the cone of instantaneous 
axes in the body rolls, as in g 75. The latter cone is of 
course given by the intersection of (1) and (2). 

To eomidete this beautiful repreaentation of the motion, all that is 
necessary is a method of measuring time, something 
Sylvester's addi- t« show the rate of roLKiijg of the ellipsoid on the fixed 
tion to Poinsot's plane. Many constmationa have been given for this 
oonstractioD. pnri'ose, such as Poinsot's "rolling and sliding cone," 
etc., bat none can compare in elegauca with that in- 
vented by Sylvester. We can only sketch a particular ease— sufficient, 
however, to completely solve the question. 

Writing I, m, n for the dii'ection cosines of the fixed line referi'cd to 
the principal axes, we have 

J=AVD, m = Bc^/D, ji^Cus/D . . (4). 
Our equations (1) and (2) may now be ivritt«ii 

;2/A + wVB + m=/C = 2T/D^ . . {!), 

i' + ™= + n'=l ... - (2). 

.a 1/A, we have from 

P(l/A+p) + m=(l/B+y) + tt^(l/C+;*} = 2T/D'+)i . (.5). 
Now couaidor an ellipsoid 

i/ATy"'"l/B+}j + i7C+p"^ ■ " ■ '^'' 

which is similar, and shnilarly sitaated, to one of the ellipsoids con- 
foeal ivitli (1) of g 262, Draw to it a tangent plane pei'pendicular 
to the line 01, whose du'eirtion cosines arc (4). We olitain for the 
detemiiiitttion of the iKiint of contact Q thi'ee equations of tlie fomi 



'-S(i/A+j))' ™~S(l/B+j.)' S(l/C+i. 

Here x, y, s are the co-ordinates of Q, and tlio diai 
tangent pl.'nie from the origin is E/S. 
Now (6) gives at once hy moans of (7) 

S^P(1/A +p) + m\-ilB +p) + «'(1/C +;-]] = E ; 

whence, by (5) 
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" -2T/IJHp 

This 13 constant, and therefore the new tangent plane is fixed in apaco. 
Let us now find the angular velocity about the fixed line OL of tliia 

plane's point of contact Q with the ellipaeid (6). 

The direction cosines of the instaufaneous axis OP are as oi„ u^, 1113. 

Those of OQ are aa x, y, 3, 

And we have obviously by (4) and (7) 



Aio, Bdjj Cua 

Hence the line OQ lies in theplane containing the instantaneous 
aids OP and the fixed line OL. The motion of ellipsoid (6) is there- 
fore one of combined sliding and roUing along the new tangent plane. 
To find the sliding, we must find the angular velocity of Q about the 
line OL, It is to that about OP, which is ii, in the ratio of the sines 
of the angles POQ and QOL. 



But 



inTOQ = l- 






s (1) and {7) above we find easily 



Hence the angiUar velocity of Q about OL is Dp, a constant. Now 
suppose the plane on which the ellipsoid (6) rolls and slides to become 
perfectly rough, and to be capable of rotating round OL as an axis, 
there wdl no longer be sliding of Q, but the piano will be made to 
rotate with the constant angular velocity Dp. Thus the time of aJ^y 
portion of the motion of the body will be measured out by the angle 
of forced rotation of this plane. 

§ 26i. Aa a simple example, let us take the case of a ([uoit, in 
which A, the moment of inertia about the axis of 
figure, is gi'eater than either of the equal quantities Quoit 

B and C. which may be referred to any two pei'peu- 
dioular lines in the plane of the quoit. The equations become 

Aa,, — 0, so that t^ is constant ; 
B,:uj + (A-BKi^-0 
Bii3 + (B-AHajs=0. 
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A-B 



Put fov aniomeiit — -,, — Ui — ii, tli 



Tliese give by elmiiuating wj 



The resultant of these is an angiilar velocity P, about an axis in the 
plaue of tlic axes of B and C, and making an angle n( + Q with the 
axia of B. Hence the instantaneous aiiis describes in the body a right 
cone whose axia is that of figure ; it moves round it in the same 
direction as that in which tho body is rotating, and with angular 
velocity I^. The fixed cone in apaoa ia also, obvionaly, a liglit cone 
and the other rolls on it fxlemally. 

If instead of a quoit the body be a long stick or oylindiir, wo have 
A = B > C, and the e([uations become 



Cylimler. A«.i + (C- A)iii3Uj = 

A.:.i, + (A-C)wj«i = 

ic last gives u^^^ constant, and, if 



the first two equations aic 

a J - J1W2 = 0, 1^2 + nioi = 0. 
Thus 

i»;+,iu=, = (t, Ui=Poos{?!i + Q), 

i^=-Psin(?ii + Q). 

This indica(«a a rotation of the axis of constant angular veloojty P in 
the negaUve direction. Everything else is as before, out the cone fixed 
in the body rolls on the inside of that fixed in space. 

% 265 N 1 1 t us tak th ease of a pendulum bob, supported by 

fl 11 bit untwistable wire, and containing a 

^ P gy P whose axis is in the direction of the lengtb 

p 1 I E th p dulum. Here we may use, for variety, 

L f, g equations. For simplicity we suppose 

th t f t f th bob and gyi'oscope to lie in the axis, and 

th b b to be J t 1 bout the direction of the length of the 

Ltthmmtf tof the whole about the axis of symmetry 
be A when the gyroscope is supposed to be prevented tlum turning 
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KINETICS OF A KIGID SOLID 3 

relativelj to the bob, and lot the other two principal momenta ato t 
the point of suspension be B. Let tliat of the ^TOscope aliout ts 
axis be C. Then, U 9 be the inclination to the veitical, ^ the la m tl 
of the pendulum, and ^ a quantity denoting the position of tl e gyr 
scope with reference to a definite plane in the bob passing tlirongi ts 
osis, we easily lind 

2T=:A(l-ooafl)=^ + B(#' + ainW^=) + C[^-(l-eo3S)^P, 
V=M!f;(l-co3e) = Vg(l-cose), suppose, 

where M ia the whole mass, and I the distance from the point of sus- 
pension to the centre of inertia of the whole. 

The general treatment of this complex problem cannot be attempted 
here. We may, however, easily obtain useful and characteristic results 
in some special simple cases, which will enable us to form a general 
idea of the nature of the motion. 

Thus, suppose if possible S to be constant Thia is the Conical 
Oyroscopic Fcndulum. We easily And the equations 

Conical gyro- 
^ - (1 - cos d)^ — Q — const. suopic pendulum. 
(A(:-coafl)-i-Bcosfl)^3_C£2^^Yo. 

For any assigned values of 12 and 9, thia shows what will be the corre- 
sponding value of ^. But it also shows that if we change simultane- 
ously the aigna only of £i and ^, the value of 9 is unaltered. Thus, 
reversal of the direction of rotation of the gyroscope involves reversal 
of the direction of motion of the bob, if the time of rotation is tfl bo 
unaltered. But to any assigned values of 9 and ii t\vo values of ^ 
correspond. As 9 cannot, ui the case considered, exceed Jt, the 
multiplier of j>' is essentially positive. So is YB — Hgl. Hence the 
values of $ are rea! ; and one is positive, the other negative. Thus 
the pendulum, with any rate of rotation of the gyroscope, may be 
made to move in any horizontal circle ; but the angular velocity will 
he greater when it is in the same sense as that of the rotation of the 
gyroscope than when it is in the opposite sense. When is so small 
that fi may be neglected, we have 



2B^ = Cft± Vi&VTC^ 
To give a numerical example, let the mass i 
^^""m ; let B = M^, C^^^M-^ then 



.a^^^.hi-^-y.'. 
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Suppose the gyroscojie to revolve 100 times per second, then ii = 200ir 

praetically, and 

^ = |)r±VlO + iX-2-513±4-03fl 

= 6-553 or-1'526. 

The angidav velocity, when the gyroscope is not rotating, would bo 
that of the corresponding ooniciil pendulum, 



so that in this case the gyroscopie pendulum would roUte about twice 
as fast, or only about half es fast, aa the ordinary conical pendulum, 
according as it rotated with or against the gyroscope. 
If we had taken I! = 10ir we should have found 
^ = 3'29or-3'04, nearly. 

Thus the slower the gyroscope rotates the slower is the conical pendu- 
lum motion in the same direction, and the quicker that in tlie opposiU 
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CHAPTER Vin 



Slafics of a Chain 

§ 266. Axiom, — WTien a body or system is in equilihium 
under the action of any forces, addilional constrainls will not 
disturb the eqidlihinm. Compare § 201. 

This principle is of very great use in forming the funda- 
mental equations of fluid equihbrium, and thence those of 
motion (g 293), And we find it of advantage, as will be 
presently seen, in reducing to elementary geometry the 
problem of the equilibrium of a chain, or perfectly flexible 
cord. 

We may treat this problem, called that of a "catenary," 
by any one of the following methods : — (1) 
by investigating, as a question of statics of a 
particle, the conditions of equilibrium of a single link ; (2) 
by imagining a finite portion of the chain to become rigid 
in its equilibrium form, — assuming, by the axiom above, 
that it will remain in equilibrium, and then treating the 
question by the methods employed for a rigid body ; (3) 
by employing the energy test of equilibrium as in g 206. 

§ 367. We exemplify each of these methods in the 
specially important case of the ordinary catenary. 

^ mdform chain hangs hetween hvo fixed points, find Sie 
tension at any jwJni and the cune in whidi the „ 

cAaiw hwngs. catenary. 
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Firsl Xelhod.—T.st /i be the masa of unit lengtli of tlia chain ; T 
the tansion at the iioint x, y,s; s tha length of tlia chain Xa x,y,a 
from some asaigned point ; and let the axis of ;/ be taken vertically. 
Then we hare for the eijuilibrium of the element Ss, considered as a 
material particle, 

^l«'-('?4(4:)'")=»-. 

The equation in z is precisely similar to that in ss. Omitting the terms 
which cancel one another, and dividing by Sa, theae become 

im-'. m)-"' m)"- 

From the first and third it follows tliat dzjdx is constant, i.e. the 
chain lianga in a vertical plane. We may take it as that of xy, and 
the equations are reduced to tlie first two. 
The fiist gives 

ds " 
showing that the horizontal comiioneiit of the tension is constant 
throiwhout the whole length of the ohain. Substituting ioi' i m the 
second, it becomes 

ds\il^) To 
Tlic quantity on the right is evidently of [L-'] dinicnsions, so that we 

^ = ^, orT„ = w«- 
Hence a is the length of a portion of the ohaui whose weight is equal 
to tho constant hoiizontal component of the tension. 
The equation now becomes _^__— 

<%_1 ds_\ /, , (d^V 

Integrating, we have 

dx^ V ^ \dxj 
If we now assume tliat tlio axis of y passes through the point at which 
the chain is horizontal, we have at that point x=<i, %/(te=0, and 
therefore C = l. Thus 



V ^+ \dxj ^dx 
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STATICS AND KINETICS OF A CHAIN 277 

no constant bein^ added if we aasHrae the asis of a so tliat 2/=», x—0 
togetliei'. Such la the eqnation of thn curve required. 
From it we easily fad 



T = T -- = T - = MV 

Hence the tension at any point of the chain is equal to the weiglit of 
a length of the chain equal to the ordinate at that point. 

Also if a chain of finite length be laid over two smooth parallel 
raila, its ends, when the whole is in equilibrium, will 
be in the horizontal line correapondjng to theaxis of K Chain over 
in the above investigation, the middle part of the parallel rails, 
chain forming pari; of the catenary. When a given 
length 21 of chain rests in equilibrium on two smooth parallel Tails at 
the same level, we have therefore s + y=Z, while k! = 6, the half distance 
between the rails. 

By the above expressions for y and s in terms of !e, this leads to 
the equation 

which determines a when h and I are given. Since the minimum value 
of the left-hand side occurs when a=b, we see that the least length of 
chain for which equilibrium is possible imder the above conditions is 
equal to e times the distance between the rails. 

g 268. Second Mdhod. — The chain being in equilibiium, 
suppose any finite arc of it, 
as PQ (Fig. 66), to becomu 
rigid. The fortes acting on 
PQ are three — the tensions 
Tj^ and Tg at its end^ and 
its weight W icting at its 
centre of inertia But three 
forces in equihbnum are m 
one plane (g 229). Hence 
the curve is in one vertical 
plane. Also, as the two 
tensions are not parallel to 
one another, the lines of 

action of all three forces meet in one point. Hence 
there is no couple, and the conditions are simply 
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where 0,, 9^ are the inchnations to the horizon of the tan- 
gents at the onds of the portion solidified. The first asserts 
that the horizontal part of the tension is the same at P 
and Q, i.e. all through the chain. The second asserts that 
the difference of the vertical parts of the tensions at any 
two points is equal to the weight of the part of the chain 
between them. By proper mathematical methods these 
data lead to the results already obtained. In fact the 
equations we have just obtained are the first integrals of 
the equations in § 267, 

§ 269. Third McOwd.—Thi potential energy of tlio chain is 

with the sole conditjoii 

/ J- (Ik= constant, 

the limits of inffigration being filed, and the same for each expression. 
Honco, hy the r^es of the calciilua of vaviationa, we have tlie same 
eqoations as before. 

g 270. Still snpposing gravity to be the only apphed force, there are 
many forms of important questions which can be 
Mass of chain to solved by any one of these metlLoda. We will take 
hang in given some simple, but varied, examples. 

outve. Fiwd now tJie mass of wait length of a cJiain miist 

■mry frirm poUa to poirU so that the catemnj iimy be 



ds\ da, 



From the assigned equation of the catenaiy, the value of ,u follows 
by the second of those conditions. 

For example, suppose the chain is to haiiy in an arc of an assigned 
d/rcle. KefeiTed to the lowest point of the circle, tlie equation is 
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STATICS AND KINETICS OF A CHAIN 
where a ia the radius, From tliia we have 



Tha tension at tlic lowest point is thus oaual to tlie weight of a piece 
of chain like that at the veitBK, and of length equal to the radius of 
the oirole ; the mass per unit length becomes greater, without limit, 
as we approach the end of a hoiizontal diameter. 

Next ^nd the farm of the chain whsn the mass of any arc is propor- 
tional to its horinoTdai projection. Tliia ia a rough 
approximation to tlie case of a auapension brii^ Suspension 
imere the roadway is uniform, and much more massive bridge, 

than the chains, to wllich it is attached tlironghout 
bjr veftica] ties. The equations are as before, hut the additional con- 
dition tahoe the form 

ds_ .. 



and the chain forms ft i^rabola whoao vertest is downwards, and whose 
axis is vertical. 

As a tinal example, we have what is called the catenary qf wnifonn, 
sirmgth; that is, the form in which a ehava hangs 
when the teim'on at every point is propoHiomd to the Catenary of 
J^ealciiia stresa at that point. Here we suppose the unifonn 

strength to be proportional to the section, i.e. to the strength, 
mass per unit length. This gives the condition 

T^f/i. 
Hence 



where a = c/?. 

The iTiimediato integral is 



en, by proper selection of origiii; 
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This curve has obviously two vertical asymptotes dis- 
tant ± ^Tra from the axis of y. Tho quan- 
Lirmt of spau. ^.j^.^ ^ j^ directly as the tena<;ity of the mate- 
rial ; and thus we see that there is a limit (even in this 
simplest case) to the span of a chain, however strong, 
formed of any known kind of matter. 

It ia a very curious (act that, if we wiite the equation of this 
catenary in terma of the arc and the radius of curvature, it becomes 
identical with that of the common catenary in terms of Cai-tesian 
co-ordinates, horizontal and vertical. For we see at once that 



while liy tlie previous equations 



Tlius finally, 



l(^a)=-"=. i(43=-«. ii^'i)'-'-. 

where X, Y, Z are the component forces on tmit mass. These three 
equations are necessary and sufficient ; for /i is sup- 
Catenary posed to he given in terms of s, and thus we require 
general. only the value of T, and the (two) equations of tho 
catenary. 
The first memhers of the equations above consist each of two 
terms, viz.; — 

-,- multiplied respectively by -j- , -^ , -^ , 
-multiplied by p^, p^ , p^ ; 
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STATICS AND KINETICS OF A CHAIN 281 

p being the radius of curvature of the chain. Heoee (§ 22) we conclude 
tliat, BO far as the tension alone is concerned, the forces on an elemen- 
taiy unit of length of the chain are dT/ds in the direction of the tan- 
gent, and T/p in the direction of the radius of absolute curvature. 
These must balance the corresponding components of the external 
forces on the element. Hence we see that tie resultant of the applied 
forces lies, at every point, in tie oecukting plane. Thus we liave 



dT 



■'{^-^'lO'-'' 



Here S and N are the tangential and normal components of the applied 
forces per miit length of the chain. 

But when a unit particle moves in a curve, we have alwaja 

d^_ ^_|,, j'''_-H/ Catenary as path 



and sappoae that the ourve in which the jBii-ticle mn 
the catenary above, wliile the S]iced at each poi 
nmnorical value as the tension, wo see that we must 



S'=-ST, N'=-NT. 

Thus the catenary will be the free path of the particle provided the 
force applied at any point is equal to the reverse of tlie product of that 
acting on tlie chain by the numerical value of the tension of the chain 
at that point. 

Converselj^, if wo talta any case of free motion of a pai-tiole, a uni- 
form chain will hang in the coiTcsponding orbit under the action of the 
same forces each reversed, and divided by the numerical value of the 
speed at the corresponding point of the orbit. Thas we can at onco 
pass from particle kinetics tc corresponding eases of oafenaiies. 

In the case of a projectile, the path is a parabola, the foree is con- 
stant and parallel to the axis, and the speed is as the 

Zare root of the distance from the directrix. Hence, Parabolic 
t the parabola may be a catenary under gravity, catenary, 
it mnat be turned vertex downwards ; and the mass 
of the chain per unit length at any point mnst be inversely as the 
BC[uaro root of the distance from tlie dircotrii. It is easily found irom 



Hosted by 



Google 



this that the maas of ariy arc of the chain must be proportional to , the 
length of its horizontal projection, aa in the second problem solved in 
§270. 

Id tlio oaao of s, planet we have 

Elllptlo catenary. lf'=li{^lr - 1/a). 

Hence a chain will hang in an ellipse if it be repelled from one focus 
by a force varying inversely as the square of the distaaice, the mass per 
unit length of the chain being directly as the square root of the diatanoa 
from that focos and inversely as the square root of the distance from 
the oilier. If tie chain be uniform, the law of the repulsive force 
from the first focus must be l/VrV instead of I/r", where r, r' are the 
distances from the two foci. 

§ 272. Wlien a chain or string is stretched across a 
cylinder, the surface must exert a reaction on 
^'^Z:{LT^ it to keep it in its curved form. The pre- 
ceding investigation has shown that the 
force normal to a chain per unit length at any point is 
balanced by T/p per unit of length, which must therefore be 
the magnitude of the normal reaction. We may establish 
this, however, in a very simple manner, as follows : — ■ 
Let AB (Fig. 67) be a small portion of the cord, and 
AC, CB the tangents at its 
extremities ; and let the 
(small) exterior angle at C 
he 6. Then, p being the 
normal force per unit length 
of the string, we have at 

p. AB = 2Tsin^e = Tfl 
idtimately. But AB = p6, so that 

If there be friction, and if the element of the rope be just 
about to slip, in consequence of the differ- 
rraioi, "pvUi'i.iJ^r ^^"^^ ^^ *'^^ teusiotis at its ends, we have 



rough cyli 
SO that 



T'-T = /ip. AB=;iTS, 

T' = T(I-[ fiS). 
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STATICS AND KINETICS OF A CHAIN 283 

This leads to the formula for the growth of a sum at com- 
pound interest at /i per cent payable every instant Hence 
for a finite angle a wo have 

Ttt = e*"To. 

It ia to be remarked here that neither the dimensions nor 
the form of the curve on which the cord is stretched, pro- 
vided only it be plane, have any intluence on this result, 
whicii involves only the coefficient of friction and the angle 
between the two free portions of the cord. 

Kinetics of a Chain or Perfedly FletdhU Cord 

§ 273. The equations of motion of a chain, under the 
action of any finite forces, are at once formed from those 
of equilibrium by introducing the forces of resistance to 
acceleration according to Newton's principle. Here we 
enter on a subject of extreme importance, but also (at least 
in the majority of cases) of great mathematical difficulty. 
One valuable result, however, can be obtained by very 
simple means. 

A imiformly heavy and pmfedly flexible cffrd, placed in the 
inferior of a snwoth hAe in ffie form of any 
plane ewre ofcmimiKms cu/rmture, and subject to gtretcheci cord. 
•no external farces, mU exert no p'essure on the 
fttie if it have everywhere the same tensum, and wove with a 
certain defhite speed. 

For, as in g 272, the statical pressure due to the curva- 
ture of the rope is Tdjo- per unit of length (where <r ia the 
length of the arc AB in that figure) directed inwards to 
the centre of curvature. Now, the element o-, whose mass 
is ma- (if m be the mass per unit of length), is moving in 
a curve whose curvature is ^^o-, with speed 1> (suppose). 
The requisite force is V}L^ ^ ,„i,9g^ and for unit of length 
mv^dj<r. Hence if T = miJ^ the theorem is true. If we 
suppose a portion of the tube to be straight, and the whole 
to be moving with speed v parallel to this line, and against 
the motion of the cord, we shall have the straight part of 
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the cord reduced to rest, and an undulation, of any, but 
unvarying, form and dimensions, running along it with 
linear speed -J'tjm. 

Suppose the tension of the cord to be equal to the 
weight of W pounds, and suppose its length I feet and ita 
own mass w pounds. Then T = W^, Im = w, and the speed 
of the undulation is 'JWlg/w feet per second. 

§ 274. As will be shown later, when such an undulation 

„ a , , reaches a fixed point of the cord or chain, it 

Reflected wave. . j, , j i*^ .i, , . 

IS reflected, and runs back along the cord 
with the same definite speed. But the reflected form 
differs from the incident form in being turned about in its 
own plane through two right angles. When the string is 
fixed at both ends any disturbance runs along it, backwards 
and forwards, with this speed, and thus (in a piano or 
harp) administers periodic shocks to the sounding board, 
causing it to give out a musical note. The interval 
between these periodic shocks at either end is of course 
the time taken by the disturbance in running from end to 
end of the string and back again. Dividing the doubled 
length 21 of the string by the speed above reckoned, we 
find for this interval the value 

the reciprocal of which ia the number of impulses per 
second. It is thus seen to be directly as the square root 
of the tension of the string, inversely as the square root of 
its mass per unit of length, and also inversely as its JengtL 
These are well-known facts in Acoustics. 

It is to be observed that there is no necessity for 
limiting the proposition of § 273 to a plane curve, though 
we have treated the question as if it were such. The 
demonstration there given applies even to a knot of any 
form. But the results of the present section are, in 
general, confined to cases in which the radius of curvature 
is always great compared with the diameter of the cord 
{see § 280). 
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STATICS AND KINETICS OF A CHAIN 285 

g 275. We will now consider more particularly the 
vibratioos of a musical string, whose tension 
is great and its own mass small. mimical 'sui^. 

Forming the equations of motion aa above hinted, 
we have three of the type 

In the apeoial case of a tightly stretched and practically inextensible 
string, performing verj small transverse oscillations, we may greatly 
simplify tieae by assuming that no external forces act. This implies 
that the weight of the string is negligible in comparison with the 
tension. If flie axis of x be taken to coincide with the undisturbed 
position of the string, we have to the aeoond order of small quantities 



or the tension is the same throughout. The second and third 
eqnations now become 

The y and 2 disturbances are therefore of the same general charactei', 
and perfectly independent of one another. We will therefore confine 
our attention to one of them. From the equations we see that T/,ti 
must be of dimensions [U/P], and we will therefore write for it a' 

where a of course represents a " 

Theec ■' ' 



whose integral is known to be 

where / and F are arbitrary functions. As we have already seen 
{% 53), tlie first part of the value of y expresses a wave running with 
speed a along tliB axis of x in the positive direction ; the second patt 
a wave in the negative direction with the same speed. Thus we see 
that any small disturbance whatever, of a stretched string, gives rise 
to two series of waves propagated in opposite directions with equal 
speeds. Also, as the equation is linear, the sum of any two or more 
particular integrals is ato an integral. 
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Oue end fisecL ^f{at) + F{at). 

As this holds for all valuea of t, the function F is simply the negative 
of/, so that 

To investigate what becomes of a disturbance which runs along the 
cord to the fixed end, let us Buppose that/(r) (which, by the remark 
above, may represent any jmri oT a disturbance of the string) is a 
function which vanishes for ail values of r which do not lie between 
the positive limits p and q, but wliioh for values of r between these 
limits talies definite values. Then at time f — wo Imvo 



for ni + a: has now become greater than q Tins is a wave of eyactly 
the same form as before, but the sign of the disttubance and die 
direction of its propagaticn are both reversed. Erery portion of a 
ware is therefore reflected, with simple nms^ tf the displicement, 
as soon as it roaches the iixcd end. lor we may take the limits p and 
q as close together as we choose. 

Now suppose the string to have anotlicr fixed point at x — l. Then 

Both ends fixed. =f{at - 1) -f(ai + 1). 

Thus/ is (§ 67) a periodic function, of peiiod 2lja, and can therefore 
bo expressed aa a series of simple harmonic t«rms ; of the full period, 
half period, one.third period, etc. Hence we may write, the coefficient 
J being put in for convenience, 

y = JSi™ A„ cos irmZ-'(iri - ai) + JSi'' B,„ sin i™i;-'(ai - je) 
- JSj'" A™ cos ■rml-\<it + ic) - JSi" Bm sin Trml-\iii + x) 
= Si" A™ sin mid'''oi sin ■Kml~'x - S," B^ oca rml-^at sin irmi-'iB. 

This expression contains the complete solution of the problem. To 
adapt it to any particular case, we must know at some definite time 
(say t =i 0) tlio value of y in terms of x, i.e, the initial disturbance ; 
also tlie corresponding value of S. We have then 
ya= -2i'"B„aiJij™ji-'^ 

$t=-ySi"' mAm sin wml'^x. 
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STATICS AND KINETICS OF A CHAIN 287 

As y^, So are given in terms of e, we can find, by the process of § 67, 
the values of A„, and R„, and thence the required value of y. This 
question will be further treated in Chapter XL 

g 27fl. As another example, suppose a uniform chain to be sus- 
pended by one end, and to raake small oscillations iu 
B. vertical plane. Oscillations of a 

We cannot enter here into details ; so we simply chain fixed at 
assume that elementaiy persistent harmonic solu- one end. 
tions ate possible, or, what comes to thn same thing, 
that there are permanejU forms in which the chain can rotate about 
the vertical from the point of suspension. 

If the axis of a: be vertical, the equations of motion are 



ds\ dsj 



-"(»-•>. iTf -»> 



where /i is the mass of unit length of the chain. As the oscillations 
are supposed to be small, we may neglect the change in the vertical 
ordinate of any point of the cham, because it must be of the second 
ordev of small quantities if the horiaontal disi>lftcemcnt is of the first 
order. Hence we may put everywhere x for s, and therefore consider 
* to be independent of (. Thus the first equation becomes 

ciT 

d^= ->"■' ' 
whence 

T=M^-^>. 
where I is the length of the chain. The second equation then btcomcs 



or, if wc measure k from the lower end of tlie chain upwards, 

The complete intogral of this equation would be much more general 
than we require, for it woald espi'ess every possible small motion of 
the chain, howevei' apparently irregular. "What we seek are the funda- 
mental modes of simple harmonic oscillation, any number of which, as 
in the caae of a musical string may be superi>osed. Hence we may 



lantity as J'ct un. 
les of definite v 
only WJtii this vali e ul y tl c 



I numerical quantity as ^et undetermined 
-" - -" - i of definite val " 
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By the nsnal method of undetarmined coeffioi 
particular integral. 



This series is obriously convergent for all finite values of ?(.%/?. 

The quantity A represents the semi-amplitude of oscillation of the 
lower extremity of the chain. The condition that the upper end is 
fixed gives ^—0 for x—l, i.e. 

The roots of tliia equation (which are all real and positive) give the 
viJues of n for the several fundamental modes of vibration. 

We have ijo = for the foDowing values of n% : 1-148, 7-82, 18-72, 
34-76, ate 

From tlieae we find for the periods of the variotw simple disturbances 
the following multiples of the period of a simple pendulum equal in 
length to the chain, viz. 0'83, 0-36, 0-23, 0-17, etc When ii.% has 
the least of the above values, the chain is alu-ays entirely on one side 
of the vertical, and the time of a complete oscillation is to that of a 
simple pendulum of the same length as 6 : 6 nearly. 

The general integral is of the form 



^m- 



% 277- When a free chain, at rest, has an impulsive tension applied 
at one end, the calculation of the conseijuont im- 
Impnlsive pulsive tension at different parts of the eham and the 
tension. velocities genemted ia very simple. 

For, i-^ling the instantaneous speeds along tlie 
tanj^nt and along the radius of absolute curvature v, and Vp respect- 
ively, we have 

iT=/m,Ss, T/p^/iVf,, 

where /t ia the mass of unit length of chain at s. It ia obvious that 
there can be no impulsive speed perpendicular U> the osculating plane. 
The kinematical condition is simply that an elementary are to is not 
altered in length. But the tangential increment of speed alone would 
imply an increase of the length of Ss in the ratio 1 + -^St : 1 in time St. 
Also the impulsive speed Vf would imply a diminution of ita length in 
the ratio 1 - v^tjp : 1 by virtually making it an aro of a circle of 
smaller radius, but subtending the same ai^le at the centre. Hence, 
neglecting the square of St as compared with ita fust power, we find 
for the kmematical condition 
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STATICS AND KINETICS OF A CHAIH 
This gives, by uuabling us to elimmate the impuls 

ds\p. ds) /./ ■ 

If the chaiu be imiforai, this lieoomos 

<PT T_„ 
rfs= p' 

The whole khietic energy generated in the chain hy the impulae \s 



and the condition that this $hall he a 
equation above. This is a particidar casi 
Lord Kelvin, viz. : — 

A material system of any kind, given at rest, and mhjected to an im- 
pulse in arty ^peHjUd direction and qf any gmn magnUvde, moves off 
so as to lake (he greatest amoiiTii of kinetic energy vjhick the specified 
im^lse can give it. 

The dh^ction in which an element of tlie ohain begins to move is 
inoliued to the tangent at an angle ^ where 



^ ZT^ It 11 to be observed that, in aiii.h questions as those just 
treaf d, tlie iKiwibility of an impacts Iwing i>ioi>a 
gated instantaneously along the whole length ol a Wives of esien- 
ohain depends upon ita assumed inextensibihty '100 of a string. 
When a wire (such aa that emplojed for a. distance 
signal ou tailwaya) is regarded as /.xiinsiile, there is a definite speed 



wTth which a cfiatiitbancc of the nature of extension 

Thus, recurring to the equations of g 275, we see that foi' tho mi 
ofastieh-hed tljstic string m the direction of its len^h we have 



If there be no applied forces, X = 0. Also, if we use x instead of s 
to characterise a particular point of tho string, we must put e + I for 
X and X for 3, j being a ftmction of x and ( which denotes at any 
instant the displacement of tliat point. 

The ^ysical condition is expressed by Hooke's Law in the form 
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This expressea (as in § 275) the passage of Bimultaiieoiis vaves. They 
arc now wavoa of longitudmal, not of transverse, displacement. 
The nature of the intsrpietalion of the equation is of tie same general 
character as before, the speed being VJ^/m- 
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CHAPTER IX 



DYNAMICS OF AN ELASTIC SOLID 

§ 279. This subject, which is a very extensive and 
difficult one, and in its generality quite unsuitable for 
discussion here, is treated from a very elementary point of 
view in Properties of Matter, Chap. VIII., to which 
the reader is referred. We therefore content ourselves 
with one or two examples, whose treatment is compara- 
tively simple, while their applications are frequent and of 
considerable practical importance. 

§ 280. Even so restricted a problem as that of 
determining the form assumed by a wire or „ ,. . . 
thin rod of homogeneous isotropic elastic pXinatiowire 
material, under the action of given forces or^nally 
and couples, presents somewhat formidable straight, 
difficulties unless in its unstrained state the wire be straight 
and truly cylindrical or prismatic. And, even with these 
limitations, the problem again becomes formidable if we 
introduce the consideration of non-isotropic material ; while, 
in any case, if tlie radius of curvature at ea«h point is not 
very largo in proportion to the thickness of the rod in the 
plane of bending, the p bl m t ^p bl tent 

simplified by the limita f f t tl body "W vill 

therefore give the comp t ly mj 1 f h mere 

bending and twist of a b m t p hose 

natural form is cylind 1pm tl t of 

these from various sour b 11 

to be superposable. B 1 1 fetl 
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set of liiiea of particles originally parallel to the axis of the 
wire and shortens others. Twist lengthens 
all but one such line, forming them into 
helices. Tlie more detailed investigation, which we can- 
not give here, shows that there is one line of particles (the 
" elastic central line ") which passes through the centre of 
inertia of each transverse section, and which may be treated 
(under our present limitations) as rigorously unchanged 
in length. The mutual molecular action of the parts of 
the wire on opposite sides of any transverse section may 
of course be reduced to a force and a couple, and the force 
may be conveniently treated as passing through the centre 
of inertia of the section. Also the twist and curvature of 
the wire near this section obviously depend on the couple 
and not on the force. For the moment of the couple is in 
general finite, while that of the force (about any point in 
the corresponding element of the wire) is infinitesimal. 

I 381. Let any two planes, at right angles to one an- 
other, he drawn through the elastic central line before 
distortion ; and let them be cut in lines PE and PS by a 
transverse section through each point P of the central 
line. Also let PT be an elementary portion of that 
line. Then it is clear that the form of the distorted 
wire will be completely determined if we know the form 
assumed by the central line, and the positions taken by 
the lines PE and PS drawn from each point in it. In 
their new positions P'T', P'E', and P'S' will still form (in 
consequence of the limitations we have imposed) a rect- 
angular system ; and the nature of the distortion will be 
clearly indicated by the change of position of this rectan- 
gular system as it passes from point to point of the 
distorted central line. The plane of rotation of PT is the 
osculating plane of the bending ; its rate of rotation in 
that plane per unit length of the central line is the amount 
of bending ; and the rate of rotation of the system P'R', 
P'S', about P'T', per unit length of the central line, is the 
rate of twist. Suppose P' to move with unit velocity along 
the distorted central line, and let p, o-, r be the angular 
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velocities of the system about P'li', P'S', P'T" respectively, 
then p represents the curvature (or bending) resolved in 
the plane S'P'T', a- that in R'PT, while t represents the 
twist 

Now, if the elaatie forces constitute a conservativo system, the 
amount of work done on an element of Uie body cor- 
responding to a leMth 3s of the central line is to bo Expressions 
calculated entirely from its change of form. It must for force aiid 
therefore be expressible in the foiin conple m terms of 

bending and 
uiSs twist. 

; which must lie such that the couples 
while that producing tliu twist is 



bending and tivist must involve the doubling of each of the couples. 
Thus 10 must be a homogeneous function of p, a, r of the second degree. 
Hence we may assume 

«> = MAp" + BirS + Cr= +2Dpa-I- 2EffT + 2Ftp), 



^ = Ap + Dc. + Fr, ^ = Df. + E^ + Er, '-p=Fp + E<r + Cr. 

dp "'t "'^ 

Hence, when the couples are assigned, the amounto of bending and 
twist are at once calculated from them. But the expression above a 
mnch more general than we require for the limited case we are con- 
sidering. For, if the only conplea applied to a portion of the priam or 
cylinder considered ba in planes perpendicular to its length, hvist only 
will bo prcduced. Thus, for j^ = , ^=0 , we ought to have also 
p-H, a = 0. Hence E and F hoth vanish, and we have simply 
!f-J(A|>' + 2Dpir-i-Bo2 + CT'). 
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Now we see that 

dw . dw _ diB „ 

-^--A.p, -j- = Btf, -3— = Cr. 
dfi "da dr 

§ 283. In a prismatic or cylindrical wire of homogeneous 
isotropic material, the elastic central line is thus a torsion 
axis simply. Equal and opposite couples, applied to the 
ends of such a wire, in planes perpendicular to its length, 
produce twist in direct proportion to the moments of the 
couples. There are two planes perpendicular to one 
another, and passing through this line, such that, if equal 
and opposite couples in either of these planes be applied at 
any parts of the wire, the portion between is bent into a 
circular arc in that plane. These are the principal planes 
of flexure. The quantities A and B which, when multi- 
plied by the amount of bending in either of these planes, 
give the moment of the corresponding couple are called 
the principal " flexure rigidities " of the wire, 
rigidityt When they are equal (as in the case of a 
wire of circular, square, equOateral trian- 
gular, etc, section) any plane through the axis is a principal 
pliuie of flexura C is the torsional rigidity 
™^^^ of the wire. In general, when the wire is 
fixed at one end and a couple applied at the 
other, the wire assumes the form of a circular helix. The 
exceptions (or rather particular cases) are : — {a) when the 
plane of the couple contains the elastic central line, and 
there is mere flexure, without twist ; (6) when the plane 
of the couple is perpendicular to the wire, and there is 
twist simply, 

I 283. As an example of the preceding theory, take 
FlexiiTB of fi^^t the case of a uniform plank clamped 
plank by its horizontally at one end, and otherwise un- 
own weight, supported. This is obviously the same as 
the case of a plank of double the length, supported by a 
trestle placed under its middle. We assume as before that 
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the radius of curvature is always very large compared with 
the thickness of the plank. 

In all such cases we may at once apply the principle of 
§ 266, and suppose one portion of the plank up to a section 
P to be fixed in its equilibrium position. The curvature 
immediately contiguous to P will then bo simply propor- 
tional to the moment about P of the forces acting on the 
unfixed portion. Hence at the free end there will be no 
curvature, and the curvature at points near that end will 
be of the second order of infinitesimals ; i.e. its rate of 
increase at the end vanishes. 

Let X be the length of the fixed portion, I the whole length of tlie 



^s=-''^fr^'^'''=-i' 



where E is t]ie "flexural rigidity" 
unit of length. 

Suocesaive integrations give 


of tlie plaJik, and 




>€=»* 


irtV-:); 




and 


%.A-B(i- 


-)-,>#- 


■«)'. 


The teruiiiii 


il conditiona arc 






Ibca^O, 


!/-•, 


g-^ 




and for* = 2, 


S = °' 


S-- 




The laiSrt two are obviously satisfied 
The two.fonner give 








B--^'. A = Bl + ^i^P = 


-toi'. 



Thua tliu droop of the free extremity. (ji^J) is 
1^ l*_WP - 
8 E~8E' 
shere W is the ivhole weight. 
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t the free end with 
and we should liave liad 

The terminal conditiona at s:=0 are as before, so that 

B'= -iViP, A'= -J"W;= + JWiS= - JWi^ 

and tlie drooii of tlie fi'ee end ia WP/3E, greater than before in the mtio 

If the plank be again looked on as heavv, but its free ond be sup- 
ported on a, ti'eistle which is jn'eased upwards till it acta with a force 
W, we find direotlj 

The terminal uonditioas, at 3; = 0, are still as in tJie fii'Btcase, and they 
when tJie amount by which the free end is raised is 



§ 384, Hence the droop of the middle of a plank resting 
on trestles at its ends ia to that of the ends when the plank 
rests on a single trestle at the middle in the ratio of 5 r 3, 

If the equation expressing the curvature in the first 
or third cases ahove be twice differentiated, the common 
result is 
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The simplicity of this expression leads us to seek for the 
most general form. Suppose the plank to horizontal 
be exposed to any system of forces in lines piaafc under 
perpendicular to its length and breadth, any vertical 
Then, if any transverse section be made, the 
stress between the two portions of the plank will consist of 
forces ( ± G) and couples ( ± H) in the plane of length and 
thickness. Let the applied forces be N per unit of length. 
Suppose also, as before, that the radius of curvature is very 
great compared with the thickness. Then the equations of 
equilibrium of an element are 



7e have also the condition of bending, viz. 
1.x curvature = E;^-H. 
Eliminating H and G among these equations, we have 



which of course includes all the previous particular cases. 
We may now determine (under the limits imposed) the 
form of a uniform plank of any length, supported in a 
nearly horizontal position at different points in its length, 
and loaded at any ass^ed points with any weights. The 
importance of this in practice is obvious. 

§ 285 But we may easily take a further step, ind in 
vestigate the oscdlatory motion, so long ■kfc vii rition of 
least as the acceleration pirallel to the phnk or 
length of the pKnk and its rotition aie flrfsirmg 
negligible Foi m suih a case if /i he the mas^ per unit 
of length, the equation of motion is (i^ 207) 



We will consider only the case m which the applied force 
N may be neglected Ihis is pin,tn.alh the case of a 
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uniform wire or flat rectangular spring. Suppose, further, 
that it is fixed at one end and free at the other, like 
Wheatfitonc's "kaleidophone," or like the tooguo of a reed 
organ-pipe. 

Then, writing n* for the fmetion fi/E, we have 

A particular integral may obviously be found in the form 

?,-,C03(i=iK + «) .... (1), 



,=Ac*' + BE-'^+Coo9(fcc-l-D). 

Now, provided the value of i be properly determined, the motion 
Topreaented by (1), with the above value of ij, caa exist by itself ; and 
the most general motion of which the spring is capable (under the 
limits imposedj consists of superposition of a number of separate motions 
of a aimikir chariictor. Heuce tiiia may be treated by itself. Our 
limiting conditiona in the present case are 

K=0, ,,=0, ^=0 at the fixed end ; 



x^l, ^=^' ^=0 at the free end. 

Fow, from tlie value of ij above, we have expreaaions for these differ- 
ential coefficients. Thus we have four equations, which enable us to 
detennine i and the ratios of B, C, D to A. The equation in i ia 

(«'' + e-fl)ooai7 + 2 = 0. 
Here the multipher of cos U is always greater thiui 2, except in the 
special case of i=0, which we obviously need not consider, as it gives 
^=0, and therefore belongs to the statical problem ah'eady considered. 
Hence as, ta make cos il negative, it must be greater than ^ir ; and, 
as ^ + t~i'' = 5 nearly, it is clear that the esceas of the first value of 
U over Jt is somewhere about O'S. The next value fella short of ir by 
a quantity of the oider ^-J-,, the next axceeda |jr by a quantity of the 
order j^ 5, etc. The required values arrange themselves in two groups. 
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one of either group being taken alternately. Tlie first gcoiip involves 
arcs a little greater than but rapidly approaching to the valuea of 
{4m + l)i»- ; the second consists of arra a little less thaji but rapidly 
approaching to those of (4ra + 3)iir. 

§ 286, Some of the simplest, but at the same timo moat 
practically useful, of questions cotinected Effects of 
with elasticity of solids relate to the changes pressure on tubes 
of form or volume experienced by circular and spherical 
cylindrical tubes or spherical shells exposed " ^' 

to hydrostatic pressure. A steam-boiler, the cylinders and 
tubes of an hydraulic press, a fowling-piece or cannon and 
(on a much smaller scale) Orsted'a piezometer, deep-sea 
thermometers, etc., afford common instances. All that is 
necessary for attacking such questions is given in Chap. 
VIII. of PR0PKRTIE3 OF MATTER, already referred to. For 
it is there shown that, if a homogeneous isotropic elastic 
solid be subjected to a simple longitudinal stress P, uniform 
and in a definite direction throughout its whole substance, 
the result will be Unear extension = P{ g- + g^ ) in the direc- 
tion of P, and linear contraction ~^{^-Qh) ^^ ^^' direc- 
tions perpendicular to P. The quantities n and h, as ex- 
plained in the chapter referred to, are respectively the 
"rigidity" and the reciprocal of the " compressibility " of 
the solid operated on. 

g 287. The case of the piezometer, in which the vessel 
holding the liquid whose compression is to ^^^^ pressures 
be measured is exposed both inside and within and 
outside to the same hydrostatic pressure, is without 
seen to correspond to three equal stresses in pi^^n^eter. 
directions at right angles to one another. These directions 
may be any whatever, and in each of them the linear ex- 
tension is obviously 

P is n^ative, as the stress is a pressure. Hence the strain 
consists in a simple alteration of volume measured by P/A-. 
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Every part of the walls of the vessel, as weU as its external 
bulk, and its interior content, is compressed to the same 
extent. 

I 28§. In the case of a cylinder, when the internal and 

external pressures are different, it is clear 
iSIS"^;L '">■« f J»»««T tk«' the stresses m.y be re- 

solved at any point of the walls into three 
at right angles to one another, the first (Pj) parallel to the 
axis, the second (P^) at right angles to the axis, and inter- 
secting it, and the tfiird (P^) perpendicular to each of the 
other two. In a transverse section of the cylinder, the 
second of these is radial and the third is tangential to a 
coaxial cylinder passing through the element considered. 
We suppose the cylinder to be closed at both ends, and we 
make the further assumption (quite exact enoi^h for 
practical applications, and most important from the point 
of view of simplicity of calculation) that all transverse 
sections of the cylinder remain, after distortion, transverse 
sections. This is equivalent to assuming P^ to be constant 
throughout the walls of the cylinder. Hence, if there be 
interior pressure only, the value of this stress must be 

p pi'oaaui'B on end of inteiior of cylinder _ Hal 

' area of transverse section of walls of oylmdeF"~aJ -aj 

whore II is the interior hydrostatic pressure, and «,,, a, are 
the internal and external radii. This stress represents a 
longitudinal tmmm, of the walls of the cylinder. 

Let us conaider an element of the cylindi'ic&l wall, defined as follows 
in. the unatwined state ; — 

Draw two transverse sectioDS at distances a;andfl:+&i:&onioneend. 



dk 



a tJiat the linear extension parallel t< 



^ . The distance between the cylinders was St ; it becomes St + ^5r, 



) that the radial extension is -J- . The breadth of the base of the 



Hosted by 



Google 



DYNAMICS OF AN ELASTIC SOLID 3( 

,ped element was rff ; it lieoomes (r + p)6, so thai the line 
perpendioular alike to the radial line and to the axia is ■-. 
ow WTitc, for siiiiplicitj, 



^=-/P,-/P3 + (!Pa. 

We ha?e, howovei', four unknown quantities J, p, Pa, and Pj, eo that 
another ©tiuation ia required. This must be supplied by one of the 
stalioal conditions of eqnilibiiura of the element above defined, when 
in its strained atate. There ia obviously equilibrium in the axial direc- 
tion, and also parallel to lie base of the element ; but radially we have 
a case resembling that of an element of a cord as in.8 272, Neglecting 
small qnantitiea of a higher order than those retained, this considera- 

Pa8S8r8!-=^(P,r5e&()5j-, or P3 = ^P5r), 

Solving the four equations, and taking account of tlie bomidary 
conditions 

P2= -n when r=ao, and Pj^O when r^a, 

we obtain tlie following values; — 

J.n~L[(.-¥)-";c+/)]; 

or, riiiiitroducjng the values of e and/. 



1- 


n< 


;sJ 


a 


mK 
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imiform dilatation, whose linear maaaure m 
■ ^'i oT, combined with a slieai m eaLli tranavciac SLttion, nhosL 

„;»„;. i.i±j^i (1.1) 

The shorter asis of this aheai is radial, and thp mognituda of the 
shear ia obTiouslj p;reat«r for ani'iller values of T The inner layer of 
the walla is thus the most distorted The amount d the distortion la 
directly aa the pressure, and inversely as the area of the section of the 

When the walla are very thin the shear is practically the same 
throughout tlieir thickness. When they arc very thick, the sliear near 

the inner aurface ia nearly 1 ^ la' however fine be the bore. That near 
the outer surface is nearly l±ri oT,' "'lioh vanishes when the bore ia 
veiy fine. Thus it appears tliat, if a stout tube bursts by the shear 
produced by internal pressure, little ia ^ined either by making it of 
extremely great thickness or by making it of very small bore. 

The diagrams A and B in Fig. 68 show, neceaBarily on a gi'eatly ex- 
aggerated scale, the nature of the distortion produced at diflcrent parts 



of the wall of the tube. They repi-esent tianaverse sections of small, 

"' ' ' ' ' i at right angles ' 

L ia an element cl 
:r surface. The ir 



so that, if the tube be very thick in comparison «-ith its bore, the in- 
crease is nearly B/n. In flint glass this is approximately about ibVt, 
when n is a ton-weight per square inch. 

§ 390. The reader who has followed the above investigation will find 
„ ,. , , no difficulty in obtaining the corresponding results 

CylmJer under [or a cylindrital twbe, closed at both ends and exposed 
external pressure, to external pteasm'e H, in the form 
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dr a\-a'\%k r'^nT 



ints me need make are (1) that the eigns of tlieae dia- 
uegatiFe ; (2) that they are (so lar as change of volume 
greater thaii for the intemol pressure, as a\ haa taken 



e place of aj as a factor in each tarm mvolving k ; (3) that the 
TOlving the rigidity are, except as regards sign, u ' 
The change of vouime of eveiy part of tlie walls 



ing the rigidity are, except as regards sign, 
geofvofw - _ ■ ^■' 

_ 1 

and the change of volume of the inte: 



The numerical value of the factor n (^ + - ) ia alioiit xoW for flint 
Mass and about ijW for steel, when 11 ia a ton-weight per square inch. 
There is, however, a peculiarity which (whcii the walfa are thick enough) 
distingoiahes this from the preceding case. For k ia usually consider- 
ably greater than B, so that a fortiori Sk is greater than 2w. Hence, 
in the value of dpjdr, the term In n is always greater than that in ft so 
long as the pressure is internal. Thus the radia! effect is compression 
at all pavta of the walls. But, when tile pi'easure is estemal, we may 
(if the walls be thick enough) find a value of r for which 

In glass, this occurs when r=l'eai> nearly. At this distance from the 
axis there ia no radial change of length ; at greater distances there is 
radial compression, and at smaller radial extension. This ia indicated 
in the dia^ms C and D in Fig. 68, which, like the former, are greatly 
exaggerated. They represent the distortion of smaU spherical elements 
of a thick tube, — the first at the inner wall, the second at the ouler 
surface. As before, these are sections made by a plane perpendicular 
to the axis of the cylinder. 

§ 291. In a spherical shell of internal and external radii Og and %, 
the equations bajome a Kttle more simple on account 
of the more complete symmetry. Sjiberioal shell 

Using the same notation, so far as it is now applic- under external 
able, we have pressure. 






-2/F,+eP„ ■^=(fi-/)Pi -/Pa- 
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The statical equation is 

With those we cilitain, for external proasure n, the result 

from which the other equation may be derived by differentiation. 
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CHAPTER X 

STATICS AND KINETICS OF A TERFtCT FLUID 



§ 292. The "perfect fluid " with which we deal is defined 
as incapable of resisting change of shape. _ ^ ^ a a 
Hence the mutual action between the parts 
on opposite sides of any imagined plane drawn in it is 
necessarily perpendicular to that plane. This is called 
pressure (or tension, as the case may be), and is measured 
by force per unit of surface, so that its dimensions 
are [M/LT^]. In all ordinary liquids, vapours, and 
gases, when in equilibrium, this condition h pra(,tically 
fulfilled; but there is always resistance (due to tis osity, 
producing effects precisely similar to those of fnction 
between solids) which opposes change of form at a 
finite rate. Hence the equilibrium conditions for the per 
feet fluid are realised in oi-dinary fluids , but the motions 
of an ordinary fluid are usually very different from, some 
times wholly unlike, those of the peifect fluid under 
similar external conditions. In partiuulai, ^oitices or 
eddies, which in ordinary fluids are due directly to viscosity 
and can be destroyed only by viscosity, cannot bo pioduced 
in a perfect fluid ; neither, if we imagine them somehow to 
exist, could they be destroyed. 

I 293. In a fluid, at rest, the pressure it anj pomt has 
the same value in all directions. Here \>e 
regard the pressure in any direction 13 
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being the average pressure on a plane surface perpendicular 
to that direction, when its area is indefinitely diminished. 

The rate of ebangs of pressure per unit of length in 
any direction is equal to the component, in that direction, 
of the external force on unit volume of the fluid. 

Hence, when there is no external force, the pressure is 
the same at all points and in all directions (§ 287). 
, Proofs of these propositions are obtained at once by means 
of the <mmn of § 266, combined with the special condition 
of perfect fluidity : — viz. that there can be no tangential 
force between contiguous elements. 

First, suppose there is no external force, such as gravity. 
Imagine a portion of the fluid, in the form of a plano-con- 
vex lens, to become rigid All the pressures on elements 
of the convex surface are directed towards the centre of 
the sphere of which it is a portion; so, therefore, must 
their resultant This is balanced by the resultant pressure 
perpendicular to the plane surface, and its line of action, 
having to pass through the centre of the sphere, must 
pass through the centre of that surface. Hence the result 
ant pressure on any plane circular area passes through 
its centre. This proves that the pressure is the same 
at all points of any piano. 

Next, let a triangular prism of the fluid, with ends per- 
pendicular to the sides, he solidified. The pressures on 
the ends must balance one another. Hence the pressure 
is the same on any two parallel planes. 

But the total pressures on the sides must also balance 
one another. By a previous proposition these are coplanar 
forces, passing respectively through the middle points of 
the faces, and therefore meeting in one point. As they 
are proportional to the breadths (i.e. to the areas) of the 
sides, and also to the pressures per unit surface, it follows 
at once from the triangle of forces that the pressure per 
unit sm-face is the same on any two planes. 

We have considerable experimental evidence to the 
efi'ect that liquids are capable of enduring, without rupture, 
very great tension. Statically, of course, it must be subject 
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to the conditions just obtained for pressure. But the 
possibility of its existence is one of the strongest ai^uments 
we have in favour of that " continuity " of motion (g 301) 
which we find has to be assumed in forming the hydro- 
kinetic equations, 

§ 294. When external forces act, their amounts vary 
as the third powers of the linear dimen- ^^^^^ ^f ^^^^^^i 
sioES of similar elements, while the total forces, 

pressures vary as the squares. Hence, in 
the immediate neighbourhood of any point, i.e. for in- 
definitely small elements, these forces vanish in comparison 
with the pressures. Thus the pressure is the same in all 
directions at any point. 

It is obvious that this result is true even for a fluid in 
motion. For the resistances to acceleration (g 207) are 
also as the third powers of linear dimensions, and therefore 
vanish in comparison with the pressures. 

The statement above, as to the rate of change of the 
pressure per unit length in any direction, follows at once 
from the consideration of the equilibrium of a prism whose 
edges are in that direction and its ends perpendicular to it. 

Consider s. rectaugnlai' element SxSySz, at s. point x, y, z in tlie 
fluid, the density being p, and the ewniiouente of force iier unit mass 
X, Y, Z. If ji be tlie pressui'e at x, y, z, the foccos ui^ug the element 
along X positive are 

2JByS= + pX3a:5yS;. 

That aiding it along x negative is 



The terms of the second order cancel one 
equilibrium) simply 



with similar equations for tlie other 
Those, of course, aa tliey stand, 
above. But, if wo put them in one, as below, 



Those, of course, aa tliey stand, express merely tJio results given 
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we get the further information tiiat tJie right-hand member of the 
equation must be, Uke the left, a complete differential of a function of 
tliree inde{iendent Tariables. 

When the applied foivMa form a consei-vative system we have (3 179) 

and tlie equation becomes 



§ 295. When a fluid is in equilibrium under a system 

Surfaces ot ^^ conservative forces, surfaces of equal 
equal pressure, pressure are surfaces of equal density, and 
density, flud also of equal potential. But the density 

potential. ^£ ^^ otherwise homogeneous fluid depends 
on the temperature as well as on the pressure ; so 
that for equilibrium under conservative forces surfaces 
of equal pressure must also be surfaces of equal tempera- 
ture. In this case as well as in that of a naturally 
heterogeneous fluid it is obvious (§ 206) tbat for stable 
equilibrium the denser parts must occupy positions of less 
potential energy than do the rarer. 

All the ordinary propositions connected with tJio equi- 
librium of liquids, and mixtures of liquids, under gravity 
and atmospheric pressure alone, and contained in vessels 
of any shape, follow at once as consequences of the general 
result above. And that result takes the obvious form that 
the pressure, density, and temperature depend on the level 
only. 

When V is a many-valued function ; say, for inatanee, 

eqnilibrinni is, in general, impossible. For in such a caBe, even with 
a homogeneous incompressible liquid, the increase of pressure in 
passing from one point of it to anotlier might be made to depend npon 
the course taken. If the liquid were confined to a ring-shaped channel 
aniroimding the axis of e, we could procure equilibrium only by putting 
a barrier across it, so as to make its content a simply connected space. 
When the system of forces is not conservative, equilibrium (usually 



Hosted by 



Google 



STATICS AND KINETICS OF A PERFECT FLUID 309 



Xdx+Yd^ + Zcls. 

§ 296. As an example, let us consider the compression 
at any depth in a quiet lalte whose temperar Equilibriiim of 
ture is the same throughout, and thus water fiompressed 
determine how much its level is lowered in l>y its omi 
consequence of the compressibility of irater. '^^'^ ' ■ 
To avoid more mathematical difRculties, we suppose its 
depth the same throughout, so that we are virtually dealing 
with a vertical column of water in a tube of uniform bore. 
If we consider the column first aa incompressible, second 
as compressed, we may denote any layer of the water by 
its depths x and ^ in these states respectively. If 1, p be 
the corresponding densities, the mass of water in a hori- 
zontal layer of unit area is expressed by either of the 
equal quantities 

It is commonly assumed that water, about 0" C, loses 
1/30,000 of its bulk per additional atmosphere, and that 
a, water-barometer stands at about 34 feet Taking these 
rough data, we have 

1^ a: 

p ~ 34.20,000 

so that 

^-\^ ~ 68. 20, 000 J" 

According to this formula, water which would bo 20,000 
feet deep if not compressed by its own weight, would sink 
by -^ part of its depth under the action of gravity. This 
is an esaggeratod result, for we know that water (like all 
other matter) must ultimately become less compressible 
as it is already more compr 



mpressiljility of wat<^r ucar 0° C, the ii 
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The two first terma of this expi'esaion coincide with those given above, 
as from tlie ordinary statement as f* compression. 

The higher terms, which are absent from the rough formula above, 
rise into prominence, aa compared with the aecoud, aa soon as a 
becomes lawe ; and they show that the results of the rough formula 
give throughout too great an amount of compression. 

§ 397. A mass of homogeneous, gravitating, incom- 

spheroid of pressible liquid, in the form of an ellipsoid 
liquid rotating of revolution, is capable of rotating, like a 

like a solid, jjgjj body, about its axis of figure. This 
is one of the elementary steps in the important investiga- 
tions regaj^ling the Figure of the Earth. 

We saw in § 135, 7 that the resultant attraction on 
any internal particle has components proportional to its 
co-ordinates, when the axis of figure is chosen as one of 
the rectangular system. The resistance to acceleration has 
components proportional to the square of the angular 
velocity and to the co-ordinates perpendicular to the axis 
of figure. Hence, writing / and g for the p and 5 of 
§ 135, 7, the hydrostatic equation is 

dp- ~ p{(f-i^)xdx + {f-J')ydy + gzdi), 
and the level surfaces for any value otp are 

ThuB, that one of these may be the ellipsoid itself, we 
must have 

«=(/-'-*)='??> or«==/-{l-^)tf. 
Putting their values for/ and g, and expressing the whole 
in terms of e=ej^l - e^, we have 
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This is positive for all positive values of e ; for the factor 
in brackets is i^jl5 when e is small, and its differential 
coefficient Is essentially positive. Thus to each form of 
rotatiow-ellipsoid corresponds a definite angular velocity, 
which, ceteris paribus, depends on, and is proportional to, 
the square root of the density of the fluid. 

The proposition can be extended to certain cases in 
which no two axes of the ellipsoid are equal. But the 
discussion of these requires elhptic integrals. 

§ 298. In the case of a quiet atmosphere, of uniform 
temperature, the rate of increase of pres- At^o.,piig,rjc 
sure per unit of length downwards is pressure, 
simply proportional to the density. But 
as, in this case, the pressure itself is directly propor- 
tional to the density, the problem reduces itself to the 
well-known theorem of the rate of growth of a sum at 
compound interest payable every instant. Thus the 
pressure increases in geometrical progression as the level 
is lowered in arithmetical progression. 

The equation ia 

!=-» 

if i! be meaaured yertically upwards, and if wo neglect the curvature of 
the strata and the change of gravity nith elevation. But we liaye also 

by Boyle's Law ; k being proportional to the absolute temperature, 
liese equations give for a calm atmosphere at imifonii temperature 

n being the pressure at aea-level, z — O. 

If we ask what thickneaa a layer of uniform air, of density equal to 
that at the surface, must have to produce equal surface-pressure, we 
introduce a quantity H (called the "height of the homogeneous atnio- 
sphere ") whose value is found from 

Thus we may write the above equation in the form 

ji = Ile~3. 
H is, of course, like k, a quantity proportional to the absolute tem- 
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Its value, at 0' C, ia about 26,200 feet, as ma^ be seen at once if we 
take the unit pressure, or atmosphere, aa equivalent to a height of 
33 9 feet on a water-baromefar, and the corresponding denaity of air at 
0° C. aa 0-00129. 

§ 299. A curious question, intimately connected with 
the explanation of mirage-phenomena, relates to the con- 
Station etc 'i'*'^'^^^ <>f temperature at different heights 
states of density! which shall correspond to a " stationary " 
state of density, or to more or less rapid 
falls of density per foot of ascent. The case of the 
" stationary " state of course gives a uniform rate of 
increase of pressure, and therefore of temperature, per foot 
downwards. This rise of temperature per foot of descent 
is easily seen to be 273''/26,200. Any higher rate would 
be inconsistent with stability. 

tionof! only (§295), 



^4)}^ 



If p is to be stationary in any layer, \yc liave 

|.-™«._2,3/H,.„W. 

If eitlier the density, or the temperature, be assigned as a function of 
s, the equation above gives tlie other of the two. In particular we 
Iiave the relation 

273 + ( ■ 



-logP 



in wliich, for stability, the right-hand member most not In 
If we seek the mode of aggregation of a mass of air at ui 
perature, under the mutual gravitation of its parte only, w 
the curious equation 

dr dr r^J ' 
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shell is due to the attraction of the mass witliiu it. A particular 
integral of this equation, indicating a possible distribution, is 



Unless there is a spherical containing vessel, this solution involves an 
infinite mass of air provided the density be auTwhere finite. For, 
with tliia law of density, all concentric shells of equal thickness con- 
tain equal masses. 

By making various assumptions as to tlie dependence of temper- 
ature (implicitly involved in *) uiwn distance from the centre, we can 
easily obtain interesting integrahie forms of the differential equation. 

§ 300. All questions connected with fluid pressure on 
an immersed body, or part of a body, are at pressure on 
once answered on general principles by sup- immersed 
posing a rigidified portion of the fluid to surface, 
take the body's placo. Important practical applications 
are those to hydrometry, and to the meta-centre and 
the stability of floating solids. These are al! very 
simple matters, so far aa theory is concerned, though 
they often lead to mathematical questions of considerable 
difBculty. But their interest is almost wholly practical. 
There is a case, however, of special interest, viz. the pres- 
sure upon a plane surface {a flood-gate, for instance) 
immersed in a fluid. Here the question becomes one of 
composition of innumerable parallel forces into a resultant 
(the total pressure) acting at a point called the Centre 
of Pressure, whose position is dependent on the lie of the 
surface and the depth to which it is immersed. 

Suppose a plane circular disc, of radius r, to be immersed in a liquid 
of uniform density p. Let a be the deptli of its centre imder the 
sorfaoe, the angle its plane makes with tlie vertical. Let the disc be 
divided into horizontal strips, a; denoting tlie distance of one of them 
from the centre. Tlie whole pressure on the atrip is 



depending upon the position of the ci 
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Themoinent of the preaaure about the horizontal diameter is the 
integral of the some quantity, with the additional fector x, or 



so that if the disc be tamed about its centre, into all possible positions, 
the locus of the centre of preasiu-e is a little sphere whose highest point 
is the centre of the disc, and whose radius is inversely as the depth of 
that point under the surface. 

When r is greater than a, there are positions in which the disc is 
only in part immersed, and tho question becomes a Ultle less simple. 



§ 301. Keeping still to the " perfect fluid " as defined in 
§ 292, we define just as before the pressure at any point. 
And the argument of § 294 shows that, when the fluid 
is in cmiinuous motion (to which we confine ourselves), the 
pressure at any point is the same in all directions. 

But there are two preliminary questions, connected with 
the motion of a fluid, which require special 
Velocity at aDv . , , . „, ,.,-,, liT-, , 

point. consideration. The first is, " what are we 
to understand by the velocity at any point? " 
The second is, "When the velocity is not continuous 
throughout the fluid, what are the characteristics of possible 
discontinuity?" In § 94 we alluded to one form of dis- 
continuity, finite slipping; and the corresponding fiction 
of a vortex-sheet. In § 294 the other kind, producing 
rupture, was mentioned. For the analytical conditions see 
§ 303. So far as the "perfect fluid" is concerned, the 
velocity when continuous is defined at once (much as 
pressure was defined in § 293) as follows : — 

The velocity at any point, in any direction, is the aver- 
age volume of fluid which passes per unit of time, per unit 
of area, across a plane surface drawn through the point and 
perpendicular to the direction, when the area and the time 
of passage are both diminished without limit. The only 
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part of this definition which requires modification when we 
deal with actual fluids is the phrase "without limit." It 
is certain that liquids, not to speak of gases and vapours, 
have a grained structure of essentially finite, though ex- 
cessively minute, dimensions ; and that contiguous parts of 
this structure have relative motion which, even when its 
range is extremely small, may bo very rapid. But our 
definition, from the statistical point of view, will be suffi- 
ciently accurate for the ordinary application to mass-motion 
of real fluids if, instead of the words " without limit," we 
read "to limits depending upon the dimensions of the 
molecular structure, and upon the average time of descrip- 
tion of a molecular path." 

It is clear from what has just been stated that, when 
we apply our results to the motions of actual fluids, we 
must make a wide distinction between the " velocity of the 
fluid at any point " as defined statistically for purposes of, 
mathematical calculation, and the " velocity of a particle of 
the fluid " at that point. The assumed continuity of the 
motion is altogether inconsistent with well-known physical 
phenomena, such as diffusion, heat conduction, etc 

§ 302, We may now consider what changes take place, 
in a short period, in the fluid contents of a j^^^n^yg^g f,j 
fixed elementary portion of space : — not motion, 
only as regards the amount of matter, but 
as regards the components of momentum of that matter ; 
and the corresponding expressions will give us the equa- 
tions of motion. 

The firat of these haa already been given as (4') of § 94. We write 
it again, with the substitution of the more usual expressions u, v, «j 
for the components of velocity at any point instead of f, ij, f, which 
will Boon be required for another purpose. It ia 

dp djtm) d(pv) d(inB) _^ ^ _ ^jj_ 

dt da; dy dz 

But the expresaiona (4) and (4') of § 04 are true whatever meaoing we 
attadi to p, provided its changes inside the element are due to pass^ 
in and out, Uirough the boundary only. Hence if we put pv, for p, the 
leftside of (4) will express' the esceas of momentum, rarallel to k, which 
enters the element over tJiat which Icavea it. To tlifa must be added, 
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to make it equal to the right-hand side, the amount ot x momentum 
produced by external force, and bj presaure, in the material contents 
of the element. [In writing the axpression it la convenient to put 
pv . u and pw . M in place oipa . v and pu ic respectively ] Tliua we 
have three new eqiiationa, of which one is 



d{p . u) d(pt ) d{p ) i(p»..«) 



= pX- 



Notice that, by (1} ab 
coefBcionts of the firet fact re 



The tlireo equations of this form, along with (1), constitute the basis of 
the whole subject so far as the interior of the fluid is concerned. 



adopti 



mayp 



put them in a form which is often more convenient, by 

d d •* I "^ 

'dl ~ til, dx dy ds ' 

whel-e the common effect of tho operators ia to give total rate of change, 
in other words, wo now follow an element of tlie fluid as it moves, 
instead of dealing with the temporary contents of a fixed element of 
space. (1) and (2) become rospactivaly 

^ + „/''i!^4.^4.*;;Vo . . ■ (I'l 

|-'=x--f .... (n 

"it p dx 

When impulsive pressure is applied (the fluid in such a 
case being necessarily inconiprcasible), as by suddenly 
altering the motion of a solid immersed in it, or by moving 
a boundary, we may take the integral of this last equation 
for an indefinitely short time. It takes tho form 

where CT is the impulsive pressure. For the time-integral 
of the finite force X is indefinitely small. 

g 303. The condition at a boundary is obviously that 

there is no motion aaross it. 
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This may assume different forms, depending upon what 
is implied by the word boundary. It may, _ , 
tor instance, be tlie surface of a fixed or uouditioii. 
movable vessel which contains the fluid, the 
common surface of two fluids which do not mix, a 
solid moving in a fluid, etc. Cases in which there is a 
surface of discontinuity of motion in the fluid are loft 
aside for the moment. We have thus far treated ti, v, -w 
as quantities which cannot flnitely differ in value at points 
of the fluid indefinitely near one another : — ie. as quanti- 
ties all of whose space-diflcrential-coefEcients are essen- 
tially finite. And the result of the present inquiry is in 
no wise inconsistent with this limitation. 

In order to show how widely our assumptions differ 
from physical fact, we have only to notice that not only is 
viscosity altogether ignored, but dift'usion itself is quite 
inconsistent with the sort of continuity of motion above 



Let the e([uation of any part of tlic boundary be, at time (, 
At time l + S(, we have changes in w, ^, i connected by the single i 

(S'"(f)'»-(f)'"(l)-°- 

The lirat three terms of this expression, when divided by 

«N/(iHIRI)" 

give the rate at which the boundary moves along its oivn non 
Henca for tlie parta of the fluid close to the honndary wc must h 

""* "0"(l)"(l)HS)- ■ ■ <= 

We roiglit at once have obtained thia reault in tlie form 
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§ 304. In addition to theae conditions we have another, 
Eelatiou depending wholly upon the physical proper- 
tetweeu density ties of the fluid itself. This is, as a rule, 
and preaante. uierely the special relation between density 
and pressure. Bu^ especially in cases of rapid changes 
of volume during the motion, this is not of the same form 
as the corresponding relation when the fluid is at rest. 
For changes of volume involve production or absoiption 
of heat, and consequent change of temperature. This, 
however, is properly a question of Tltemwdymmics. 

§ 305. The most natural division of our subject is now 

very different from that adopted tOl comparatively recent 

discoveries. Formerly the division followed the physical 

T,. . . f^. state of the fluid, and thus the treatment of 

subject. the motion of a hquid was separated from 

that of a gas. Now the distinction is 

kinematical, depending on the character of the motion or, 

what comes to the same thing, the nature of the successive 

strains which a fluid element suffers. 

The broad division of fluid motions into " differentially 
Differentially irrotational " or " simply streaming," and 
ircotfttional and "rotational" or "vortex," motion has been 
vortei motion, cursorily mentioned in § 92. The precise 
nature of the distinction was first clearly pointed out 
by Stokes, to whom we owe, in very great measure, 
the systematised treatment of the whole subject. One 
of his illustrations must be given here. Let a spherical 
element of a moving fluid be supposed to become sud- 
denly rigid. There will be, of course, internal impulses, 
except when the motion is already that of a rigid 
body. But, as moment of momentum cannot be altered by 
internal causes, the solid sphere will have translation 
only, if the motion he of the first kind ; but rotation as 
well as translation, if of the second. In motions of the 
„ . first kind, as is proved in | 94, the velocity 

potential. components are the partial space -differ- 
ential coefficients of a function of x, y, z, and 
t, called from analogy the Velodiy Potential. 
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have also assumed that X, Y, Z form a conservative 
system, while /> is a function of p. 

If there be no change of volume, the bracketed term 
on the right in (5) vanishes. Anyhow, these equations 
show at once that if ^, ^|, f be at any moment zero in a 
fluid element, their rates of increase also vanish, and they 
remain zero. 

§ 307. We commence with the case of motion when 
there is no rotating element. Assume that, as in §§ 94, 
305, we have 

){rf3! + nrfy 4- VXh =d<l: 

Let V I>e the potential of the applied forces, and for 
Motiou when ^^^ present suppose the fluid to be incom- 
there is a velocity pressiblo. Equation (1) of § 302 becomes 
potentiftl. tliat of Laplace, 



dx' dif th^ 



while the first of (2) fc 



dtih: dx il'j? dy dixdy dn dvM 



The common integral of the three equations of this form 

The term in brackets, on the left, is the square of the 
resultant velocity. In future we will write U for this 
velocity, so that we have 



In solving these equations ^ must be found from (6) so as 
to satisfy the boundary conditions. From it we have at 
once n, V, w; and then (7) gives the pressure. 
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§ 308. The most distinctive property of motion when 
there is a velouty potentnl is that it can- Camiot eiist in a 
not exist in a fl iil which £11'! i ngid closed simply-connected 
vessel whose ^ olumc i? simj ly conntcted. closed space. 

Refer to § 13') 6 md put ^ ir place of U, and also of 
V in any of the expressions foi (jieen's Theorem there 
given. We have 



jhfHjmr-m 



]dxtlyd^. 



the third integral vanishing in consequence of (6) of § 307, 
the condition for a velocity potential in an incompressible 
fluid. But d<l>jdn necessarily vanishes at every point of a 
fixed boundary, so that the right-hand member of the 
equation just written must vanish. This involves, at everi/ 
point in the fluid, the conditions of absence of motion, 

^=0, "^-0 ^=0 
dSr dy ds 

That there may be motion, of the kind specified, in the 
interior, there must therefore be normal displacement 
of some part of the boundary. 

§ 309. It must be carefully noticed that the proposition 
just proved is limited to simply-connected Liniitation as 
spaces. It would be inconsistent with our regards simply- 
plan to go into details as to the modifica- connected spaces, 
tions which Green's Theorem requires when we deal with 
complexly-connected regions, or with a perforated solid 
moving in a liquid. But we may show by means of a very 
simple example, which is also an extremely suggestive one, 
the general nature of the new considerations. 

Let the motion of an incompressifalc fluid be expressed by 



This obviously correajionds to a velocity- potential 
<?-Atan-'.f//ji; 
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and Tve may assign any two fixed values of r, and two of s, so that the 
fluid is confined to tlie space, generally Afli%-oonnected, between two 
coaxal circular cylinders of definite length. We may, apparently, 
make the space simply-connected, hy abolishing the interior boundaW ; 
but, aa the linear speed of tie fl\iid is A/r, it is indefinitely gteat for 
points indefinitely near the axis of s. If we make the ring-space 
simply-connected, by the deTioe of a barrier cutting it across in ime 
closed line, the motion assumed cannot exist. 

Eemark on the above results {a) that the value of ^ obtainedis 
essentially a many-valued function whose value increases by a definite 
amount (2irA) for each element of fluid when it haa completed lis 
oiroialar path about the axis ; Ifi) that the motion is differentially 
irrotational, although the whole fluid is turning about an axis ; and 
it will easily he seen how vast and complicated is the problem here 
presented in one exceedingly simple case. 

§ 310. Again a marked subdivision occurs, according 
as ij> is, or is not, a function of t. When <j> 
Steady motion. .^ independent of t we have what is called 
Steady Motion, in which the motion of the fluid depends 
upon position only ; so that each element of fluid which 
passes a particular point has a definite speed and direction 
of motion when it reaches it. Successive elements follow 
one another like sheep following a leader, each clearing 
obstacles, etc, at the same place and in the same manner 
as did the one before it. This is the case of a steady 
stream, free from eddies. But when a flood comes we 
have an example of the other case. The equations of 
steady motion are thus (§ 307) 

d'^ dy' di^ ' 

The second of these indicates the singular result that 
steady motion of a homogeneous incompressible fluid lowers 
the pressure at each point below the equilibrium value by 
a quantity equal to the kinetic energy per unit volume. 

A beautiful illustration of this result is furnished by a 
plate placed close to the (flat) bottom of a tall vessel full 
of water. When the water escapes from a central orifice, 
it streams out radially between the two plates, the speed 
being inversely as the distance from the centre of the 
orifice. The plate is pressed upwards towards the bottom 
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of the vessel ; and, if the stream be sufficiently rapid, will 
support a considerable weight. There is hero a sort of 
analogy to a boy's " sucker," but the cause of the reduction 
of pressure is quite different. In fact, if the motion of 
the liquid were arrested, the film between the plates would 
become concave in cross-section at its outer boundary, and 
a (statical) capillary diminution of pressure would be 
produced ; now, however, of uniform amount throughout. 
Other illustrations of the hydrokinetic result are furnished 
by spray-jets and jot-pumps. 

§ 311. The path pursued by any portion of the fluid 
is obviously, at every point, perpendicular 
to the corresponding surface of velocity- 
potential. Hence its equations are 

dx dy ds la-. 

JW\~(df\-(d^\ 

\d^J \dyj \dz) 

This is called a stream line. 

g 312. A very interesting case of steady motion, where 
an exact solution is easily obtained, is that 
of an infinite mass of liquid whose velocity is ^^Yn cuJ^^t!"^'' 
the same at all points except in so far as it 
is disturbed by an obstacle, a sphere fixed in space. 

Here it is clear that the motion is symmetrical about the dlanifltei' 
of the sphere which ia parallel to the direction of motioa of the uiidis- 
turbed fluid. This line we take as axis of x, the origin being at the 
centre of the sphere. If r be the distance of any point of the fluid 
from the origin, and 6 the inclination of that distance to the axis of x, 
it is elear that <? is a function of r and 6 alone. This must have the 
form C-fce, or C- JrcosS, when r is revj great, b being the undia- 
tncbed speed of the fluid Also there is no radial motion at the siirface 
of the sphere, so that 

dr 
when r=o, the radins of the sphere. These bonnda^ conditions show 
- ■ -• ■ ble part of ^ conaiata of a function of'^ r, multiplied by 

rt ofthis Junction is - br, the rest vanishea at an inlinita 



that the variable part of <j> conaiata of a function of^ r, multiplied by 
cose. One part of^this function is- ftr, the rest vanishea at ai * ■" '' 
distance. Hence wc find that, fo satisfy Laplace's equation 
as the boundary conditicna above, we must have 



^ = C-6rf 1 



■ir^j 
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u di»liiig with a sjsteTii of ]i 



-■/(' - ?)■ 



When C = 0, the gtream lino is partly the axis y = 0, and prtly a 
meridian of the sphere r—a. 

From the value of ^ we find at once for that of ji at the surface of 
the sphere 

l'=C-^siu=e 
P 8 ' 

so that it IS the same for oorrespoDding zones, fore and aft. The 
resultant piessure on the sphere, necessarily parallel to the axis of x, 
Yi therefore obviously uti Hence if we impress npon the whole 
aj atem a \ elociti equal and opposite to that of the distant pails of 
Uie fluid we reduce fbe pioblam to that of a sphere moving in an 
lutinit* fluid originally at rest. And we see that in this case the 
sphere moves imifnimly carrying fts it were its system of velocity- 
potential surfaces along with it. Their equation is now 

^ = C-^ose, 

uliorc it ih to In. lemembcicd that t is the distance from a moving 
point a, = U, ^=0, . = 

The httes ofiiwtioit of the fluid at any moment {for there are now 
no stream Imes, since the motion Js not steady) are plane curves 
having the et[uitijn 

1^ = Aine ; 

tthun the igm is, at before, the centre of the sphere. 

g 313. We have seen that all motion of a fluid, when 

Motion of a t'l^''^ is a velocity-potential, is necessarily 

solid in incom- associated with motion of at least part of 

pressibie fluid, t,]jg boundary (unless the space containing 

the fluid is multiply-connected). Also we saw in § 308 

that the whole Idnetic energy of the fluid can be at 

once expressed in terms of an integral over the boun- 
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dary. Thus the work required to produce a given 
motion of any solid in an infinite fluid can be calculated, 
provided we know the values of tf. and dift/dn at the sur- 
face of the solid, and are sure that the boundary integral 
vanishes when taken over an imagined surface every- 
where infinitely distant. This method of attacking such 
questions has the special interest that it gives the effective 
additions to the inertia, and the moments of inertia, 
which are due to the fluid, without any inquiry as to the 
general motion of the fluid itself. And it gives a per- 
fectly natural explanation of such apparently puzzling 
phenomena as the unretarded motion of a sphere when 
left to itself in a mass of liquid, and the instantaneous 
cessation of all motion if the sphere be suddenly stopped. 
The alternative mode of solution must, of course, be 
b d po the final equations of § 302, where we enter 
t d t 1 as to the impulsive pressure, and the finite 
h n t speed, throughout the fluid. 



Fortex-SIotion 

§ 314. We leave to another chapter the discussion of 
the important forms of motion with a velocity-potential 
which can he classed under the genera! term Warn; and 
will now prove a few of the simpler properties of vortex- 
motion. 

We have already seen that the essential characteristic 
of such motion is that there is no velocity-potential, or 
that the expression 

)WSC + TO?)/ + Jivfci (1) 

is not a complete differential of a function of three 
independent variables. 

Of course, whatever be the motion, if m, % w are 
definite functions of x, y, z (and t, if need be), it is 
possible to calculate the value of the integral of (1) at 
any moment for any assigned curve between two points. 
But it is only when (1) is, so far as x, ij, s are concerned. 
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a complefco differential, that the value of the integral is 
necessarily independent of the form of the curve, even 
in simply-connected spaces where all paths between two 
points are " rcconcileable," 

If, for a moment, we were to regard li, v, w as the 
~ , components of force at x, ij, z, the integral 

circulation. Would express simply the work done on a 
particle during its passage along the curve. 
Such an illustration may possibly be useful, it cannot 
be misleading. But there is no such definite inter- 
pretation when 11, V, w are components of velocity. 
Lord Kelvin, for want of more appropriate terms, calls 
the integral the flow along the curve, and, when the 
ciu^e is a closed one, the circulati&n in it. The student 
must be most particularly warned against a too literal 
interpretation of these terms, for no single element of the 
curve need necessarily form part of the path of an 
clement of the fluid. 

§315. The true nature of the so-called circulation in 
any closed path appears at once from § 94. Stokes's 
theorem, given in equation (3) of that section, is, with 
our present notation. 



= 2//(., 



+ nf)rf8. 



Thus, for an elementary closed path, the circulation is 
the product of the area by double the angular velocity 
about the normal. A finite circuit may (as in § 94) be 
regarded as made up of such elements, where each part 
of the network of common boundary of two elements is 
regarded as being gone over twice in opposite directions. 
Thus the circulation round a finite closed curve is the sum 
of the various elementary areas of enclosed surface, each 
multiplied by double the spin about its normal. From 
the assumed continuity of the motion, this must be the 
same for all surfaces having the same linear boundary. 
If, then, we form a tube, by drawing vortex lines 
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through every point of a closed curve, lying entirely in 
rotating parts of the fluid, the circulation in all sections 
of such a tube is the same. For it is obvious that there 
can bo no circulation round any element of the surface 
of the tube. The tube must therefore form a doubly- 
connected apace (vortex-ring or knot), or must terminate 
in the bounding surface of the fluid. By taking the area 
of the closed curve as infinitesimal, we see that, along a 
vortex-filament, the angular velocity is everywhere in- 
versely as the cross-section. 

All this, however, refers only to the state of things at 
any particular instant. We must now consider how it 
varies from instant to instant in one and the same portion 
of the fluid. 

g 316, We have therefore to consider the rate of 
change of flow due to the displacement R^te of chamce 
and deformation of the line of particles of ot flow, 
the fluid along which the summation ex- 
tends. It is obvious that 

^x = (fa, etc. , 
SO that 

-Ki- 

by the equation (2') of g 302. If ^ be a function of p 
only, the value of the expression is simply the difference 
of the values of 

at the extreme points of the line of particles. Hence we 
have, for a closed curve, proof that the circulation remains 
unaltered. 

§ 317. We have seen (g 94, (1), or Tran.Mion 
§ 306) how the translational motion of deduced from 
each element of the fluid gives at once rotation, 
the angular velocities of the rotating parts. We must now. 



'^-if-Wt 
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after Stotos, show how to find from the assigned values 
of the rotations of the various elements the translatory 
speed of each element of the fluid. [Here it is most 
particularly to be observed that, in the mathematical 
perfect fluid, the only possible connection between rotation 
of one element and translation of another is imposed by 
the assumption of conHnuity of the motion — an idea sug- 
gested wholly by the behaviour of viscous liquids.] 

For this purpose we have only to solve the equations 

'^i-*-** ™ 

with the condition (due to incompressibility) 
(ill dv die - 



(2), 



in accordance with given data as to the values of ^, ij, f 
throughout the fluid. If we introduce four new and 
independent functions of position P, L, M, N, wc may 
write three equations of the form 
_<fP mm 

~ dx dy ds' 

When those are substituted in (1) and (2), we ha\ 

dx^'^ dy''^' dz'' ■ 

with three others of the type 



■ (3). 



(4). 



:^ + ^' + ^ = .... (61. 
dx dy dz 

(4) and (5) show that P, I., M, M" are potentials, the first 
belonging to matter wholly outside the space to which 
the inquiry extends, and therefore giving terms in ii, v, w, 
which are altogether independent of the vortex-motion, 
on which, on the contrary, the others entirely depend. 
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The general solution of (5) can bo at once expressed 
in the form 

L^-^f I l^dadbdi:, etc. . . . (5'), 

where $a is the value of | at the point a, b, c, and )■ is the 
distance of that point from x, y, x. 

To verify (6) we require merely to show that 

But, by ])artial integration, the right-hand member be- 



_ If P« +'_">- 



1 „r'i^+^"+ 



The numerator of the fraction in the triple integral is 
essentially zero, in consequence of the relations connecting 
^, )j, f at any point with the linear velocities That of 
the fraction in the surface-integral can have no value 
except where a vortex-tube eats the surface. A& it must 
cut the surface an even number of times, we may sup 
pose the external part of it to lie along the siirfate , and 
we have then only, by a mathematical fiction, to extend 
infiniteaimally the limits of integration so as to make the 
boundary include it. 

§ 318. The kernel of the whole of the vortex theory 
is Stokes's integral, (3) of § 94; taken along with the 
assumed continuity of the motion. But, in the perfect 
fluid, this assumption is wholly gratuitous, for a vortex- 
cylinder (once formed !) could obviously exist in such a 
fluid without producing any external effect due to its 
rotation alone ; unless it were rotating so fast as to tear 
the fluid asunder in spite of its enormous cohesion. 
Whether it would be stable or not, and what the con- 
sequences of its instability, are questions of a higher 
order. 
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CHAPTER XI 



§ 319. By the term wave is coinmonly understood a 
state of disturbance which is propagated from one part of 
a medium to another. Thus it ia energy which passes, 
and not matter, — though in some eases the wave perma- 
nently displaces, usually to a small amount only, the medium 
through which it has passed. Currents, on the other 
hand, imply the passage of matter associated with energy. 

§ 320. The subject is one which, except in a few 
very simple or very special cases, has as yet been treated 
only by approximation even when the most formidable 
processes of modern mathematics have been employed, — 
so that this chapter, in which it is desired tha,t as little 
as possible of higher mathematics should be employed, 
must be confined mainly to the statement of results. And 
the effects of viscosity, though very important, cannot be 
treated. 

There are few branches of physics which do not present 
us with some forms of wave, so that the subject is a very 
extensive one ; — tides, rollers, ripples, bores, breakers, 
sounds, radiations (whether luminous or obscure), tele- 
graphic and telephonic signalling, earthquakes, the propag- 
ation of changes of surface-temperature into the earth's 
crust — all are forma of wave-motion. 

I 321. When a medium is in stable equilibrium, it has 
no kinetic energy, and its potential energy is a minimum. 
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Any local disturbance, therefore, in general involves a 
communication of energy to part of the medium, and it 
is usuaUy by some form of wave-motion that this energy 
spreads to other parts of the medium. The mere with- 
drawal of a quantity of matter (as by lifting a floating 
body out of still water), local condensation of vapour in the 
air, the crushing of a hollow shell by external pressure, 
the change of volume resulting from an explosion, or from 
the sudden vaporisation of a liquid — are known to all as 
common sources of violent wave-disturbance. 

Waves may be free or forced. In the former class the 
disturbance is produced once for all, and is then propag- 
ated according to the nature of the medium and the form 
of the disturlwince. Or the disturbance may be continued, 
provided the waves travel faster than does the centre of 
disturbance. In forced waves, on the other hand, the 
disturbing force continues to act bo as to modify the pro- 
pagation of the waves already produced. Thus, while a 
gale is blowing, the character of the water-waves is con- 
tinually being modified ; when it subsides we have regular 
oscillatory waves, or rollers, for the longer ones not only 
outstrip the shorter but are leas speedily worn down by 
fluid friction. The huge mass of water which some 
steamers raise, especially when running at a high speed, 
is an excellent example of a forced wave. The ocean-tide 
is mainly a forced wave, depending on the continued action 
of the moon and sun ; hut the tide-wave in an estuary or 
a tidal river is practically free,- — being almost independent 
of moon and sun, and depending mainly upon the con- 
figuration of the channel, the rate of the current, and the 
tidal disturbance at the mouth. 

In what follows we commence with a special case of 
extreme simplicity, where an exact solution is possible. 
This will be treated fully, partly on account of its own 
interest, partly because its results will be of material 
assistance in some of the less simple, and sometimes ap- 
parently quite different, cases which will afterwards come 
up for consideration. 
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I 322. In ^ 273 above it has been proved by the most 
Trauwe-ee wi ea^l^^sntaiy cansideraticns that an mexten 
on 1 Btret hed siblc but flexible rope under ui ifonn 
'"" tension when mrvin^ at a leitain definite 

rate throua;h a smooth tube of any form exerts no 
piessure on the interior of the tube In fact the rope 
must piess with a fnrce T/r (Mhere T is the tension and 
r the radius of curvature) on the unit of length in con- 
sequence oftt nadwha force - ftv^jr (where ii 
is the speed nd /j, the ma f u lit length) in consequence 
of its inert a That h e m y be no pressure on the tube, 
i.e. that it n ay te d pe d vith we must therefore have 
T-/n/ = ^Tjf F u this it follows that a 

disturbance f nj to m {of u ae with continuous curva- 
ture) runs along a stretched rope at this definite rate, and 
is unchanged during its progress. In the proof, the influ- 
ence of gravity was left out of consideration, and this result 
may therefore be applied to the motion of a transverse 
disturbance along a stretched wire, such as that of a piano- 
forte, where the tension is very great in comparison with the 
weight of the wire. But the italicised word awy, above, 
gives an excellent example of one of the most difficult 
parts of the whole subject, viz, the possibihty of a solitary 
wave. This is a question upon which we cannot here enter. 

If we restrict ourselves to slight disturbances only, 
theory points out and trial verifies that they are super- 
posable. In fact, in the great majority of investigations 
which have been made with regard to waves, the disturb- 
ances have been assumed to be slight, so that we can avail 
ourselves of the principle of mperposiHon of small motions 
(ante § 73), which is merely an application of the mathe- 
matical principle of "neglecting the second order of small 
quantities." The verification by trial is given at once by 
watching how the ring-ripples produced by two stones 
thrown into a pool pass through one another without any 
alteration ; that by observation is evident to any one who 
sees an oliject in sunlight, when the whole intervening 
space is full of intense wave-motion. 
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§ 323. Eeturning to our wire, let us confine ourselves 
to a small transverse disturbance, in one plane, and try to 
discover what happens when the disturbance reaches one of 
the fixed ends of the wire. Whether a point of the wire 
be iixed or not does not matter, provided it tfo not mme. 
In the figure belowj two disturbances are shown, moving 
in opposite directions (and of course with equal speed). 
Of these, eitlier ia the perverswn, as well as the inversion, of 
the other. When any part of the one reaches 0, the point 




halfway between them, so as to displace it upwards, the 
other contributes an exactly equal displacement downwards. 
Thus remains permanently at rest, while the two waves 
pass through it without aff'ecting one another ; and wo may 
therefore assert that the wave A when it reaches the end 
of the wire is reflected as B, or rather that each part of A 
when it reaches goes back as the corresponding part of 
B. B, in the same way, is seen to be reflected from 
as A. 

Now we can see what happens with a pianoforte wire. 
Any disturbance A is reflected from one end as B, and 
at the other end is reflected as A again. Hence the state 
of the wire, whatever it may be, recurs exactly after such 
an interval as is required for the disturbance to travel, 
twice over, the length of the string. 

§ 324. Remembering that the displacements are sup- 
posed to be very small, our fundamental result may now 
be expressed by saying that the force acting on unit length 
of the disturbed wire, to restore it to its undisturbed posi- 
tion, is T/r or ^/r. Thus the raMo of the acceleration of 
eadt element to Us cwvature h the square of the rate of propag- 
akon of the wave. It will be shown below that this is the 
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immediate interpretation of the differential equation of the 
wave motion. 

Let ua expreaa the position of a point of tlio wire, when undisturbed, 
by K its distance (say) from one end. Let y represent its transverse 
displacement at time t. Then, bearing in mind that the distiirbanee 
ttavds with a constant speed c, the nature of the motion, so far as we 
have yet limited it, will he expressed by saying that the value of y, at 
X, at time i, will bo the value of j/, ata: + «7-, at time ( + 7-; or, simply, 

y=f(vl-x). 

For tliis expression, whatever be the ftmotion/ is unchanged in value, 
if ( + T be put for t, and x + vt{oix; and no other expression [lossesaes 
this special property. If there be a disturbance running the opposite 
way along tlie wire, we easUy see that it will be represented by an 
expression of the form 

F(rt + «). 

These disturbances arc superposable, bo that 

j,=yi:ri-ii) + F(t< + a!) (I) 

expresses the most general stat* of disturbance which the wire can 
suffer under the limitations we have imposed. Before going farther we 
may use this to reproduce the resiUts given above. 

Nowa^^Ois one end of the wire, and (Jiireyis necessaiily always 
zero. Hence 

o-y(ii)+F(i.o, 

80 that the functions / and F differ only in sign. This condition, 
inserted in (1), ^ves us at once the stats of matter indicated by the 
cut above. 

If a: = ; be the other end of the wire, we have the new condition 

The meaning of this is simply that the disturbance is j^riodic, the 
period being 2l/v, the other result already obtained. 

Fourier's theorem (§ 67) now shows that the expression / may be 
broken np into one definite series of sines and cosines, whence tlie usual 
results as to the various simple sounds which can he produced, tagether 
or separately, from a free stretched string. 

It may he asked, and very naturally. How can this explanation of 
the nature of all possible transverse motions of a harp or pianoforte 
wire, as the result of sets of equal disturbances runniJ^g along it with 
constant speed, be consistent with the appearance which it often 
presents of vibrating as a whole, or as a number of equal parts separ- 
ated from one another by nodes which remain apparently at rest in 
spite of the disturbances to which, if the explanation be eovrcct, they 
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are constantly subjected ! The answer is given at onco liy a eousidera- 
tion of the expression 

.y = 8iny(wl-^)-siu^{w;+>:) 

(where i is any integer), which is a particular case of tJie general ex- 
prtasion (1), limited to the circmnstances of a wire of length I. This 
indicates, as we have seen, two es:actly similar and equal sets of simple 
hannonic waves running simultaneously, with equal speed, iii opposite 
direcUons along the wii'e. By elementary trigonometry ws oati put 
the expression m the form 

This indicates— ;firsi, that the points of the string whew x lias the 
values 

0, l/i, 2l/i. . . . ,£ 

remain constantly at rest (these are the ends, and the i - 1 eq uidistant 
nodes by which the wire is divided into i practically independent 
parts) ; second, that the form of tie wire, at any instant, is a curve of 
Btnea, and that the ordinates of this curve merease and diminish 
simnlUneously with a simple harmonic motion,— the wire resinning 
its undisturbed form at intervals of time l/iv. 

§ 325. This discussion has been entered into for the 
purpose of showing, from as simple a point of view as 
possible, the production of a stationary or standing wave. 
The same principle applies to more complex cases, so that 
we need not revert to the question. 

Kecurring to the general expression for y in (1), it is clear that if 
we ditierentiate it twice with respect to t, and again twice with respect 
to ie, the results will differ only by the lictor #which occurs in each 
term of the lirst. Thus 

-^-"^^-^Ld^ ■ ■ ■ ■ ^"^ 

is merely another way of wiiting (1). But in this new form it 
admits of the immediate interpretation given above in italics. For 

—-, is the acceleration, and -r^ the curvature. 
dC ' dx^ 

§ 326. If the displacements of the various parts of the 
wire be longitudinal instead of transverse, Longitudinal 
we may still suppose them to be represented waves in a 
graphically by the figure above — by laying ^"^ '"' ^^■ 
off the longitudinal displacement of each point in a line 
through that point, in a definite plane, and perpendicular 
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to the 'wire. In the figure a displaj^ement to the right 
is represented by an upward line, and a displacement 
to the left by a downward line. The extremities of 
these lines will, in general, form a curve of continQed 
curvature. And it is easy to see that the tangent of the 
inclination of the curve to the axis {i.e. its steepness at 
any point) represents the elongation of unit length of the 
wire at that point, while the curvature measures the rate 
at which this elongation increases per unit of length. The 
force required to produce the elongation bears to the 
elongation itself the ratio E, viz. Young's modulus. The 
acceleration of unit length is the change of this force per 
unit length, divided by /i. Hence, by the italicised state- 
ment in g 334, we have v^ -v'E/fl (§ 2T8). All the in- 
vestigations above given apply to this case also, and their 
interpretations, with the necessary change of a word or 
two, remain as before. 

Thus, according to our new interpretation of the figure, 
the front part of A indicates a wave of compression, its 
hind part one of elongation, of the wire, — the displacement 
of every point, however, being to the right. B is an equal 
and similar wave, its front being also a compression, and 
its rear an elongation, but in it the displacement of each 
point of the wire is to the left. 

Hence the displacements of continually compensate 
one another ; and thus a wave of compression is reflected 
from the fixed end of the wire as a ivave of compression, 
but positive displacements are reflected as negative. 

§ 327. If we now consider a free rod, set into longi- 
tudinal vibration by friction, we are led to a particular case 
of reflexion of a wave from a/ree end. The condition is 
obviously that, at such a point, there can be neither com- 
pression nor elongation. To represent the reflected wave 
we must therefore take B of such a form that each part of 
it, when it meets at the corresponding part of A, shall 
just annul the compression. On account of the smallness 
of the displacements, this amounts to saying that the suc- 
cessive parts of B must be equally inclined to the axis with 
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the corresponding parts of A, bnt ih£i/ must slope ike other 
way. Thus the proper figure for this case is 



and the interpretation is that a wave of compression is 
reflected from a free end as an equal and simUar wave of 
elongation ; but the disturbance at each point of the wire 
in the reflected wave is to the same side of its equilibrium 
position as in the incident wave. 

This enables us to understand the nature of reflexion of 
a wave of sound from the end of an open organ pipe, as 
the former illustration suited the corresponding pheno- 
menon in a closed one. 

§ 328. Suppose the mre above spoken of to be mass- 
less, or at least so thin, and of such \vaves in a 
materials, that the whole mass of it may unear syetem 
be neglected in comparison with the masses of discrete 
of a system of equal pellets, which we now inKssfls. 
suppose to be attached to the wire at equal distances from 
one another. The weights of these pellets may be supported 
by a set of very long vertical strings, one attached to each, 
so that the arrangement is unaffected by gravity. The 
wire may be supposed to be stretched, as before, with a 
definite tension which is not affected by small transverse 
disturbances. We will take the case of transverse dis- 
turbances only, bnt it is easy to see that results of precisely 
the same form will be obtained for longitudinal disturb- 
ances, A moment's thought will convince the reader that 
there must be a limit to the frequency of the oscillations 
which can be transmitted along a system like this, though 
there was none such with the continuous wire. It is not 
difficult to find this limit. 
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Let tho tranaverae displflcement, at time (, of the mt" pellet of the 
series, lie called y„ ; and let T be the tension of the wire, m the mass 
of a pellet, and a the diatanoa from one pellet to the next. Then the 
equation of motion is obyioualy 



whert D atanda fov e f*^ . 

[We remark in iiassing that, if a be very small, tliis eqnatioi 



,n^ = la'^ ■ 



have nltimately 
"" " of 5 



vibrations of a imifoim ivire.] 
Snppose 

(where 9!=rat) to be a possible free motion of the system. When this 
value is subsutiited in the eqnation above it gives 

= -^eofl[3'i-9«)-(l-coss«), 
so that 

It appears from the form of this expression that the greatest value of 
p is 2'V'T/iiin. ; or iv/a, if v be the speed of a transverse disturbance in 
a nniform wire under the same tension, and of the same actual mass per 
unit of length. The time of oscillation of a pellet is 2t/p, and cannot 
therefore be less than 

§ 329. The result is that, if v bo the speed of propaga- 
tion of a disturbance in a uniform wire with the same 
tension and same mass, the period of the simple harmonic 
transverse oscillation of shortest period which can be 
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freely transmitted in such a system is ir times the time 
of running from one pellet to the next with speed v. 

Instead of pellets on a tended wire, we might have a 
series of equal bar magnets, supported horizontally at 
proper distances from one another, in a line. The mag- 
netic forces here take the place of the tension ; and by 
arranging the. magnets with their like poles together, i.e. 
by inverting the alternate ones, we can produce the equiva- 
lent of pressure instead of tension along the series. If the 
magnets have each bifilar suspension, their moments of 
inertia will come in, as well as their masses, in the treat- 
ment of transverse disturbances. 

I 330. This question is closely connected with Stokes's 
explanation of fluorescence (see Light, | 209), for the 
effect of a disturbing force, of a shorter period than the 
limit given above, applied continuously to one of the pellets, 
would be to accumulate energy mainly in the immediate 
neighbourhood ; and this, if we suppose the disturbing 
force to eease, would be transmitted along the system in 
s of periods equal at least to the limit. These would 
i to light of lower refrangibility than the inci- 
dent, but having as characteristic a definite upper limit of 
refrangibility. 

Such investigations, with their results, entitle us to 
suspect that the usual mode of investigating the propaga- 
tion of sound, to which we proceed, cannot be correct in 
the case of exceedingly high notes if the medium consist of 
discrete particles, 

§ 331. Consider the case of plane waves, where each 
layer of the medium moves perpendicularly 
to itself, and therefore may suffer dilatation p^g^gj^j, ^"j'' 
or compression. The case is practically the dilatation in 
same as that treated in § 325 above, and a fluid- 
can be represented by the same graphic Explosions 
method. For we may obviously consider 
only the matter contained in a rigid cylinder of unit 
sectional area, whose axis is parallel to the displacements. 
The only point of difference is in the law connecting 
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pressure and consequent compression, and that, of course, 
depends upon the properties of the medium considered. 

§ 332. If the medium be a liquid, such as water, for 
instance, the compression may be taken as proportional to 
the pressure. Thus the acceleration on unit length of the 
column, multiplied by its mass (which in this case is simply 
the density of the medium), is equal to the increase of 
pressure per unit length, i.e. to the increase of condensa- 
tion per unit length, multiplied by the resistance to com- 
pression, E. Thus the speed of the wave is vE/p, which 
is exactly analogous to the forms of § 32i and § 325. 
The density of water is 62'3 Bi per cubic foot, and for it B 
is about 20,000 atmospheres at 0° C, so that the speed of 
sound at that temporaturo is about 4700 feet per second. 

That even intense differences of pressure tate time to 
adjust themselves over very short distances in water was 
well shown by the damage sustained by the open copper 
cases of those of the "Challenger" thermometers which 
were crushed by pressure in the deep sea, AVhen a strong 
glass shell (containing air only) is enclosed in a stout open 
iron tube whose length is two or three of its diameters, 
and is crushed by water pressure, the tube is flattened by 
excess of external pressure before the relief can reach the 
outside (Challenger Narrative, vol. ii. App. A. p. 38). 

§ 333. In the ease of a gas, such as air, we must take 
the adiabatic relation between pressure and density. The 
pressure increases faster than, instead of at the same rate 
with, the density, as it would do if the gas followed Boyle's 
law. Thus the changes of pressure, instead of being equal 
to the 'changes of compression (multiplied by the modulus), 
exceed them in the proportion of the specific heat at con- 
stant pressure (K) to t hat at con stant volume (N). Thus 
the speed of sound is v K/N . pjp, where p is the pressure 
and p the density in the undisturbed air. The ratio of the 
two latter quantities, as we know, is very approximately 
proportional to the absolute temperature. 

The questions of the gradual change of type or the 
dying away even of plane waves of sound, whether by 
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reason of their form, by fluid friction, or by loss of energy 
due to radiation, are mucli too eonaplex to be treated here. 

In all ordinary simple sounds even of very liigh pitch 
the displacements are extremely small compared with the 
wave length, so that the approximate solution gives the 
speed with considerable accuracy. And a very. refined 
experimental test that this speed is independent of the 
pitch consists in listening to a rapid movement played by 
a good band at a great distance. But there seems to be 
little doubt that, under certain conditions at least, very loud 
sounds travel a great deal faster than ordinary sounds. 

§ 334, The above investigation gives the speed of sound 
relatively to the air. Relatively to the earth's surface, it 
has to be compounded with the motion of the air itself. 
But, as the speed of wind usually iocreases from the sur- 
face upwards, at least for a considerable height, the front 
of a sound-wave, moving xeUh the wind, leans forward, and 
the sound (being propagated perpendicularly to the front) 
moves downwards ; if against the wind, upwards. 

§ 335. In the case of a disturbance in air due to a very 
sudden explosion, as of dynamite or as by the passage of 
a flash of lightning, it is probable that for some distance 
from the source the motion is of a projectile character; 
and that part at least of the flash is due to the heat 
developed by practically instantaneous and very great com- 
pression of each layer of air to which this violent motion 
extends. 

§ 336, Leaving out of consideration, as too vast a 
subject for any brief treatment, the whole Qra^ri^yon 
subject of Tides, whether in oceans or in andenrface- 
tidal rivers, there remain many different tension 
forms of water-waves all alike interesting ijaui^s" 
and important. The most usual division of 
the free waves is into long waves, oscillatory waves, and 
ripples. The first two classes run by gravity, the third 
mainly by surface-tension. But, while the long waves 
agitate the water to nearly the same amount at all depths, 
the chief disturbance due to oscillatory waves or to ripples 
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is confined to the upper layers of the wafcer, from which 
it dies away with great rapidity in successive layers below. 
We will treat of these three forms in the order named. 
§ 337. The first careful study of these waves was made 
Lons wav s. ^^ Scott Russell in the course of an in- 
quiry into traffic on canals. He arrived 
at the remarkable result that there is a definite speed, 
depending on the depth of the water, at which a 
horse can draw a canal-boat more easily than at any 
other speed, whether less or greater. And he pointed 
out that, when the boat moves at this speed, it agitates the 
water less, and therefore damages the banks less, than at 
any lower. This particular speed is thus, in fact, that of 
free propagation of the wave raised by the boat; and, 
when the boat rides, as it were, on this wave, its speed is 
maintained with but little exertion on the part of the horse. 
If the boat be made to move slower, it leaves behind it an 
ever -lengthening procession of waves, of course at the 
expense of additional labour on the part of the horse. 

§ 338. The theory of the motion of such a wave is based 
on the hypothesis that all particles in a transverse section 
of the canal have, at the same instant, the same horizontal 
speed. However great this horizontal motion may be, the 
vertical motion of the water may be very small, for it 
depends on the change of horizontal speed from section to 
section only. In the investigation which follows, the 
enei^y of this vertical motion will be neglected (even at 
the surface, where it is greatest) in comparison with that 
of the horizontal motion. The' hypothesis is proved to be 
well grounded by the actual observation of the motion of 
the water when a long wave of slight elevation or depres- 
sion passes. A long box, with parallel sides of glass, 
partly filled with water, represents the canal ; and the 
wave is produced by slowly and slightly tilting the box, 
and at once restoring it to the horizontal position. The 
nature of the motion of the water is shown by particles of 
bran suspended in it. Such an apparatus may be usefully 
employed in verifying the theoretical result below, as to 
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the connexion between the speed of the wave and the 
depth of the water, — observations of the passage of the 
crest being made with great exactness by means of a ray 
of light reflected from the surface of the water in a vertical 
plane parallel to the length of the canal. It may also be 
employed, by tilting it about an inclined position, for the 
study of the changes which take place in the wave as it 
passes from deeper to shallower water, or the reverse. 

§ 339. The statement of g 324 above is immediately 
applicable to this question. For, if h be the (undisturbed) 
depth of the water, p its density, y and if the elevations in 
two successive transverse sections at unit distance from 
one another, the difference of pressures (at the same level) 
in the two sections is gpljf ~ y). The acceleration of a 
horizontal cylinder of unit section is the difference of pres- 
sures divided by p. But the whole depth is increased at 
each point in proportion as the thickness of a transverse 
slice is diminished. Hence, by the reasoning in | 324 
above, 

p p h 

and the speed of propagation of the wave is that which a 
stone would acquire by falling through half the depth of 
the water. That the speed ought to be independent of 
the density of the liquid is clear from the fact that it is 
the weight of the disturbed portion which causes the 
motion, and that this (for equal waves in different liquids) 
changes proportionally to the mass to be moved. 

Since we have made no hypothesis as to the form of the 
wave, our only assumptions being that the vertical motion 
is not only small in comparison with the depth, but incon- 
siderable in comparison with the horizontal motion, while 
the latter is the same at all depths in any one transverse 
section, it is clear that, under the same limitations, a wave 
of depression wUl run at the same speed as does a wave of 
elevation. 
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A solitary wave of elevation obviously carries across 
any fixed transverse plane a quantity of water equal to 
that which lies above the undisturbed level. If H be the 
mean height of this mised water, b the breadth of the canal 
(supposed rectangular), and A the length of the wave, the 
volume of this water is SAH. But all particles in the 
transverse section behave alike ; and, when the wave baa 
passed, the particles in all transverse sections have been 
treated alike. Hence the final result of the passage of the 
wave is that the whole of the water of the canal has been 
translated, in the direction of the wave's motion, through 
the space bXRjbh, or AH/A. If the wave had been one of 
depression, the translation of the water would have been 
in the opposite direction to that of the wave's motion. 
Hence, when the wave consists of an elevation followed by 
a depression of equal volume, it leaves the water as it found 
it. Thus any permanent displacement of the water is due 
to inequality of troughs and crests. 

A hint, though a very imperfect one, as to the formation 
of breakers on a gently sloping beach, is given by con- 
sidering that in shallowing water the front and rear of an 
ordinary surface-wave must move at different rates, the 
front being in shallower water than the rear, and therefore 
allowing the rear to gain upon it. 

§ 340. The typical example of these waves is found in 
what is called a " swell," or the regular 
waves'"^ rolling waves which continue to run in 
deep water after a storm. Their character 
is essentially periodic, and this feature at once enables us 
to select from the general integrals of the equations of 
non-rotatory fluid-motion the special forms which we require. 
The investigation may, without sensible loss of complete- 
ness for application, be still further simplified by the 
assumption that the disturbance is two-dimensional, i.e. 
that the motion is precisely the same in any two vertical 
planes drawn parallel to the direction in which the waves are 
travelling. The investigation is, unfortunately, very much 
more simple in an analytical than in a geometrical form. 
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If the axis of x be taken in. the aurfaoe of the imdistarbed water, in 
the direction in wtiioh tlie wayea are traveHing, and that of y vertically 
downwards, the eqnation for the velocity-potential is simply 



Thia ia merely the "equation of continuity,"— the condition that n 
liquid is generated, and none annihihited, dnring the motion. 
The tyi* of solution we seek, as above, ia reprcaentcd by 



where Y de|>«nds on y alone. If this can be made to satisfy the equa- 
tion of continuity, we may proceed to furtlier testa and restrictions of 
it. Substitution leads to 

df 

EO that Y = A('* + Be-"i', where A and B are arhiti'ary constants. 

If the depth of the water be unlimited, the value of A must be zero, 
for othei-wiae we should be dealing with disturbances which increase, 
without limit, aa we go farther down. Hence, in this case, a pMlicular 
integral of the equation, corresponding to a disturbance which can 
exist hy itself, is 

^^Bs-'fcosimi-nx), 

We win now avail ourselvES of the supposition under which, as wa 
liave seen, disturbances ara necessarily superpoaable, i.e. assume terms 
in B^ to be negligible. The ordinary kinetic equation then bcoomea 

=gy + mBe-"^ ain [iiii - )ik). 

If we differentiate this exp'ceaion with regard to (, and apply the 
result to the surface only, where p ^ constant, and remember that 

0= -ng + m^, 

which is the condition that no water crosses the bounding surface. 
This determines m, without ambiguity, when m is given, and thus 
givea a relation between the period of a wave and its length, or between 
the period or the length and the speed of proi)agation. For wo may 
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where X is the wave-length, md v the speed ; so that 



The com[)onent8 of the velocity of the particle of water whose n 
position ia x, y are 

( ^) ^ Biw-"' ain {mi - kx), parallel to s, 
( -^ 1 = - Bne-"" COS (nt( - tut), parallel to y 
Henco the path is a circlu whoso radius is 



C=s^ + mB8iii(iKi-n;c). 

Each surface-particle is at the highest point of its oirotilar path, and 
moving foraaida, when the crest of the wave passes it. When the 
troi^h pasaea, it is at the lowest point of its circle and moving back- 
ward The radii of the tiroles dwniniah in geometrical progreasion 
at depths increaaing m aiithmetical progression. The factor ia 
c-«t=e-^"''\ so that at a depth of one nave-length only the disturb- 
ance ia reduced to e"'', or about 1/635 of ita surface- value. 

I 341. rrom the inYestigation above we see that 
Atlantic rollers, o£ a wave-length of (say) 300 feet, travel 
at the rate of about 40 feet per second, or 27 miles an hour. 
But, even if they be of 40 feet height from trough to crest 
(which i3 probably an exaggerated estimate), the utmost 
disturbance of a water particle at a depth of 300 feet is 
not quite half an inch from its mean position. This shows, 
in a very striking manner, what a mere surface-effect ia in 
this way due to winds, and how the depths of the ocean 
are practically undisturbed by such causes. 
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§ 342. This investigation has been carried to a second, 
and even to & third, approximation by Stokes, with the 
result that the form of a section of the surface is no longer 
the curve of sines, in which the crests and troughs are 
equal. The crests are steeper and higher, and the troughs 
wider and shallower, than the first approximation shows. 
Also the forward horizontal motion of each particle under 
the crest is no longer quite compensated for by its back- 
ward motion under the trough, so that what sailors call 
the "heave of the sea" is explained. The wat«r is per- 
manently displaced forwards by each succeeding wave. 
But this effect, hke the whole disturbance, is greatest in 
the surface-layer and diminishes rapidly for each lower 
layer. The third approximation shows that the speed of 
the waves is greater than that above assigned, by a term 
depending on the square of the ratio of the height to the 
length of a wave. 

When the depth of the water is limited, we cannot 
make the simplification adopted in the last investigation. 



•B regarded as infinite, this gives, aa tefore, 



If, on the other hand, k be small ;oompared wiUi Uie wave-length, the 
e([uation approKiraates to 



and wo have the Ibnnula for long ivavia a 
above includes both extromea, ^though, i 
Umiia them to harmonic forms of section. 

The surface-section is still the curve of sines, but the 
paths of the individual particles are now ellipses whose 
major axes are horizontal. Both axes decrease with great 
rapidity for particles considered at gradually increasing 
depths ; but the minor axes diminish faster than the major, 
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so that the particles at the bottom oscillate in horizontal 



§ 3i3 Stokes II 
„ , sum 



1 1848 pointed out that the surface-teti- 
ot a liquid should be taken account 
a finding the pressure at the free 
surface, but this seems not to have been done till I87I, 
when Lord Kelvm discussed its consequences. If T be 
the surface-tension, and r the radiae of curvature of 
the (cylindrical) surface, in the case of oscillatory waves, 
the pressure at the free surface must be considered as 
differing from that in the air by the quantity Tjr (Pro- 
PERTriS OF Matter, § 272). As Tjffp is usually a small 
quantity, this term will be negligible unless r is very small. 
If the waves be oscillatory, this means that their lengths 
must bo very short, so that the depth of the fluid may be 
treated as infinite in comparison. 

If 71 rcpreaent the vertical displacement, the curvature is practically 
<Pijldx>, because V^ is small ; so that the term - T^/dic' moat be in- 
troduced in(« the kinetic equation along with p. The result is tliat 



Thus the speed is, in all cases, increased by the surface-tension ; and 
the more so the shorter is the wave-length. Uence, as the apeed in- 
creases indefinitely with increase of wave-length when gravity alone 
acts, and also increasea indefinitely the ahorter the wave when aurface- 
tensioii alone acts, there must be a minimiim speed, for some definite 
wave-length, when both oauaes are at work. It is easily seen that iP 

and that the corresponding value of i" is 

le of Ao is about 0*68 inch, and Vo is 076 



§ 34i. This slowest-moving oscillatory wave may there- 
fore be regarded as the limit between waves proper and 
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ripples. That ripples run faster the shorter they are is 
easily seen by watching the apparently rigid pattern of 
them which precedes a body moving uniformly through 
atOI water. The more rapid the motion the closer do the 
ripple-ridges approach one another. Excellent examples of 
ripples are produced by applying the stem of a vibrating 
tuning-fork to one side of a large rectangular box full of 
liquid. From the pitch of the note, and the wave-length 
of the ripples, we can make (by the use of the above 
formula) an approximate determination of surfafie-tension, 
a quantity somewhat difficult to measure by statical pro- 
cesses. 

§ 345. While the disturbances considered are so small as 
to bo superposable, i.e. independent of one j^^^j^j.^^^^^^ 
another, the effect of superposition is of waves, 
merely a kinematicaJ question, and, as such, 
has been very fully treated above. Thus ripple-patterns, 
ordinary beats of musical sounds, composition of lunar and 
solar ocean tides, diffraction, phenomena of polarised light 
in crystals or in transparent bodies in the magnetic field, 
etc., are all, in priitciple at least, simple kinematical con- 
sequences of superposition. But the phenomena called 
Tartini's beats, breakers, a bore, a jabble, and (generally) 
cases in which a sufficient approximation cannot be obtained 
by omitting powers of the displacements higher than the 
first, are not of this simple character. 

As a single illustration, take one case of the first of 
these phenomena. The fa^i to be explained is that when 
two pure musical sounds, of frequencies as 2 to 3 (say), that 
is, forming a " perfect fifth," are sounded together, we hear 
in addition to them a graver note, viz. that of which the 
first sound is the octave and the second the twelfth. When 
a resonator, carefully tuned to this graver note, is applied to 
the ear, the note is usually not heard. Hence v. Helmholtz 
attributes its production to the fact that the drum of the 
ear (in consequence of the attachments of the ossicles) has 
different elastic properties for inward and for outward 
displacements. 
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exposed to the two sounds above u 



Ti3mt + bnin(2mt + fi). 



_j _ ^ approximations, it ia found that there i 

value of K of the fonn 



(f-9m^)(f'hn.^){p^-m'') 



V. Helmholtz points out, however, that such aoimds may 
be produced objectively, provided the interfering disturb- 
ances are sufficiently great. That the amplitude of dis- 
turbances of air wbich can be heard as sound are excessively 
small has long been shown by many processes, but even 
more perfectly by the comparatively recent invention of 
the telephone. 

Waves of § ^^^- ^he form of the equation for 

temjierature the linear motion of heat (which is the same 
and of electric ^ f^^^f^ ^^^ electricity and for diffusion) is 



where ® represents temperature, c specific heat, and k 
thermal conductivity. 

When c and k aru constants, tliis takes the very simple fonn 
dv _ dh) 

If plane harmonic waves of the type 

i-=Xco9(mJ-«) 
are to ho transmitted, wc must have Bimultaneously 



d.'X_ 
dx' 



(fa 
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WAVES 
Dud, by means of thia, givea 



If the coiidm^tiYity be not eonstant, then, 
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CHAPTER Xn 

GENEEAL CONSIDEItATIONS 

§ 347. The preceding view of tlie subject of Abstract 
Dynamics has been based entirely upon 
''^r'^'^'"" Newton's Laws of Motion, whicb were 
adopted without discussion, as a complete 
and perfectly definite foundation ; and the terms employed, 
as well as the mode of treatment in general, have some- 
what closely followed Newton's system. The only consider- 
able apparent departure from that system is connected 
with the developement of the idea of energy, and its appli- 
cation to the simplification of many of the methods and 
results. This also was, as we have seen, really introduce«i 
by Newton ; but it has been immensely extended since his 
time both by mathematical and by experimental processes. 
It is time that we should now return to the laws of motion, 
and examine more closely, in the light of what we have 
learned, one or two of the more prominent ideas which they 
embody. To do so fairly we must go back to Newton's 
own definitions of the terms which he employs.^ About 
many of these, which have already been quoted in Chap. 
III., there is no difference of opinion. But it is otherwise 
when we come to the definition of "force" (§§ 5, 104). 
There can be no doubt that the proper use of the term 
" force " in modem science is that which is 
^"'"^^^ implied in the statement of the first law of 
motion, as we rendered it in § 1 from Newton's latin. It 
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is thus seen to be the English equivalent of the term vis 
. impressa. Newton uses the word ms in other connexions, 
and with a certain vagueness inevitable at a time when 
the terminology of science was stiU only shaping itself; 
but his idea of " force " was perfectly definite, and when 
fkis is in his mind the vague word -m is (when necessary) 
always qualified and rendered precise, either by the addi- 
tion of impressa or in some equally unambiguous way. To 
render vis by "force," wherever it stands without the im- 
pressa or its equivalents, is to introduce a quite gratuitous 
confusion for which Ifewton is not responsible. We have 
only to think of the multitude of terms, such as vis insita 
(inertia), vk acceleratrix (acceleration), vis viva (kinetic 
energy), etc. etc., to see that all such complex expressions 
must be regarded as wholes, and that ms does not mean 
"force" in any one of them. 

§ 3i8. Thus in Newton's view fiyrce- is vihatevm- changes 
(but not " iM- temis lo change ") a body's state of rest or of uni- 
form rmtion, in a straight line. 

He mentions, as instances, percussion, pressure, and 
central force.^ Under the last of these heads he expressly 
includes magnetic as well as gravitational force. Thus 
force may have different origins, but it is always one and 
the same ; and it produces, in any body to which it is 
applied, a change of momentum in its own direction, and 
in amount proportional to its magnitude and to the time 
during which it acts. 

§ 349. Thus, from Newton's point of view, eqidlibrium 
is not a balancing of forces, but a balancing ^.. . 
of the effects of forces. When a mass rests 
on a table, gravity produces in it a vertically downward 
velocity which is continually neutralised by the equal 
upward velocity produced by the reaction of the tabic ; 
and these forces, whose origins and places of application 
are alike so widely different, are (as forces), in every 

' Vis eerdripeta. It has been already explained that auch words as 
centripela include imjwesso, bo that the abov« rendering of Newton's 
phrase is the obvious one. 
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respect except direction, similar and equal. And they 
are so because they produce, in equal times, equal and 
opposite quantities of motion. 

I 350. The idea of " force " was undoubtedly suggested 

by the "muscular sense"; and there can 
^ftJJ'e ''^'^be no question as to the vividness of the 

sensation of effort we experience -when v^e 
try to lift a heavy weight or to open a massive gate. 
In this, as in other eases, it is the business of science to 
find what objeetive fact corresponds to the subjective 
data of sensation. It is very difficult to realise the fact, 
certain as it is, that light (in the sense of brigklness) is a 
mere sensation or subjective impression, and has no 
objective existence. Yet we know that, beside those 
radiations which give us the sensation of light, there are 
others, in endless series both higher and lower in their 
refrangibility, to which our eyes are absolutely blind. And 
the only difference between these and the former is one of 
mere wave-length or of period of vibration. Similarly, it 
is very hard to realise the fact that sound (in the sense of 
noise) is only a sensation ; and that outside us there is 
merely a series of alternate compressions and dilatations 
of the air, the great majority of which produce no sensible 
effect upon our ears. Thus because we know that we 
should seek in vain for brightness or noise in the external 
world, familiar as our senses have rendered us with these 
conceptions, we are driven to inquire whether the idea 
oifvrce may not also be a mere suggestion of sense, corre- 
sponding (no doubt) to some process going on outside us, 
but quite as different from the sensation which suggests 
it as is a periodic shearing of the ether from brightness, 
or a periodic change of density of air from noise. 

§ 351. So far, we have treated of force as acting on a 

body without inquiring whence or why ; we 

Stress. ^^^^ referred to the first and second laws 

of motion only, and have thus seen only one half of the 

phenomenon. As soon, however, as we turn to the third 

law, we find a new light cast on the question, Force is 
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always dual. To every action there is always a.n equal 
and contrary reaction. Thus the weight which we lift or 
try to lift, and the massive gate which we open or try to 
open, both as, truly exert force upon our hands as we do 
upon them. This looking to the other side of the account, 
as it were, puta matters in a very different aspect. "Do 
you mean to toll mc," said a medical man of the old 
school, "that, if I pull a 'subject' by the hand, it will 
pul! me with an equal and opposite force ? " When he 
was convinced of the truth of this statement, he gave up 
the objectivity of force at once. 

§ 352. The third law, in modern phrase- Tension anil 
ology, is merely this : — prcssuie. 

Every adim ietmen tuv bodies is a stress. 

When we pull one end of a string, the other end being 
fixed, we produce what is called tendon in the string. 
When wa push one end of a beam, of which the other end 
is fixed, we produce what is called pressure throughout the 
beam. Leaving out of account, for the moment, the eff'ects 
of gravity, this merely amounts to saying that there is 
stress across every transverse section of the string or 
beam. But, in the case of the string, the part of the 
stress which every portion exerts on the adjoining portion 
is a pull; in the case of the beam it is a push. And all 
this distribution of stress, though exerted across every 
one of the infinitely numerous cross sections of the string 
or beam, disappears the moment we let go the end. We 
can thus, by a touch, call into action at will an infinite 
number of stresses, and put them out of existence again 
as easily. This, of itself, is a very strong argument 
against the supposition that force, in any form, can have 
objective reality. 

§ 353. We must now say a word or two on the ques- 
tion of the objective realities in the physi- 
cal world. If we inquire carefully into the ^^^iTr^^lS"' 
grounds we have for believing that matter 
(whatever it may be) has objective existence, we find that 
by far the most convincing of them is what may be called 
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the " conservation of matter " This meaiia that, do what 
we will, we cannot alter the mass oi quantity of a portion 
of matter. Wo may ehant^e ita foim, dimensions, slate 
of aggregation, etc., or (by chemical processes) we may 
entirely alter its appeal *nce and properties, but its 
quantity remains unchanged It is this experimental 
result which has led, by the aid of the balance, to the 
immense developments of modern chemistry. If we receive 
this as evidence of the objective reality of matter, we 
must allow objective reality to anything else which we 
find to be conserved m the same smse as matter is con- 
served. Now there is no such thing as negative mass j 
mass is, in mathematical language, a signless quantity. 
Hence the conservation of matter does not contemplate 
the simultaneous production of equal quantities of posi- 
tive and negative mass, thus leaving the (algebraic) sum 
unchanged. But this is the nH,ture of conservation of 
momentum (§ 187) and of moment of momentum. The 
only other known thing in the physical universe, which is 
conserved in the same sense as matter is conserved, is 
energy. Hence we naturally consider energy as the other 
objective reality in the physical universe, and look to it 
for information as to the true nature of what we call 

I 354. When we do so, the answer is easily obtained, 

True nature of ^"*^ ™ * completely satisfactory form. We 

force S*^^ only a very simple instance. When a 

stone, whose mass is M and weight W, has 

fallen through a space h towards the earth, it has acquired 

a speed v, which is given by the equation 

This is a particular case of the conservation of energy, 
but the terms in which it is expressed are those suggested 
by Newton's laws of motion, and are therefore based on 
the recognition of "force." The first member of the 
equation represents the kinetic energy acquired ; the 
second the potential energy lost, or the work done by 
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gravity upon the stone during its fall. Both members 

therefore express real things, having objective existence. 

But the " force " (so-ca!led) which is said g .^^tg ^f 

to have produced the motion, has the value transformation of 

i.e. it is the rate per imtt of Imiglh, at which potential 
energy is converted into kinetic energy during the fall. 
In other words, it is merely an expression for the space- 
rate at •which emrgp is transfm-med. 

§ 355. Another mode of presenting the case will make 
this still more clear. The average speed with which the 
stone falls is (§ 28) vli. Divide both sides of the equa- 
tion above by this quantity, remembering that 2^./?; is the 
time of falling, which we call t. We have thus, as 
another perfectly legitimate deduction from our premises, 

W=M)'/(. 

Hero the (so-called) force appears in a new Time-rate of 
light. It is now the time-rate at which change of 
rnoiMntwn is gme^ated in the falling stone. momentnm, 

§ 356. The statements in the last two sections are, in 
fact, merely particular cases of Newton's two interpreta- 
tions of action in the third law, which have already been 
discussed in Chap. V. 

Analytically, tlie whole affair ia merely tliis ; if s be tlie space 
described, 11 tie speed of a particle, 



Henco the eijuation of motion (formed bj the secoud Ian) 



giving /as the space-rat« of increase of Itinetic energy. 
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§ 357. But a mere rate, be it a space-rate or a time- 
j, rate, is not a thing which has objective 

existence. No one would confound the 
bank rate of interest with a sum of money, nor the birth 
or death rate of a country with a group of individual 
human beings. These rates are, in fact, mere abstract 
numbers, by the help of which a man may compute 
interest per annum from the amount of capital, or the 
number of infants per annum from the amount of the 
population. The gradient of temperature, in an irregu- 
larly heated body, is a mere vector-rate, by the help of 
which we can calculate how much energy (in the form of 
heat) passes in a given time across any assigned surface 
in the body. To attribute objectivity to a rate is even 
more ridiculous than it would be to attribute it to 
a sensation, or to a thought, or to a word or phrase 
which we find useful in characterising some material 
object. 

I 358. On the other hand, all these different binds of 
rates have been introduced and continue to be employed, 
because they have been found to be useful. There is no 
harm done by retaining them, provided those who use 
them know that they are introduced for convenience of 
expression, and not because there are objective realities 
corresponding to them. Even such a term as "centri- 
fugal force " is sometimes useful ; but always under the 
proviso that he who employs it shall remember that it is 
only one side of the stress under which a particle of 
matter is compelled, in spite of its inertia, to move in a 
curved line. But the term must be taken, like " algebra," 
" theodolite," " Abracadabra," or any other combination 
of letters whose derivation is uncertain or unknown, as 
one and indivisible, to which a certain definite meaning is 
attached, and as having nothing whatever to do with the 
meaning or derivation of the word centrifugal, whose 
embodiment in it is a perennial monument to the memory 
of an old error. 

I 359. The main characteristics of energy, especially 
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from the experimental point of view, have already been 

discussed in Properties of Matter. 

But there is one point of importance ^°*'k^„^t£''''^^ 

connected with it which cornea moie 

naturally here than in suth a work 

When two measurable quantities of in> k. i d 11 e 
equivalent to one anothei their numencil expie&aKns 
must involve the same fundamental units md in the 
same manner. This is obviDUR from the fact that in 
alteration of any unit alteis in the inveise iitio the 
numerical measure of any quantitj which i a mere 
multiple of it. And equivalent quantities must always 
bo expressed by equal numlera when both are mciBiired 
in terms of the same system of units It appears there 
fore, from the conservation of eneig^ directly as well 
as from the special data in ^ 111 113 that potential 
energy must, like kinetic eneigy, be of dimensions 

Now it is impossible to conceive of a truly dormant 
form of energy whose magnitude should depend in any 
way on the unit of time ; and we are therefore forced to 
the conclusion that potential energy, like kinetic energy, 
depends (in some as yet unexplained, or rather im- 
imagined, way) upon motion. For the immediate pur- 
poses of this book the question is not one of importance. 
We have been dealing with the more direct consequences 
of a very compact set of laws, exceedingly simple in 
themselves, originally based upon observation and experi- 
ment, and, most certainly, true. But reason cannot 
content itself with the mere consequences of a series of 
observed facts, however elegantly and concisely these 
may be stated by the help of new terms and their defini- 
tions. We are forced to inquire into what may underlie 
these definitions, and the laws which are observed to 
regulate the things signified by them. And the conclu- 
sion which appears inevitable is that, whatever matter 
may be, the other reality in the physical universe, energy, 
which is never found unassociated with matter, depends 
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